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Abstract
In this article we prove the formulas
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where ¢, 1 is the sequence of numbers which have just k£ prime factors
in their factorization (k > 2).
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1 Introduction and lemmas

Let ¢, be the sequence of numbers which have just k prime factors in their
factorization (k > 1). If k = 1 then ¢, 1 = p,, is the sequence of prime numbers.
In a previous article [2] we have proved
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In the same way we can prove that
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If k =1 these formulas are well known [1].
In this article we prove more precise formula
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In addition we also prove
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The following theorems are well known [1], we shall use them as lemmas.

Lemma 1.1 The following formula holds
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Where f(x) = O(1), therefore |f(x)| < K if x > 1.

Lemma 1.2 The following formula holds
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Lemma 1.3 Suppose that a1, as,as, ... is a sequence of numbers, that
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If a; =0 for j < ny and f(t) has a continuous derivative for t > ny, then
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2 Main Results

Theorem 2.1 If k > 2 the following formulas hold
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Proof. We shall apply mathematical induction. If k& = 2 we obtain (lemma
1.1 and lemma 1.2)

g <10g <§> +f <§>> +0(1) = logxp;xp% -

pi<w Di pi<z i i
log z(loglog z + O(1))
1
—logz+ > —f <§> + O(1) = log xloglog x + O(log )
pi<a 1 g

Since ( lemma 1.1)

PEESIE

Therefore

/(i)

= 11(2) - ofostes

p<:vpz

1
<K )Y —=K(loglogz+ O(1))
Piéivpi

z;

lOg Ci,2

2 and a,, = 0 if n has not two prime factors.

In lemma 1.3 let us put a,,, =
Then (1) becomes
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With f(t) = 1/logt, (2) becomes
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Therefore, the theorem is true if kK = 2. Suppose the theorem is true for £ — 1
, that is (inductive hypothesis)
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We shall prove that the theorem is also true for k. Let ¢, ; the subsequence
of the numbers ¢, ;1 which have at least two prime factors equals. Then we
have
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Let us consider the numbers ¢, ; of the form pip, ... pr_1 where p1,ps...pp_1

are distinct primes. Then we have
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Now, we have
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Equations (10), (7) and (8) give
F(x) = O(log z(log log z)F~?) (11)

Therefore (9) is ( lemma 1.2, (5), (6) and (11) )
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That is (4).

In lemma 1.3 let us put a.,, = log c;

——* and a, = 0 if n has not k prime
i,k

factors. Then (1) becomes
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With f(t) = 1/logt, (2) becomes
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That is (3). Thus the theorem is proved.

Note in this proof we do not need any assumption on the distribution of
the numbers ¢, ;. Our argument is strictly combinatorial. Let m;(z) be the
number of these numbers not exceeding x, it was proved by Landau [1] that
z(loglog z)~!

G (k—1)!loga

On the other hand, in the following theorem, we need m(x).

Theorem 2.2 The following formulas hold
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Proof. In [2] we proved that
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Equation (14) gives
log ¢, ) = log(k — 1)! +logn + loglogn — (k — 1) logloglogn +o(1)  (15)
Equation (15) gives
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Equation (16) gives
log log ¢, 1 = loglogn + o(1) (18)
that is o1 .
1
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Equations (3), (18) and (19) give
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That is (12) . Equations (17) and (19) give
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Equations (4), (16), (18) and (20) give
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That is (13). The theorem is proved.
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