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Abstract

In this work, observability of affine control systems on Lie groups is
studied. With the distance preserving map as an output, distinguisha-
bility is preserved in order to have observability. Existence of distance
preserving map on a simply connected 2nd degree nilpotent Lie group
G is satisfied and an example is given.
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1 Introduction

Let G be a connected Lie group and L(G) be its Lie algebra. The affine group
Af(Q) of G is the semi-direct product of Aut(G) and G, Af(G) = Aut(G) xG.
The group operation of Af(G) is

(6:91) - (¥,92) = (¢ 0¥, 16(g2)).

If we denote by 1 the identity element of Aut(G) and by e the identity element
of G, then the group identity of Af(G) is (1,e) and (¢~ %, ¢~ (g71)) is the
inverse of (¢, g) € Af(G). Therefore, g — (1,¢9) and ¢ — (¢, e) embed G into
Af(G) and Aut(G) into Af(G), respectively. Thus, G and Aut(G) are closed
subgroups of Af(G). There is a natural transitive action

AHG)x G — G

defined by
(#,91) - 92 — 910(92),
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where (¢, g1) € Af(G) and g, € G. Indeed, if it is taken go = e, then (¢, g1)-e =

g1 since ¢(gz) = e.
The Lie algebra af(G) of Af(G) is the semi-direct product of aut(G) and
L(G), where aut(G) is the Lie algebra of Aut(G). Lie bracket is given by

(D1, X1), (D2, X32)] = ([D1, D2), D1Xy — Dy X + [ X1, Xo).
An affine control system ¥ = (G,D,p,V) on a Lie group G C Af(G) is deter-
mined by the family of differential equations :

&= (D+X)(g)+ Z u;(t)(D? +Y7)(g)

y=p(g) €V,

where g € G; D, D',...,D? € qut(G) and X, Y, ..., Y? € L(G); u € U, the
class of unrestricted piecewise constant controls. The output space V is a Lie
group and in this work, we consider the output map

p:G—-V

is a distance preserving map.
Then, the dynamic is given by

d
D={D+ X+ u(D'+Y7)|ueRY.

J=1

In general, affine control systems define richer class of systems than linear
and bilinear classes. If the affine control system is considered on an abelian
Lie group, then it becomes a linear control system. In fact, for the abelian
Lie group case since any bracket between the elements of the Lie algebra is
null the affine system turns to the form of the linear control system. If it is
considered X =0 and Y! =Y?2 = ... = Y% = 0 for affine control system on a
Lie group, then it becomes a bilinear control system.

2 Observability

Let ¥ = (G, D,p, V) be an affine control system on Lie group G C Af(G). X
induces a group

Gy ={Z} 0Z} o...0Z |Z' € D,t; € R}
and a semi-group

SZ:{Z)}IOZEQO...OZMZi € D,t; > 0}
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of global diffoemorphisms on G.

Gx(g) = {p(z)lp € Gs}

is the orbit of the system at g. These orbits are the partitions of the state space
and each of Gx(g) at g € G has a differentiable manifold structure. Therefore,
it is possible to restrict X over its orbits.

Definition : Two elements gy, go € G are indistinguishable by 3, if

pp(g1)) = p(e(ge)), Ve € Ss.

> is said to be observable if there are no two points of G which are indis-
tinguishable by 3.

Definition : A map p: (G, p) — (V,0) is called distance preserving, if for
any gi,92 € G

a(p((91),p(g92)) = p(g1, ga)-

A distance preserving mapping is automatically injective.

Because of the special form of the solution it is convenient to study the observ-

ability problem on ¥ = (G, D + X, p, V), independent of controlled vectors.
Therefore, two elements gy, go € G are indistinguishable, if

p((D + X)i(g1)) = p((D + X)i(g2)),Vt > 0,

where (D+X), is the one-parameter group of authomorphisms which is induced
by D+ X € af(G).

Theorem 1 : If ¥ = (G,D + X,p,V) is a control system on G with a
distance preserving out put map p, then this system is observable.

Proof : Consider p: (G, p) — (V,0). If we take any two distinct elements
g1 and g9 of G, then p(g1, g2) > 0. Therefore, if p(©(g1), v(g2)) > 0, then we

a(p(e(gr)), p(e(g2))) = p(g1,92) > 0.

Thus, this system is observable.
Definition : A Lie algebra L(G) is called 2nd degree nilpotent, if

L(G)' = L(GQ), L(G)* = [L(G), L(G)] and L(G)* = [L(G)? L(G)] = 0.

Theorem 2 : If ¥ = (G,D + X,p,V) is a control system on a simply
connected 2nd degree nilpotent Lie group G, then there exists a distance pre-
serving mapping of GG to a Lie group V.

Proof : The usual metric on IR™ extends a distance preserving metric on
simply connected 2nd degree nilpotent Lie group G.



828 Ayse Kara

3 Example

Let G be the Heisenberg group of dimension 3,

1
G{g(O )a,b,ceIR}.
0

The Lie algebra of GG is given by

010 00O
L(G)= Spang 4 {Y1=10 0 0 |,Yo=] 0 0 1 ,  where [Y1,Y5] =Y5.
000 000

Heisenberg Lie group is topologically diffeomophic to IR? via

O~ Q
= SO

1 a c
Y 01 b |—(abr0)
0 0 1

If we consider the usual metric p = (X2, |#; — »:])"/? on IR3, then ¥~ (p)
defines a metric on G. If we take the affine control system > on G which is
given with the dynamic

1 00 000
D = 000 |+uw] 001 |luel,
0 01 0 00
1 00
0 0 0 | €Der(L(G)) and
0 01

Der(L(G)) = {D € End(L(G))|D|X,Y] = [D(X),Y]+[X, D(Y)],VX,Y € L(G)}.

o O O

0 0
0 1 ) € L(G)}.
0 0

Here,

Existence of a distance preserving map permits that any two different solutions
in GG has disjoint outputs in V.
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