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2500 Boul. de l’Université, Sherbrooke (Qc), Canada, J1K 2R1
Francois.Dubeau@usherbrooke.ca
Sebastien.Labbe2@usherbrooke.ca
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1. Introduction

Georg Alexander Pick published in 1899 his formula in a journal from Prague
[18]. For half a century, this result stayed unknown until Hugo Steinhaus
included it in Mathematical Snapshots [27].

Pick’s formula is used to compute the area of a lattice polygon. A lattice
polygon is a polygon with all vertices on integer coordinates. The area of a
simple lattice polygon P is given by the expression

Area(P ) = I +
B

2
− 1 (1.1)

where B is the number of lattice points on the boundary of P and I is the
number of lattice points in the interior of P . These terms are defined in the
next section.
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For example, on Figure 1, I = 7, B = 16. Then, the area of the polygon is

Area(P ) = 7 +
16

2
− 1 = 14.

Figure 1. A first example.

Since 1960, many papers have been published concerning Pick’s formula.
They contain several proofs of the formula [1, 3, 4, 11, 12, 16, 20, 27, 28,
29] or proof of the equivalence of this result with other ones [5, 7, 8, 15] or
generalizations to more general polygons [2, 6, 9, 10, 24, 25, 26, 30] to more
general lattices [19, 23] and also to higher-dimensional polyhedra [13, 21, 22,
25].

In this paper, we are going to develop a very general form of Pick’s formula
using the Euler’s characteristics.

2. Polygon

This section starts using the orientation of polygons in order to define its in-
terior and exterior. When these are made clear, we can neglect this orientation
and consider only the boundary.

A polygon P is an ordered set of not necessarily distinct points in the plane.
We use V(P ) = {ai|i = 0, ..., V and a0 = aV } to denote the vertices of the
polygon P . Two successive vertices ai−1 and ai joined together form an edge
ai−1ai and

ai−1ai = {(1 − λ)ai−1 + λai | 0 ≤ λ ≤ 1}.
Let E(P ) = {ai−1ai|i = 1, ..., V } be the set of the edges of the polygon P. The
perimeter, or the boundary, of the polygon is the set

∂P = ∪V
i=1ai−1ai.

It is the trace in the plane of the edges of P. The perimeter is obtained in
moving along the polygon from one edge to an adjacent edge related by the
V(P ). Hence, we introduce an orientation for the polygon or for its perimeter.
We can suppose, with the addition of some vertices ai if necessary, that two
segments ai−1ai and aj−1aj
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(C.1) do not overlap, which means that

ai−1ai ∩ aj−1aj = ∅;
(C.2) overlap but only at one of their extremities, which means that

ai−1ai ∩ aj−1aj = {ai−1} or {ai};
(C.3) coincide exactly, which means that

ai−1ai = aj−1aj .

The perimeter ∂P of a polygon determine a finite number of connected
regions Ωl. There exists one unbounded region Ω∞ called the horizon of P .
A bounded region is called a hole, noted by Ωe

l , if all polygonal lines from a
point of the region ending in the horizon crosses an even number of edges of
the polygon P . The union of the horizon Ω∞ and the Le(P ) holes Ωe

l is the
exterior of P , noted P e. This can be expressed by the following relation

P e = Ω∞ ∪
[ Le(P )⋃

l=1

Ωe
l

]
.

Moreover, a connected and bounded region determined by P is called a face
of P , noted Ωi

l, if all polygonal lines from a point of the region ending in
the horizon crosses an odd number of edges of the polygon P . The union of
the Li(P ) faces Ωi

l is the interior of the polygon P , noted P i. This can be
expressed by the following relation

P i =

Li(P )⋃
l=1

Ωi
l.

Therefore, a polygon creates a partition of the plane R
2

R
2 = ∂P ∪ P i ∪ P e.

The area of a polygon is the area of its interior or the sum of the area of all
its faces.

We must note that a connected region determined by ∂P can be considered
as a face or as a hole of the polygon P depending on the ordering of the set
V(P ).

We say that two connected regions delimited by a polygon are adjacent if
they have at least one common edge. Otherwise, we say that they are non
adjacent. Using the definition of a polygon given previously, two faces can
be adjacent. In the same way, two holes, or a hole and the horizon, can be
adjacent. This is allowed by the condition (C.3).

A maximal connected subset of the boundary ∂P is called a branch if

1. it is inside the same interior or exterior region,
2. it is connected to the rest of the boundary by one and only one vertex,

and
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3. if it is suppressed from the boundary, the number of regions of the polygon
does not change.

A maximal connected subset of the boundary ∂P is called a cross wall if

1. it separates one or two regions of the same type (interior or exterior),
2. it is connected to the rest of the boundary by exactly two vertices, and
3. if any part of it is suppressed, the number of regions decreases by 1,

or it remains the same but the number of connected components of the
boundary which enclose bounded regions of the polygonal increases by 1.

Remove an edge of a cross wall runs one into merging two regions of the same
type or disconnecting the boundary and forming two polygons having both at
least one bounded region (a face or a hole). The rest of the cross wall then
becomes branch(es). Depending on the case, branches and cross walls are said
to be internal or external.

Figure 2 shows the orientation of a polygon where the set V(P ) contains
V = 26 vertices. That polygon has two internal cross walls (a7a8 ∪ a14a15 and
a10a11 ∪ a15a16), one external cross wall (a2a3 ∪ a3a4), two internal branches
(a8a9 ∪ a9a10 and a23a24 ∪ a24a25) and one external branch (∪21

i=16aiai+1).

Figure 2. The orientation and the vertices of a polygon.

From a face Ωl, we obtain a polygon P (Ωl) which is described by an ordered
set of vertices V(P (Ωl)) = {al

i|i = 0, ..., Vl and a0 = aVl
}. These vertices are

used to form the edges E(P (Ωl)) = {al
i−1a

l
i|i = 1, ..., Vl} and the perimeter

∂P (Ωl) = ∪Vl
i=1a

l
i−1a

l
i of the face. The ordering of the set V(P (Ωl)) can be

chosen such that the interior region Ωl is always “on the left side” of the edge
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al
i−1a

l
i for all i (see Figure 3). Then, a counterclockwise orientation is assigned

to the polygon P (Ωl). The interior P i(Ωl) of the polygon is Ωl and we define
the exterior P e(Ωl) of the polygon P (Ωl) by the set

P e(Ωl) = R
2\[∂P (Ωl) ∪ P i(Ωl)].

Hence

R
2 = ∂P (Ωl) ∪ P i(Ωl) ∪ P e(Ωl).

Figure 3. Left side and right side of the edge ai−1ai.

The faces Ωl are of two types : simple or quasi-simple. A face Ω is said
to be simple if no vertex, but a0 and aV , is repeated in the set V(P (Ω)) =
{ai|i = 0, ..., V and a0 = aV }. In this case, the polygon P (Ω) is called a
simple polygon. A face Ω is said to be quasi-simple if there is at least
one of its vertices, but a0 and aV , which is repeated in V(P (Ω)) = {ai|i =
1, ..., V and a0 = aV }. In this case, the polygon P (Ω) is called a quasi-simple
polygon.

Figure 4 presents a simple polygon and a quasi-simple polygon. The simple
one has V = 6 vertices whereas the quasi-simple one has V = 16 vertices and
3 repetitions.

(a) (b)

Figure 4. A simple (a) and quasi-simple (b) polygon or face.

Figure 5 presents the different faces associated to the given polygon of Fig-
ure 2. We observe that there are two simple faces Ωi

1 and Ωi
2 and two holes

Ωe
1 and Ωe

2. Moreover, regions Ωi
2, Ωe

1 and Ωe
2 are simple and region Ωi

1 is
quasi-simple.
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Figure 5. Faces and holes, simple and quasi-simple regions
associated to the polygon of Figure 2.

3. Decomposition of a polygon

A segment between two vertices of a polygon P which intersects the perime-
ter of P a only those two vertices and intersects one and only one interior
region Ωl of P is called a diagonal of the polygon P .

If we can add diagonals which do not intersect the polygon P (except at
their extremities) until the interior of P is partitioned into triangles, we say
that we have a decomposition of P noted Δ(P ).

The next results claims the existence of a decomposition Δ(P ) for any simple
or quasi-simple polygon P . A proof can be found in [14] or [17] and can be
adapted for quasi-simple polygons.

Lemma 3.1. Let P be a simple or quasi-simple polygon with vertices V(P ) =
{vi|i = 0, ..., V }. Then,

1. there exists at least one decomposition Δ(P );
2. any decomposition Δ(P ) contains V − 2 triangles and the set of the ver-

tices of all the triangles is the set of all the vertices of P ;
3. the sum of the interior angles of P is (V − 2)π.

Since any face of a polygon is simple or quasi-simple, any polygon P has a
decomposition Δ(P ).

Figure 6 illustrates the result of Lemma 3.1 showing a quasi-simple polygon
containing V = 10 vertices and 2 repetitions.

4. Lattice polygon and triangulation

A lattice is the set of points of R
2 with integer coordinates in a chosen base.

Here we take the canonical base of R
2. A lattice polygon is a polygon such

that all its vertices are lattice points. A boundary point is a lattice point on
the perimeter of a lattice polygon. We note by ∂dP the distinct points of the
perimeter ∂P which are lattice points. In fact,

∂dP = {b ∈ ∂P |b is a lattice point}.
An interior point is a lattice point in the interior P i of a polygon P .
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Figure 6. Decomposition of a quasi-simple polygon.

A triangle is elementary if it is a simple polygon with no interior point
and three boundary points. A triangulation of a polygon P , noted Δe(P ),
is a decomposition of the interior P i of P into elementary triangles.

Lemma 4.1. Any simple or quasi-simple polygon P has at least one triangu-
lation Δe(P ).

Proof. From Lemma 3.1 there exists a decomposition of P into V −2 triangles.
Then we apply the following algorithm :

(1) as long as there is one triangle with at least one interior point :
(a) select one such triangle and one of its interior points,
(b) create three new triangles by joining this interior point to the three

vertices of the triangle, then replace the triangle by the three new
triangles;

(2) as long as there is a frontier point of the triangles which is not a vertex :
(a) select a frontier point of the triangles which is not a vertex,
(b) join this point to the opposite vertex on each of the triangle he be-

longs, then replace each triangle by the two smaller triangles hence
created.

Because a triangle as only a finite numbers of frontier points and interior points,
this is a finite process and, at the end, all the triangles are elementary.

From this result, we obtain that any lattice polygon has at least one trian-
gulation since all its faces has one.

For a triangulation Δe(P ) of a simple or quasi-simple lattice polygon P ,
any lattice point on the boundary ∂P or inside of P is a vertex of an elemen-
tary triangle. Then, the number of elementary triangles of a triangulation is
constant. Particularly, for any simple polygon, we have the following result.

Lemma 4.2. [15] Given a simple lattice polygon P with I interior points and
B boundary points. Any triangulation Δe(P ) is such that

1. the elementary triangles have B + I distinct vertices;
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2. the number N of triangles is

N = 2I + B − 2; (4.1)

3. the number E of edges is given by the relation

2E = 3N + B. (4.2)

Thereafter, we obtain this result on elementary triangles.

Lemma 4.3. [4, 12] The area of an elementary triangle is 1
2
.

The following proof of Pick’s theorem is short since it arises from the pre-
ceding results.

Theorem 4.4 (Pick’s Theorem). Let P be a simple lattice polygon with I in-
terior points and B boundary points. Then,

Area(P ) = I +
B

2
− 1. (4.3)

Proof. From Lemma 4.2, the polygon P has (2I+B−2) elementary triangles.
On the other side, Lemma 4.3 affirms that the area of any elementary triangle
is 1

2
. The result follows.

5. Euler’s characteristics

We note the Euler’s characteristics of a polygon P as χ(P ) and of its
boundary ∂P as χ(∂P ) and we define them as follows:

χ(P ) = V ′ − E ′ + F ′, (5.1)

χ(∂P ) = V ′|∂P − E ′|∂P . (5.2)

where V ′, E ′ and F ′ are respectively the number of vertices, of edges and
bounded faces (elementary triangles) of a triangulation Δe(P ) and where V ′|∂P

and E ′|∂P refer respectively to the number of vertices and edges of the trian-
gulation on the boundary ∂P . Here, we include the vertices and the edges on
cross walls and branches of P.

For a polygon, it’s not necessary to draw a triangulation in order to get
its Euler’s characteristics. The number of vertices, edges and distinct faces
already present on the polygon are sufficient to compute them. That’s the
conclusion of the following proposition.

Theorem 5.1. Let P be a polygon. Then χ(P ) and χ(∂P ) can be obtained
using the number of vertices V, edges E and faces F of P as follows:

χ(P ) = V − E + F, (5.3)

χ(∂P ) = V − E. (5.4)
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Proof. Let �e(P ) be a triangulation of P . Step by step, we take each edge
off from the triangulation in such a way that at any moment every edges left
are connected. (Reversing the proceeding of a triangulation is an example.)
Two cases can occur. The zero index represent the situation before deleting
the last edge.

Case 1. Both vertices of the removed edge remain because they end other edges.
Necessarily, two faces merge. Then V = V0, E = E0 − 1 and F = F0 − 1.

Case 2. Only one vertex of the removed edge remain, the other is deleted with the
edge. The number of faces doesn’t change. Then, V = V0−1, E = E0−1
and F = F0.

In both cases, the value of χ(P ) = V − E + F is invariant. Therefore, we can
remove each edge inside of P until there is no more edge to remove without
changing χ(P ). After, we take the vertices off from each side of the polygon.
By doing it one by one, we have V = V0 − 1, E = E0 − 1 and F = F0 in such
a way that neither χ(P ) = V − E + F nor χ(∂P ) = V − E are modified. We
conclude that the Euler’s characteristics of a polygon do not depend on the
triangulation but only on the structure of its boundary.

Theorem 5.2. Let P be a polygon with H holes in its boundary. Then,

χ(P ) = 1 − H. (5.5)

Proof. We build the polygon by assembling the edges together one by one.
Every step, we update the value of the expression R = 1+E−V . We establish
that R represent the number of bounded and connected regions determined by
the resulting boundary. In other words, if the boundary has F faces and H
holes, then R = F + H from which one concludes that χ(P ) = V − E + F =
1 − H .

We proceed by induction. For the first edge, E = 1, V = 2 and R =
1 + E − V = 0. Indeed, there is no bounded and connected region. We
suppose the result for k edges. When we add the (k + 1)th one, two situations
can occur.

Case 1. A vertex is also added. Then no new bounded region is created. Both E
and V increase by 1. Therefore R = 1 + E − V doesn’t change.

Case 2. No vertex is added. Then a bounded region is created. Hence E increases
by 1 but V doesn’t change. Therefore R = 1 + E − V increases by 1.

After this step, we remark that the number of bounded regions and the value
of R changed the same way. Necessarily, at the end of the process R is the
number of bounded and connected regions delimited by the boundary of P i.e.
the F faces and the H holes.

6. Area of a lattice polygon

There is a way to modify Pick’s formula in order to obtain the area of non
simple polygons using Euler’s characteristics. We make use of the edges on
cross walls and branches of a triangulation of the polygon.
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Two boundary points b1 and b2 determine an edge of any triangulation if
and only if the edge b1b2 is included in the boundary ∂P of P and if there isn’t
any other boundary point on the edge b1b2.

We note by Ei
∂P the number of edges of the triangulation on the branches

and cross walls adjacent to interior face(s). We note by Ee
∂P the number of

edges of the triangulation on the branches and cross walls adjacent to exterior
face(s). Then, we can adapt a result appeared in [24].

Theorem 6.1. Let P be a lattice polygon with I interior points and B bound-
ary points. Then, the area of P is obtained by the following formula

Aire(P ) = I +
B

2
− χ(P ) +

χ(∂P )

2
+

1

2
(Ei

∂P − Ee
∂P ). (6.1)

where Ei
∂P represents the number of edges of any triangulation on the branches

and internal cross walls and Ee
∂P represents the number of edges of any trian-

gulation on the branches and external cross walls.

Proof. We build a triangulation P ′ = Δe(P ) of P . Let P ′ be elastic. We
create a balloon D by gluing the boundary of P ′ to a copy of itself and inflating
it. We get a strange balloon D with triangular faces. Let VI , EI and FI be the
number of vertices, edges and faces of the object I ∈ {P, P ′, D}. We define

χ(D) = VD − ED + FD, (6.2)

and we obtain

χ(D) = (2VP ′ − V |∂P ′) − (2EP ′ − E|∂P ′) + 2FP ′ (6.3)

= 2(VP ′ − EP ′ + FP ′) − (V |∂P ′ − E|∂P ′) (6.4)

= 2χ(P ′) − χ(∂P ′) (6.5)

= 2χ(P ) − χ(∂P ). (6.6)

We also have the following relations

FD = 2FP ′, (6.7)

VD = 2I + B, (6.8)

and a meticulous calculation gives us

3FD = 2ED + 2(Ei
∂P − Ee

∂P ) (6.9)

since the Ei
∂P edges are adjacent to 4 triangles of D and the Ee

∂P edges aren’t
adjacent to any triangle of D. From (6.2) et (6.6), we obtain

FD = 2χ(P ) − χ(∂P ) − VD + ED. (6.10)

Also, from (6.10), (6.8) and (6.9) we write

FD = 2χ(P ) − χ(∂P ) − (2I + B) +
3

2
FD − (Ei

∂P − Ee
∂P ),
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from which

FD

2
= 2I + B − 2χ(P ) + χ(∂P ) + (Ei

∂P − Ee
∂P ). (6.11)

Since

Area(P ) =
FP ′

2
,

we finally obtain the result using (6.7) et (6.11).
For example, on Figure 2 we have Ei

∂P = 6, Ee
∂P = 4, I = 1, B = 25,

V = 15, E = 18, F = 2 and L = 0 so that χ(P ) = −1 and χ(∂P ) = −3 and
hence

Area(P ) = 1 +
25

2
− (−1) +

(−3)

2
+

(6 − 4)

2
= 14.

7. Generalized polygon

We say that many polygons in the plane are a generalized polygon if

1. there isn’t any intersection (vertex intersection is an intersection) between
distinct polygons, and

2. there is a polygon called a continent containing all the other polygons
in its interior. These other polygons are said to be enclaves.

We define the boundary of a generalized polygon as the union of the boundary
of all the polygons composing it. The interior of a generalized polygon is
the intersection of the interior of the continent with the exterior of all the
enclaves. The exterior of a generalized polygon is the union of the exterior of
the continent with the interior of the enclaves.

We remark that a hole of an enclave is a face of the generalized polygon and
that a face of an enclave is a hole of the generalized polygon.

Many generalized polygons in the plane form an union of generalized
polygons if each one is inside the exterior region of all the others. Its in-
terior and boundary are the union of respectively the interior regions and
the boundary of the generalized polygons composing it. This notion allows
the presence of many continents. We use the term island to symbolize a
generalized polygon inside the hole of an other one.

We define the area of a generalized polygon P to be the sum of the area
of the interior regions of P . In other words, it is the surface of the mainland.
Likewise, the area of an union of generalized polygons is the sum of the area
of all the generalized polygons composing it.

We adapt the proof of Lemma 3.1 to get a decomposition into triangles of
any generalized polygon. Moreover, a triangulation of any generalized lattice
polygon can be obtain using Lemma 4.1.
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8. Euler’s characteristics revisited

For generalized polygons, formulas (5.1) and (5.3) do not coincide. Effec-
tively, the proof of Theorem 5.1 for generalized polygons would fail when the
boundary of two polygons (a continent and a enclave or two enclaves inside
the same face) would be disconnected. When the last edge connecting the
boundary is removed, the number of vertices remains unchanged (V = V0) as
well as the number of faces (F = F0) but the number of edges decreases (E
becomes E0 − 1). Then, the value of χ(P ) increases by one and it will do
as well every time the boundary is disconnected by taking an edge off. With
the intention of keeping the characteristic invariant, we rather consider the
following characteristic

χ̂(P ) = V ′ − E ′ +
F ′∑

f=1

(2 − Cf) (8.1)

where Cf is the number of connected component of the boundary of the face
f . Although, we keep the same boundary characteristic by defining χ̂(∂P ) =
χ(∂P ). We remark that for a triangulation, we have χ̂(P ) = χ(P ) since for
any triangle Cf = 1 holds and

F ′∑
f=1

(2 − Cf ) =

F ′∑
f=1

(1) = F ′. (8.2)

Theorem 8.1. Let P be a generalized polygon. We can obtain χ̂(P ) and
χ̂(∂P ) using the number of vertices V , edges E, interior regions F and en-
claves L of P by the following way

χ̂(P ) = V − E + F − L, (8.3)

χ̂(∂P ) = V − E. (8.4)

Proof. As in the proof of Theorem 5.1, we start with a triangulation of P
and remove the edges and vertices inside the generalized polygon without ever
disconnect the boundary of the triangulation. Then, (8.1) remains valid and
invariant since it is essentially the same formula as (5.1) because 2 − Cf = 1
for each face. After that, each new edge removed creates an enclave without
changing the number of vertices V and faces F . Then, χ̂(P ) remains invariant
according to formula (8.3).

We can obtain an equivalent form of Theorem 5.2 for χ̂(P ).

Theorem 8.2. Let P be a generalized polygon composed of a continent having
FC faces and HC holes and of L enclaves having Fl faces and Hl holes, l ∈
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{1, ..., L}. Then, the number of faces FP and holes HP of P are

FP = FC +
L∑

l=1

Hl, (8.5)

HP = HC +
L∑

l=1

Fl (8.6)

and we have

χ̂(P ) = 1 − HP . (8.7)

Proof. We use (5.3) and (5.5) for the continent and each of the enclaves. Then,

VC − EC + FC = 1 − HC ,

and

Vl − El + Fl = 1 − Hl

for all l ∈ {1, ..., L}. Moreover,

VP = VC +

L∑
l=1

Vl,

EP = EC +
L∑

l=1

El,

FP = FC +
L∑

l=1

Hl,

HP = HC +

L∑
l=1

Fl

from which

χ̂(P ) = VP − EP + FP − L

= (VC +
L∑

l=1

Vl) − (EC +
L∑

l=1

El) + (FC +
L∑

l=1

Hl) − L

= (VC − EC + FC) +
L∑

l=1

(Vl − El + Hl) − L

= (1 − HC) +

L∑
l=1

(1 − Fl) − L

= 1 − (HC +

L∑
l=1

Fl)

= 1 − HP .
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9. Area of a generalized lattice polygon

Formula (6.1) is also valid for generalized polygons. We constat that an
internal cross wall, respectively external, of an enclave becomes an external
cross wall, respectively internal, of the generalized polygon. Similarly, a inter-
nal branch, respectively external, of an enclave becomes an external branch,
respectively internal, of the generalized polygon.

Theorem 9.1. Let P be a generalized lattice polygon. The area of P can be
obtain using the following formula

Area(P ) = I +
B

2
− χ̂(P ) +

χ̂(∂P )

2
+

1

2
(Ei

∂P − Ee
∂P ) (9.1)

where I is the number of interior points of P, B is the number of boundary
points of P, χ̂(P ) and χ̂(∂P ) are calculated using V, E, F and L where V is
the number of vertices of the polygons composing P, E is the number of edges
of the polygons composing P, F is the number of faces of P, L is the number of
enclaves in the continent of P. Also, Ei

∂P and Ee
∂P are the number of edges of

any triangulation of P on the internal and external cross walls and branches
of P.

Proof. When L = 0, (9.1) is the same as equation (6.1). We suppose that it is
true for a generalized polygon P having L enclaves and we show that it is also
true when we add an (L + 1)th enclave Q to obtain the generalized polygon R.
We have

Area(R) = Area(P ) − Area(Q)

=
(
IP +

BP

2
− χ̂(P ) +

χ̂(∂P )

2
+

1

2
(Ei

∂P − Ee
∂P )

)

−
(
IQ +

BQ

2
− χ̂(Q) +

χ̂(∂Q)

2
+

1

2
(Ei

∂Q − Ee
∂Q)

)

= (IP − IQ − BQ) +
(BP

2
+

BQ

2

)

−
(VP

2
− EP

2
+ FP − L

)
+ χ̂(Q) −

(VQ

2
− EQ

2

)

+
1

2
(Ei

∂P + Ee
∂Q) − 1

2
(Ee

∂P + Ei
∂Q)

=
(
IR +

BR

2

)
−

(VP + VQ

2
− EP + EQ

2
+ FP

)
+ χ̂(Q) + L

+
1

2
(Ei

∂P + Ee
∂Q) − 1

2
(Ee

∂P + Ei
∂Q)

=
(
IR +

BR

2

)
−

(VR

2
− ER

2
+ FP

)
+ χ̂(Q) + L +

1

2
(Ei

∂R − Ee
∂R)
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seeing that

Ei
∂R = Ei

∂P + Ee
∂Q,

Ee
∂R = Ee

∂P + Ei
∂Q.

We know that χ̂(Q) = 1 − TQ and since holes of an enclave become faces of
generalized polygons, the number of faces of R is FR = FP + TQ. Therefore,

Area(R) =
(
IR +

BR

2

)
−

(VR

2
− ER

2
+ FP

)
+ (1 − TQ) + L +

1

2
(Ei

∂R − Ee
∂R)

= IR +
BR

2
−

(VR

2
− ER

2
+ (FP + TQ) − (L + 1)

)
+

1

2
(Ei

∂R − Ee
∂R)

= IR +
BR

2
− χ̂(R) +

χ̂(∂R)

2
+

1

2
(Ei

∂R − Ee
∂R)

The formula is then verified for (L + 1) enclaves. This shows the result in all
cases.

Figure 7. A polygon.

For the polygon of the Figure 7 we have I = 61, B = 41, with V = 22,
E = 25, F = 4, L = 1 such that χ(P ) = 0 and χ(∂P ) = −3 and also Ee

∂P = 6
and Ei

∂P = 8. Hence

Area = 61 +
41

2
− 0 +

(−3)

2
+

(8 − 6)

2
= 81.

Geometrically, branches and cross wall can be removed without influencing
the area of a polygon. We show directly that (9.1) is invariant under deletion
of the edges of Ei

∂P and Ee
∂P .
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For example, every time an edge is taken off from a branch, V and E decrease
by 1 and there isn’t any modification in the number of faces F and enclaves L
so that χ̂(P ) and χ̂(∂P ) are invariant. For an external branch, Ee

∂P becomes
Ee

∂P − 1, a boundary point is removed : B becomes B − 1. For an internal
branch, Ei

∂P becomes Ei
∂P −1, B becomes B−1 and I becomes I +1. In both

cases, the value given by (9.1) is invariant.
Likewise, every time an edge is taken off from a cross wall, E becomes E−1,

B, I and V are invariant. In the case of an internal cross wall, either two faces
merge and F becomes F − 1 or an enclave is created and L becomes L + 1.
In both cases, χ̂(P ) is invariant whereas χ̂(∂P ) increases by 1. Also, Ei

∂P

becomes Ei
∂P − 1. In the case of an external cross wall, either two holes merge

or the boundary disconnects and a continent or an island is created. In both
cases, χ̂(P ) and χ̂(∂P ) increase by 1. Also, Ee

∂P becomes Ee
∂P − 1. Then, in

both cases, the value given by (9.1) doesn’t change.
We achieve this proof using the fact that the remaining parts of the cross

walls become branches of the resulting polygon.
On Figure 2 for example, after removing cross walls and branches, we get

Ei
∂P = 0, Ee

∂P = 0, I = 6, B = 17, V = 9, E = 10, F = 1 and L = 0 so that
χ(P ) = 0 and χ(∂P ) = −1. Hence,

Area(P ) = 6 +
17

2
− 0 +

(−1)

2
+

(0 − 0)

2
= 14.

Figure 8. Polygon of Figure 2 with no cross wall and branch.

10. Area of an union of generalized lattice polygons

We note that (9.1) can be used to obtain the area of union of generalized
polygons. One need only to sum the enclaves inside each continents and islands
for parameter L.
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Theorem 10.1. Let P be an union of generalized lattice polygons. The area
of P can be obtained using the following formula

Area(P ) = I +
B

2
− χ̂(P ) +

χ̂(∂P )

2
+

1

2
(Ei

∂P − Ee
∂P ) (10.1)

where I is the number of interior points of P, B is the number of boundary
points of P, χ̂(P ) and χ̂(∂P ) are calculated using V, E, F and L where V is
the number of vertices of the polygons composing P, E is the number of edges
of the polygons composing P, F is the number of faces of P, L is the number of
enclaves in the continents and islands of P. Also Ei

∂P and Ee
∂P are the number

of edges of any triangulation of P on the internal and external branches and
cross walls of P .

Figure 9. Union of generalized polygons.

On Figure 9, we have an union of generalized lattice polygons with a con-
tinent, an island and two enclaves (one inside the continent, the other, inside
the island). We have I = 11, B = 87, V = 35, E = 40, F = 5 and L = 2, from
which

χ̂(P ) = 26 − 30 + 4 − 2 = −2 and χ̂(∂P ) = 26 − 30 = −5.

Also Ei
∂P = 4 and Ee

∂P = 4, and hence

Area(P ) = 11 +
87

2
− (−2) +

(−5)

2
+

(4 − 4)

2
= 54.

11. Extrapolation or embedded lattice

Finally, a method introduced by [22] to compute the area of a polygon is
based on the fact that the Euler’s characteristics χ̂(P ) and χ̂(∂P ) are indepen-
dent of the lattice. This method is closed to the Richardson’s extrapolation
method. It proceeds as follows.
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We determine the values of the parameters I, B, Ei
∂P and Ee

∂P on two
different lattices, for example using a second lattice finer than the first one,
and we use the two expressions

Area(P ) = I0 +
B0

2
− χ̂(P ) +

χ̂(∂P )

2
+

1

2
(Ei

∂P,0 − Ee
∂P,0),

and

Area(P ) =
1

m2

[
Im +

Bm

2
− χ̂(P ) +

χ̂(∂P )

2
+

1

2
(Ei

∂P,m − Ee
∂P,m)

]
,

to obtain

Area(P ) =
1

m2 − 1

[
(Im − I0) +

(Bm − B0)

2
+

1

2
(Ei

∂P,m − Ei
∂P,0) −

1

2
(Ee

∂P,m − Ee
∂P,0)

]
.

For the generalized polygon of Figure 9, using a finer lattice (m = 2) as
indicated on Figure 10, we obtain

I0 = 11 and Im = 127,

B0 = 87 and Bm = 179,

Ei
∂P,0 = 4 and Ei

∂P,m = 8,

Ee
∂P,0 = 4 and Ee

∂P,m = 8,

then

Area(P ) =
1

3

[
(127 − 11) +

(179 − 87)

2
+

1

2
(8 − 4) − 1

2
(8 − 4)

]
= 54.

Figure 10. Union of generalized polygons and a finer lattice.

12. Conclusion

We have proved Pick’s theorem by successive steps. Then we have pro-
posed a generalization to more general polygons in terms of revised Euler’s
characteristics.
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