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Abstract

Free particle wavefunction of the fractional Schrodinger wave equa-
tion is obtained. The wavefunction of the equation is represented in
terms of generalized three-dimensional Green’s function that involves
fractional powers of time as variable t*. It is shown that the wave-
function corresponding to the integral order Schréodinger wave equation
follows as special case of that of the corresponding Schréodinger equa-
tion with fractional derivatives with respect to time. The wavefunction
is obtained using Laplace and Fourier transforms methods and eventu-
ally the wavefunction is expressed in terms of Mittag-Leffler function.
Heisenberg Uncertainty principle is deduced from the wavefunction of
the fractional Schrédinger equation using the integral value of fractional

parameter a=1.

1 Introduction

Recent applications of fractional equations to number of systems such as those
exhibiting enormously slow diffusion or sub-diffusion have given opportunity
for physicists to study even more complicated systems. Those systems include
charge transport in amorphous semiconductors, the relaxation in polymer sys-
tems, fluid mechanics and viscoelasticity and Hall Effect. The generalized
diffusion equation allows describing complex systems with anomalous behav-
ior in much the same way as simpler systems. Anyway, fractional calculus is
now considered as a practical technique in many branches of science including
physics [1]. Several authors including [1-9] have discussed many examples of
homogeneous fractional ordinary differential equations, homogenous fractional
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diffusion equation and homogenous wave equations. Debnath [7-9] considered
solutions of fractional order homogeneous and nonhomogenous partial differ-
ential equations and integral equations in fluid mechanics.

The practical use of fractional calculus is underlined by the fact that
Laplace transform of the operator ¢ D, * f(t) has the simple form, £ {th_ “f (t)}
sT*LA{f(t)} , where L represents Laplace transform.

In this paper, we are concerned with fractional time derivatives with 0<
a < 1 representing as the fractional parameter. The physical significance of
the parameter « is unknown. The fractional Schrodinger wave equation may
represent wave equation for quasi-particles when the parameter takes fractional
values between 0 < a < 1, otherwise it will represent particle wave equation
for a =1. We set 3 = 0 in the a-th fractional derivative gD, “ = dc%ng_” ,
specifies t = 0 as the starting of the system’s time evolution with 0 < o <'1
[3]. If this definition is applied to the diffusion equation for a particle at the
origin of coordinates in n-dimensional space, it’s mean squared displacement
is proportional to time t. In a variety of physical systems, however, the simple
scaling law is violated [10, 11]. The fractional diffusion equation provided the
scaling law as t* for the mean square distance [12].

In the the following, we use the fractional calculus to solve the Schrodinger
wave equation for a free moving particle. The solution to this equation is
presented in a closed form and the uncertainty principle is deduced for the
special case a=1 for a free particle.

2 The Fractional Schrodinger Wave Equation

We will consider the solution of the fractional Schrodinger equation in the form
given by
0P (x,t)  ih _,
—=—V t 2.1
ote 2m Yix,b), (2.1)
where V2 = % + % + % , h is the Planck’s constant divided by 2 7, m
ih

is the mass and 1(x, t) is a wave function of the particle. Also we set a = 5~

as a complex constant and solve this equation (2.1) with the following initial
and boundary conditions

$(x,0) =to(x)

2.2
P(x,t) — 0 as |x| — oo, t > 0. (22)

We apply the joint Laplace transform with respect to t and the Fourier trans-
form with respect to x (see reference [13]) defined by
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1 o0 ) o0
bk, s) = o / emikex 3% /0 e tap(x, t) dt. (2.3)

Where — and = are used to denote the Laplace and the Fourier transforms
respectively, k and s are the Fourier and the Laplace transform variables re-
spectively. Application of the joint transform to equations (2.1) and (2.2)
give

sk, s) — s L (k, 0) = a (i k)2 P(k, s). (2.4)
We combine the terms and take the inverse Laplace transform of equation (2.4)
to yield

Sa—l

bk,s) = £ 71 ——— bk, 0) = G, (k,5) ¥ (k,0). 2.5
des) = £ b0 - Gk ko). @29

Next, we use the formula for the inverse Laplace transform to express the
solution in Mittag-Leffler function

a—p3
_1 mls _ma+f—1 p(m) o
£ {W} =t By p(—at®), (2.6)

where E, g(z) is the Mittag-Leffler function (see Erdelyi, 1955) defined by the
series

o0 m

z
Esz)=> — 2 a>0,3>0 2.7
=Y iy @0 (27)
where I'(z) is the Gamma function and
EM () = 2B, () (2.8)
a,f dx™ )

Application of the inverse Laplace transform combined with the formula in
equation (2.5) and using equation (2.6) yields solution

Uk, t) =Pk, 0) Eqp(—a k) = Go(k, t)d(k, 0), (2.9)
where k* = ki 4+ k2 + k; and the Green function is defined as Gq(k,t) =
Ei(—ak?t*) = Y@, % Alternatively, the Green function in Eq.
(2.5) in momentum space may be simplified and the complex integration in
variable s can be carried out to obtain

o0 ga—lgst ekt fora=1
Ga(k, t) :/ ——ds = 2 1/a,
@ 2 sin(ma) e— (ak%m)
o stak [ Py dr for0<a <1

(2.10)
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Both forms of the Green function in Egs. (2.9) and (2.10) agree for «

=1 and a=1. For a =1, the expression for Green function is Gy (k,t) =

By jar(—a k) = e *ler fe(a k*t1/?).
Finally, we take the Fourier transform of equation (2.9) to obtain the so-
lution of the wave equation (2.1).

1 > —ikex 7T 2 a0\ 73
p(x,t) :W /_Ooe o(k) Eq1( —a k™t*)d’k . (2.11)
We assume that the Fourier transform of the initial wave function at t=0
to be as
1 Oo —iket 3
w&>—6553[me Po(§) &€ . (2.12)

By the convolution theorem of the Fourier transform (see Debnath [13]),
the solution in equation (2.11) may be expressed in the form

wbt) = [ Gale— €0 (6 (213)
where the Green function is given by
Galx,t) = ! / e Bo1(— a Kt*)d’k . (2.14)
(2m)* J o ’

For the case a = 1, the fractional wave equation (2.1) reduces to the
Schrodinger wave equation. In this special case, the solution (2.13) after inte-
gration over k reduces to the familiar form

I

Ul t) = oo (€)d’, (2.15)

v

where the 3-D Green function for o =1 in spatial coordinates is given by

22

1
G(x,t) = W@‘ at, (2.16)
In equation (2.15), the result £ 1(2) = e* is used. The solution is in perfect
agreement with the standard solution of the integer order o = 1 of the wave
equation (2.1).
We also calculated [12] the mean square distance < r? > in spherical coor-
dinates using the Green function given in equation (2.13). The Green function
is expressed in spherical coordinates given by
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dr [ T 9 9
_ / _a ke , 2.1
Ga(r,t) (27?)3/0 57 Jij2(k 1) Eg1(—ak™t®) k*dk (2.17)

By taking the Laplace transform of equation (2.17) and integrating over k, we
get

= 1 1 _r a2

Go(r,s) = — —s* e va® ", 2.18
(rs) A7 ar e ( )

Taking the inverse Laplace transform of the above equation (2.18) we get

«
Ga(r,t) = E (ata)%;W(—Z,—g,l—Oé). (219)

Where W(z, o, ) =", ijﬂ) is called Wright Function [see Erdelyi,

1955] and z = W We define a new function for odd values of n = 2m + 1
for § =0 as:
o0 22m+1
B = . 2.20
(z,0) T;) 2m + )T (a(2m + 1)) (2.20)

For the special case o = 1, the B-function B(—z, —§) reduces to simple
exponential form of type

1 1 22
5) = Qﬁze T (2.21)

and the 3-D Green function in equation (2.19) which reduces to simple form

B(—z,—

given by
1 2
Gi(r,t) = ——5 e 1at. (2.22)
(4mat)?
It is also convenient to express the Green function in equation (2.18) after
taking inverse Laplace transform and carrying out complex integration, we
obtain

Go(r,t) = (Sl /00 et T VAT cos(ma/2) p2a1 sin[L z sin(ra/2)] dx.
2n2ar Vva
(2.23)

For a = 1, the above equation also gives the same answer as in equation
(2.22).
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3 Uncertainty Principle

2
The Green function in Eq. (2.22) Gy(z,t) = W e~ 7ai for a =1 is used

to verify the uncertainty principle in one dimension (1-D). The solution of the
Schrodinger equation is then written in the form

virt) = [ Gileynnlr - e (3.)
We choose normalized initial Gaussian wave function (r) = —% TE 267
(mb2)4

, where constant b represents an initial Gaussian width of the initial wave
function. Substituting the expression for Green function in Eq. (3.1) and
performing the integration, we obtain wave function

1 1 _ 2

b t) = e TR 3.2
(?) (rp2)i V(I +iht]0?) (3:2)

Using this wave function in Eq.(3.2), we can obtain the quantum mechani-
cal probability density by taking the complex conjugate and multiplying with
the wave function itself given as

1 1 _ r2
P(r,t) = [¢(r,t)] = NG PR (3.3)
h2 2

where the constant ¢ = /(1 + -53;) . Mean square distance is calculated

using the quantum mechanical probability given by

-

This expression Eq. (3.4) provides uncertainty in the position which is

22
(& b2c2

= %(60)2. (3.4)

given by

1 h? t2
Ar = —by/ (1 + ——).
r 7 (1+ m264)

It is straightforward to calculate expectation value of the momentum square

(3.5)

with integral value of a=1 [14].

h 1
\/_ b
The uncertainty principle is just the product of both expressions given in
equations (3.5 and 3.6)

Ap = (hk*) = (3.6)
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h h2t?
ArAp=—/(1+ —— )
The above expression with t=0 reduces to the known uncertainty principle
given by
h
ArAp = 7" (3.8)

These calculations show that fractional calculus is a powerful tool that may
be used to solve the problems in general and the reduction leads to the known
results when integral values of « are used.
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