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1. INTRODUCTION

Many author studied various sequence spaces using normed or seminormed
linear spaces.

In this article, using lacunary sequences and the notion of ideal, we aimed
to introduce some new sequence spaces with respect to a modulus function in
2—normed linear spaces. By an ideal we mean a family Z C 2¥ of subsets
a nonempty set Y satisfying: (i) § € Z; (ii) A,B € T imply AU B € T;
(iii) A € Z, B C A imply B € Z, while an admissible ideal Z of Y further
satisfies {x} € Z for each # € Y [10, 11]. By lacunary sequence we mean
an increasing sequence 6 = {k,} of positive integers satisfying; ko = 0 and
h, .=k, —k,_1 — o0 as r — 00. We denote the intervals, which 6 determines,
by I, := (k.—1, k.]. The space of lacunary strongly convergent sequences was
defined by Freedman et al.[14]

The notion of ideal convergence was introduced first by P. Kostyrko et al
[10] as a generalization of statistical convergence.

The concept of 2—normed spaces was initially introduced by Géhler [5] in
the 1960’s. Since then, this concept has been studied by many authors, see for
instance [6].

Sahiner et al., introduce Z—convergence in 2—normed spaces [8].
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Given Z C 2" be a nontrivial ideal in N. The sequence (z,),.y in X
is said to be T—convergent to x € X, if for each ¢ > 0 the set A(e) =
{n € N: ||z, — z|| > e} belongs to Z [10, 11].

A 2—norm on a real vector space X of dimension 2 < d < oo is a function
|.,.| : X x X — R which satisfies (i) ||z,y|| = 0 if and only if x and y are
linearly dependent; (ii) [lz, y[| = [ly, z[|; (iii) [|az, y|| = |o| [z, yl|, a € R; (iv)
|z, y + z|| < ||z, y]| + ||z, || . The pair (X,]|.,.]|) is then called a 2—normed
space [6]. As an example of a 2—normed space we may take X = R? being
equipped with standard and Euclid 2—norms on R? are given by

1

<ri,r1> <T1,T9> 2

Hm,@”s = ' < To, k1 > < To,To >

and

11 12
T21 22

|21, 22| = abs (

respectively, where < .,. > stands for the inner product on X. We know that
(X, |-, .]]) is a 2—Banach space if every Cauchy sequence in X is convergent to
some x in X.
Recall that a modulus function is a function f : [0, 00) — [0, 00) such that
(7) f(z) = 0if and only if 2 = 0;
(@) f(x+y) < f(x)+ f(y), forall 2 >0,y > 0;
(73i) f is increasing;
(iv) f is continuous from the right at zero.

) ; 1 = (211, 212) and xo = (T21, T22)

2. DEFINITIONS AND INCLUSION THEOREMS

Let I be an admissible ideal, f be a modulus function, (X, ||.,.||) be a
2—normed space and p = p, be a sequence of positive real numbers. By
S (2 — X) we denote the space of all sequences defined over (X, |.,.||).

Definition 1.

_ . .1 —1 _ 5
(No, fopy [ )F = 4 T €S X>-{"“€N-hr kezfr[f("’:’“ L, z|)P ZE}GI

for some L > 0 and each z € X

r€S(2-X):{reN:nt a2 >eb e
[N97f7p7 ”77”]6: ( ) { kg%[f” k ”] = }

for each z € X
The following well-known inequality will be used in the study. If

0<ppr <suppr = H, D=max (1,2H_1)
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then
|ay, + b["* < D {{a[™ + [bx|™}
for all k and ay, b, € C.

Theorem 1. If (p) is bounded then [Ny, f,p, |, ., H]I, [No, f,0, I, - H]é,
I

[No, f, 0,1, - H]io are linear spaces. We will prove the assertion for [Ny, f,p, |, -, |l ;
the others can be proved similarly.

Proof. Assume that z,y € [Ny, f,p, |, ., H]é and a1, as € C. So

{TGN:hZIZ[fok,zH]p’“ 25} el

kel

and

{T’EN: hqle[nyk,zH]p’“ 25} el

kel
Since ||, ., || is a 2—norm and f is an modulus function the following inequality
holds:
Bt D 1f (M + Byi) 2D < DRZTePe S [ (e, )]
kel kel

DR TP 3 [ (e 2 )P

kel

where T,, and T, are positive integers such that |ag| < T, and |ag| < Th,.
On the other hand from the above inequality we get

{7“ eN:h Y 1f (g + Byi) 2] > 8}

kel

S {7" € N: DRMTEPre Y (f (Il 2D > 8}

kel

U {r € N: Dh ' T3eere Z If (lye, zID]P* > 5}

kel

Two sets on the right hand side belongs to I and this completes the proof. &

Lemma 2. Let f be a modulus function and let 0 < 6 < 1. Then for each
x> 8 we have f(z) <2f(1)0 'z [1].

Theorem 3. Let f be a modulus function. Then [Ng,p, |, 1" € [N, £, 0, |, -, ]’
Proof. If © € [Ny, p, ||, ., ||] then for some L > 0 and each z € X

{T’GN: hT_IZ[f(ka—L,zH)]p’“ 25} el

kel
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Now let € > 0 be given. We can choose 0 < § < 1 such that for every ¢ with
0 <t <0 wehave f(t) < e. Now using the previous lemma we get

{"” eN:ht Y If (law, 2|1 >€}

kel

— {r eN: h;1 (hr max{ inf py, esgppk}) > 5}

U {'r eN:p ! max{(Qf(l) 5_1)mfpk (21 (1) 5‘1)811?%} Z (g, 2|)]P* > 5}

kel

and this completes the proof. 1

Theorem 4. Let f be a modulus function. If hm sup f() = A > 0 then
W (Ng, 0,115 1) = W (No,ps |l 5 11) -

Proof. 1t is sufficient only to show that W’ (Ng, f,p, |, -, |l) € W! (N, p, |, ) -
If We have hm sup £ (t = A > 0 then there exists a constant B > 1 such

f()>Btforallt>O Hence,

Bt D1 (lax = Loz = B BoPe Y g — Ly 2™

kel kel

and this inequality gives the result. 1

More generally we have the following.

Theorem 5. Let fiand fy be modulus functions. If tlim sup 253 =A>0
then [Ny, f1 (8) ,p, ||, -, 11" C [No, fo (8) 0, [l [

Proof. We know that if hm sup ?Eg = A > 0 then there exists a constant

B > Vsuch fi (t) > fa (t )Afor all ¢ > 0. Hence,

Bt Y U lee = Lo 2D 2 Bt B2 Pehst Sy [ fo (|l — Ly 2]

kel kel
|

Theorem 6. Let (X, |.,.||g) and (X, ||., .| z) be standard and Euclid two normed
spaces respectively then

[N97f7p7 H? * H]I N [N97f7p7 H: * H]I - WI (Nﬂafapa (H? ) HE + H? * HS))
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Proof. We have the following inclusion.

{r e NI ST (Ul + s lg) = Ly )P > }

kel

c { e N: Dht SIS (o — L2l g 2 }

kel

U{TEN:DhTTlZ[f(ka—L,zHS)]pk 25}.

kel

|
Theorem 7. Let f, fi, fa, be modulus functions. Then

(i) [Nos £, 0. 11, - 1o QI[ fofi,,p H,-,IH]é )
(”) [Né’:fl: D, H?'? H]O N [N97f7p7 H:'? H]O - [f + fl: b, H?'? H]O

Proof. For given £ > 0, choose 0 < § < 1 such that 0 <t < = f(t) < e.Let
(xr) € [No, f,p,]],-,]|] - On the other hand, we have

RS I Gl 2D 4> 1F O llaes 2[D)P

kel kel

< %ns%p e max (1, (K67 £ (2))™) b S [ ()

kel

Pk

Where the first summation is over [f; (||z, z||)]"* < 0 and the second one is

over [f1 (lzx, 2)]"* > d and K > 1. 1

(1) Let (zx) € [Ng, f1, v |y 106 O [No, £,0, 115 - e - The fact
A+ o (s 2D < DR {[f (e, 2DIPE + Rt [ (ks 2ID]P

gives us the result.
The following corollary can be obtained very similar to that of corresponding
corollary of Tripathy at al [4].

Corollary 8. Let f, f1, fo be modulus functions. Then

2) [Né’:fl:pa H: ) H]é c [Né’:f o f1,p, H? ) H]é:

ii) [Nos fuop. s llg O [Nos foo il o € [Nos fut Foos s g
iii) [Ng, f1,p, ||, - ,H]oo C [No, fo fip s s -

iv) [Né’:fl:pa H? ) H] N [N07f2:p7 H? ) H] [Né’:fl + f2:pa H: ) H]oo:
v) [No, f1,0, s -, H] C [No, fo fu,p |- H]

Ui) [Né’:fl:pa H? 3 H]é A [N07f2:p7 H? 3 H]é C [Né’:fl + fo, D, H: 3z H]é

e~~~ o~~~
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3. SPACES DEFINED BY SEQUENCES OF MODULUS FUNCTIONS

Definition 2. Let S be the space of sequences of modulus functions F = (fy)
such that lim+ sup fr (u) = 0 and (X, ||.,.||) is a 2—Banach space. We define
u—0 k

the following spaces:

reS2-X):{reN:hpt ||z = L, z|))PF >ep el
No. B I = 2= { ' &, Ve Qe = L2 2 }

for some L > 0 and each z € X

reS2-X):{reN:pt i, 2P >ep el
No. Bl = 2= { & W o 20 2 }

for some L > 0 and each z € X

Theorem 9. [Ny, F,p, |, ., H]I and [Ng, Fp, ||, -, H]é are linear spaces.
Proof. It

{7" eN: hr_lz [fx (Jzx — L1, 2|)]* > 5} el

kel

and

{7"GN:hZIZ[fk(Hyk—Lg,zH)]p’“ 25} el

kel
Then we have
bt > [ (e, + asye) — (a1 Ly + asLa) , 2|)]™

kel

< DRITEPP S (i (i — Lo, 2]

kel

+Dh TP " [ fi ([lys — Lo, 2™

kel

and

reN: h;l Z [fk (H(Oéll'k + Oéka) - (041L1 + 042L2> wzH)]pk}

kel

C {r € N: Dh, ' T3P Z [fre (g — LlazH)]pk}

kel

U {r eN: Dh;lTjgppk Z [ (llyw — L272H>]pk} :

kel

This implies {7" eN: At ST [fi ((rzg + caoyr) — (n Ly + aols) , 2| > 5} €
ke,
I.1
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Theorem 10. Let F' = (f) be a sequence of modulus functions, (X, ||.,.||) is a
2— Banach space and (x) is lacunary strongly convergent to L in [Ny, p, ||, ., [|]"
then (x1) is lacunary strongly convergent to L in [Ny, F,p,||,., |I]".

Proof. Now let ¢ > 0 be given. We can choose 0 < ¢ < 1 such that for every ¢
with 0 <t < 6 we have f (t) < €. Now using the previous lemma we get

{7’ eN:h ' > [fi (low — L, 2[)]PF > 5}

kel,

= {r eN:h ! (hr max{5"‘“)’“,;"?}1)’c }) > 5}

y { € NAT max { (2500 )57 s (25w 5. 1) 6)} S [(lee — L, me} .

kel,

and this completes the proof. 1

Theorem 11. Let (X, ||.,.||) be a 2—Banach space, F' = (fi) be a sequence of
modulus functions and tlim irklf %“) > 0 then [No, F,p, ||, ., II" = [No,ps ||, I]" -

Proof. The following inequality gives us the required.

reN:h > [fe(lae— Lz))P* > e p 2<reNah " Y [lag — L, 2| > ¢
kel kel

where a is a positive number such that %“) > qu for u > 0 and each k € N. 1
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