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Abstract

Let Q be a topological group , K a trivial Q-module and e : 0 →
K → G → Q → 0 a topological extension. It is known that an extension
may not have a continuous section i.e. u : Q → G such that πu = IdQ.
In this paper we show that if K is locally compact metrizable and Q
locally compact , totally disconnected ,metrizable then the extension
(e) has a continuous section.
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Introduction

Let Q be a topological group K a trivial Q-module . A topological exten-

sion of Q by K is a short exact sequence 0 → K
i→ G

π→ Q → 0 ,where i is a
topological embedding onto a closed subgroup and π an open continuous onto
homomorphism. The continuous map u : Q→ G is a section if πu = IdQ.
The class of extensions with continuous sections can be characterized by the
second cohomology [3]. But there are extensions with out continuous sections
(see section 1).
The main question we consider is as follows: when an extension has a contin-
uous section?. In this paper we show that if K is locally compact ,metrizable
and Q locally compact , totally disconnected ,metrizable then the correspond-
ing extension has a continuous section.
In section 1, we give some examples of extensions without sections. In section
2 , the main result is proved. Notation and definitions as in [4].
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1 Topological extensions

The importance of extensions with continuous sections is based on the fact
that ,by using the methods of [2], there is an isomorphism between the second
cohomology and the group of extensions with sections [3], namely

H2(Q,A) = Exts(Q,A)

Some extensions may have continuous sections. For example ,if Q is a con-
nected locally compact group ,then any topological extension of Q by a con-
nected simply connected Lie group has a continuous section [5,theorem 2].

Remark . If 0 → K
i→ G

π→ Q → 0 has a continuous section then G and
K ×Q are homeomorphic [1] .

There are extensions that do not admit continuous sections .

Example 1.1. Let Q = SO3(R) , and G be it,s two sheeted covering space
SU2(C ), so we set A = Z2. Certainly G is an extension of Q by A. If the
extension has a continuous section then by the above remark G and A×Q are
homeomorphic. But there is no such map from Q = SO3(R) to SU2(C ) since
SU2(C ) is connected while Z2 × SO3(R) is not .

Example 1.2. Let Q = S1, G = S1 (the circle) and π : G → Q be the two

fold covering map . Then (e) : 0 → Z2
i→ S1 π→ S1 → 0 is an extension . If

(e) has a continuous section then by the above remark S1 � S1 × Z2. This is
a contradiction since S1 is connected but S1 × Z2 is not.
Example 1.3 . Let S1 be a circle and σ : S1 → S1 , σ(z) = z2, z ∈ S1. By

example 1.2 (e) : 0 → Z2
i→ S1 σ→ S1 → 0 has no continuous section. Let

π1 : S1 × (Z2)
∞ → S1 be the projection onto the first factor. Then the kernel

of π1σ : S1 × (Z2)
∞ → S1 is Z2 × (Z2)

∞ which is isomorphic to (Z2)
∞. Now

0 → Z2 × (Z2)
∞ → S1 π1σ→ S1 → 0 is a topological extension.Consider the

following diagram :

(∗)
0 → Z2 × (Z2)

∞ → S1 × (Z2)
∞ σπ1→ S1 → 0

π1↓ ‖
0 → Z2 → S1 σ→ S1 → 0

The right square of the diagram commutes and the top row has no contin-
uous section ; for if it has a section then the bottom row has one ,but this is
a contradiction by example 1.2 .



On topological extensions 887

2 Extensions with continuous sections

In this section we show that under certain conditions a map may have a con-
tinuous section. Recall that a topological space is zero-dimensional if for
every open cover {Uα}α∈Λ of X there is a pairwise disjoint open cover {νi}
which refines {Uα}α∈Λ. A topological space is totally disconnected if all of its
components are points [4].

Proposition 2.1 Let X be a metric space ,Y a zero-dimensional metric
space . Suppose f : X → Y is an open map such that f−1(y) is complete in X
for each y ∈ Y . Then there is a sequence {Li} of open subsets of X and {νi}
of open covers of Y such that

(1) Li+1 ⊆ Li

(2) f(Li) = Y

(3) diam(f−1(v) ∩ Li) < 1/i for all v ∈ νi

Proof.(By induction ). Let L0 = X. Let i ≥ 1 and inductively assume
Li−1 is an open subset of X such that f(Li−1) = Y . By induction there is a
collection ν of open subsets of X such that ν covers Li−1 and U ⊂ Li−1 and
diamU < 1/i for each U ∈ ν. Since f : X → Y is open and f(Li−1) = Y then
fν = {f(U);U ∈ ν} is an open cover of Y . Since Y is zero-dimensional there
is a pairwise disjoint open cover νi of Y which refines fν . For each v ∈ νi,
choose Uv ∈ ν so that v ⊂ f(Uv). Set Li = ∪{f−1(v)∩Uv; v ∈ νi} . Li is clearly
open in X. Now we show that Li ⊂ Li−1 . Let K = ∪{f−1(v) ∩ Uv; v ∈ νi}.
Clearly Li ⊂ K ⊂ Li−1. If x ∈ X − K and v ∈ νi so that f(x) ∈ v , then
f−1(v) ∩ (X − Uv) is an open neighborhood of x in X which is disjoint from
K. So X −K is open which implies K is closed. Hence Li ⊂ K ⊂ Li−1.
Now let y ∈ Y . Choose v ∈ νi so that y ∈ v. Since v ⊂ f(Uν) ,there is an
x ∈ Uv such that f(x) = y. This shows that f(Li) = Y .
Since distinct elements of νi are disjoint so are distinct elements of f−1(νi) =
{f−1(v); v ∈ νi}. Thus for each v ∈ νi, f

−1(v) ∩ Li = f−1(v) ∩ Uv. So

diam(f−1(v) ∩ L) < diamUv < 1/i foreach v ∈ νi

Theorem 2.2 Let X be a metric space ,Y a zero-dimensional metric space
. Suppose f : X → Y be an open map such that f−1(y) is complete in X for
each y ∈ Y . Then there exists a map g : Y → X such that f ◦ g = 1Y .

Proof. Suppose {Li} is the sequence as in proposition 2.1. We define a map
g : Y → X as follows. Let M = ∩∞

i=1Li. For every y ∈ Y , {f−1(y) ∩ Li} is a
decreasing sequence of non-empty closed subsets of f−1(y) with the diameter
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converging to 0 . Since the metric on f−1(y) is complete , then f−1(y)∩M =
∩∞

i=1(f
−1(y) ∩ Li) is a singleton.

Define g : Y → X by g(y) = f−1(y) ∩M for each y ∈ Y . Clearly f ◦ f(y) = y
,y ∈ Y .
Now we show that g is continuous. Let y ∈ Y and ε > 0. Choose i ≥ 0 so that
1/i < ε and choose v ∈ νi so that y ∈ v. Since g(v) ⊂ f−1(y)∩M ⊂ f−1(y)∩Li,
then diamg(v) < ε.

Definition 2.3 Let G be a topological group. A sequence {xi} in G is a
left (right ) Cauchy if for every neighborhood U of identity there is a k ≥ 1
such that i, j ≥ k implies x−1

i xj ∈ U (xix
−1
j ∈ U). G is left (right ) complete

if and only if every left (right ) Cauchy sequence in G converges.

In the following results ”left” can be replaced by ”right”.

Proposition 2.4 . Let G be a metrizable topological group. The following
are equivalent:

(i) G is left complete

(ii) Some left invariant metric on G is complete

(iii) Every left invariant metric on G is complete

Proof.(i)⇒ (iii). Let G be a left complete space. Assume ρ is a left invariant
metric on G and {xi} a Cauchy sequence in G under ρ. Let ε > 0. There
is a k ≥ 0 such that i, j ≥ k implies ρ(xi, xj) < ε. Hence for i, j ≥ k ,
ρ(1, x−1

i xj) < ε. So x−1
i xj is in the ε-neighborhood of identity. Hence {xi} is a

left Cauchy sequence in G . So {xi} converges.
(iii)⇒(ii). It is obvious since every metrizable topological group has a left
invariant metric [4]
(ii)⇒ (i). Suppose G has a complete left invariant metric ρ and {xi} a left
Cauchy sequence in G . Let ε > 0 . Then there is a k ≥ 1 such that i, j ≥ k
implies ρ(1, x−1

i xj) < ε. So ρ(xi, xj) < ε. Hence {xi} is a Cauchy sequence
under ρ. Consequently {xi} converges .Hence G is left complete.

Corollary 2.5 If G is a locally compact metrizable topological group then
every left invariant metric on G is complete.

Proof. Let {xi} be a left Cauchy sequence in G. Let N be a compact
neighborhood of 1 in G . Then for k ≥ 1 , i ≥ k implies x−1

k xi ∈ N . Then
xi ∈ xkN for i ≥ k. Since xkN is compact it follows that {xi} has a convergent
subsequence {yi}. Let yi → z, z ∈ G. We show that xi → z. Let U be a
neighborhood of z . There is a neighborhood V of identity in G such that
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zV V ⊂ U [4]. There is k ≥ 1 such that i, j ≥ k implies x−1xj ∈ V and
yk ∈ zV . Since yk = xj implies j ≥ k ,then j ≥ k implies y−1

k xj ∈ V . Hence
for j ≥ k , xj ∈ ykV ⊂ zV V ⊂ U . Therefore , G is left complete . Now the
result follows by proposition 2.4.

Corollary 2.6 Let K be a closed subgroup of a metrizable topological group
G . If G/K is zero-dimensional and K has a complete left-invariant metric ,
then G is homeomorphic to K ×G/K.

Proof. Let π : G→ G/K be the natural quotient map π(g) = gK, g ∈ G .
Since G/K has the quotient topology , π is open and G/K is metrizable.

Let ρ be a left-invariant metric on G. Since K has a complete left-invariant
metric then it follows by proposition 2.4 that ρ restricts to a complete metric
on K. Since ρ is left-invariant , then ρ restricts to a complete metric on gK for
each g ∈ G.Hence for any y ∈ G/K, π−1 is complete under ρ. Now by theorem
2.2 there is a map σ : G/K → Gsuch that πσ = 1G.We define φ : G→ G×G/K
by φ(g) = (σπ(g))−1g, π(g)), ψ : K × G/K → G,ψ(k, y) = σ(y)K, (k, y) ∈
K × G/K. We show that φ(G) ⊂ K × G/K. It is enough to show that
(σπ(g))−1g ∈ K. Let g ∈ G. Since πσπ(g) = π(g), then πσπ(g) ∈= π(g) so
σπ(g) = gk for some k ∈ K. Hence σπ(g) ∈ gK .

and g−1(σπ(g)) ∈ K. So (σπ(g)))−1g = (g−1(σπ(g)))−1 ∈ K .
Next we show that ψφ are inverse of each other. Let g ∈ G. Then ψπ(g) =
ψ((σπ(g)))−1g, π(g)) = σ(π(g))((((σ ◦ π(g)))−1g = g.

Let (k, y) ∈ K×G/K. φψ(k, y) = φ(σ(y)k) = ((σ◦π(σ(y)k))−1σ(y)k, π((σ(y)k))
Since σ(y)k) ∈ σ(y)K = π−1(π ◦ σ(y)), then π(σ(y)k) = π ◦ σ(y) = y . Thus
φψ(k, y) = ((σ(y))−1σ(y)k, y) = (k, y)
Therefore, φ : G→ K ×G/K is a homeomorphism.

Proposition 2.7 Let 0 → K
i→ G

π→ Q → 0 be a topological extension of
K by Q. Suppose K is locally compact and Q locally compact ,totally discon-
nected metrizable topological group and G a metric space. Then there exists a
continuous map u : Q→ G such that πu = 1Q.

Proof. By [4], Q is zero-dimensional topological group.For any y ∈ Q,
π−1(y) is isomorphic to K. Hence π−1(y) is closed Since K and Q are locally
compact , then G is locally compact[4]. By corollary 2.5, G is a complete
space. So , as a closed subset of G, π−1(y) is complete. Now by theorem 2.2
there exists a continuous map u : Q→ G such that πu = 1Q.

Remark 2.8 . In Proposition 2.7 if we replace ”metrizable” by ”first count-
able” then by [4] G and K are metrizable. Hence we will have a continuous



890 H. Sahleh

section.
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