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Abstract

In this paper, Riemann-Stieltjes operators between weighted Bloch
and weighted Bergman spaces are considered. We characterize bounded-
ness and compactness of these operators using certain growth properties
of holomorphic symbols.
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1 Introduction

Let D be the open unit disk in the complex plane C. Let g : D — C be a
holomorphic map. Denote by H (D) the space of holomorphic functions on D.
For f € H(D), the Riemann-Stieltjes operator induced by ¢ is defined by

2) = / T FO)dg(¢) = / f(tz)zg/ (t2)dt, =z €D,

The Riemann-Stieltjes operator can be viewed as a generalization of Cesaro
operator defined by
/ f ), ze€D.
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Ch. Pommerenke [7] initiated the study of Riemann-Stieltjes operator on
H?, where he showed that T, is bounded on H? if and only if ¢ is in BMOA.
This was extended to other Hardy spaces H?, 1 < p < oo, in [1]and [2] where
compactness of T, on H? and Schatten class membership of T, on H?, was
also completely characterized in terms of the symboy ¢. Similar questions on
weighted Bergman spaces were considered by A. Aleman and A. G. Siskakis in
3].

Recently, several authors have studied Riemann-Stieltjes operators on dif-
ferent spaces of analytic functions. For example, one can refer to ([5] [8]
[9][10][11] and [12]) for the study of these operators on Bergman spaces,
Dirichlet spaces, BMOA and VMOA and related references therein. In this
paper we characterize boundedness and compactness of Riemann-Stieltjes op-
erators between between weighted Bloch and weighted Bergman spaces.

2 Preliminaries

In this section we review the basic concepts of weighted Bergman spaces AP,
and weighted Bloch spaces B® and collect some essential facts that will be
needed throughout the paper.

2.1. Weighted Bergman Spaces. Let dA(z) be the area measure
on D normalized so that area of D is 1. For each a € (—1,00), we set dv,(z) =
(a+1)(1 — |2/*)*dA(z), 2 € D. Then dv, is a probability measure on D. For
0 < p < oo the weighted Bergman space A? is defined as

1/p

A= (£ € HO): 17l = ([ 11IPdal2)) " < o0},

Note that || f||4z is a true norm only if 1 < p < oo and in this case A? is a
Banach space. For 0 < p < 1, AP is a non-locally convex topological vector
space and d(f,g) = ||f — g”ig is a complete metric for it. The growth of
functions in the weighted Bergman spaces is essential in our study. To this
end, the following sharp estimate will be useful. (see [7] p. 53.). It tells us
how fast an arbitrary function from AP grows near the boundary.

Let f € AP, Then for every z in I, we have

Hlaz
1< Lt

(2.1)

with equality holds if and only if f is a constant multiple of the function

1—|z|? )(2+a)/p

ka(z) = <m

It can be easily shown that ||k,||4» ~ 1.
2.1. Weighted Bloch Spaces. For a > 0, let B* consists of all

(2.2)
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analytic functions f on D satisfying the condition

sup(1 — [=[*)°17/(2)] < .

Note that B' = B, the usual Bloch space . For f € B* define

[1£llze = [£(0)] + sup(l — [2[)°1f'(2)] < oo

With this norm B® is a Banach space. Integrating the estimate

: |1/ 1o
|f(2)] < = |22

we obtain

|

1) = 01 < [ Bl <Al [ et

for all z € D. In case 0 < a < 1, the integral on the right is uniformly bounded
by the constant fol(l — t)7%dt, and it follows that B* C H*. It is easy to
check that in this case the linear space B® is an algebra. In fact, Hardy and
Littlewood, have shown that for 0 < a < 1, the space B* consist of all functions
f analytic on D satisfying the Lipschitz condition

[f(2) = fFw)] < ]z —w]'7,

for all z,w € D (see [4]).
In case 1 < a < 00, the above estimate implies

||f[|e 1
|f(z) = f(0)] < a—1(1- ’2’2)04—1’

(2.3)

while for aw = 1 it is well known that the following hold ([6] and [14]).
F(2) = F)l < I£lls5(z, w) (2:4)

for f € B, where
11 — 2| + |z — w|

1
— -1
Bz w) 2 Og]l—z@]—]z’—w[

is the Bergman metric on . From (2.4), it follows that for f € B,
1

PO S 155

I1lstox (=77): (25

Throughout this paper we fix some positive radius 0 < r < oo and consider
disks D(z,r) in the Bergman metric. The set

D(z,r)={weD: [(z,w) < r}, z €D,
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is called hyprerbolic disk or Bergman disk of radius r about z. It is well known
that D(z,r) is a Euclidean disk whose Euclidean center and Euclidean radius
are ) )
1— 1—
(-t 0=l
(1—s[2]) (1 —s[2])

where s = tanhr € (0, 1), respectively. For fixed r > 0. the area of D(z,r) in
D has the estimation;

ermu:[;)wmwwu—uW?

For fixed r > 0, it is known that if w € D(z,r), then
11— zw| ~ (1 —17%) and |D(w,s)|a~ C|D(z,7)|a.

Following lemma lists additional properties of the hyperbolic disks.
Lemma 2.2.[7] Fix r, 0 < r < co. There exists a positive integer M and
a sequence {a,} in D such that :

(1) The disk D is covered by {D(a,,r)}

n'

(i1) Every point in D belongs to at most M sets in {D(ay,, 2r)}

(141) If n # m, then B(an, am) > 3.
We shall use these estimates in the proofs of the Theorems below. For general

background of weighted Bergman spaces A? and weighted Bloch spaces, one
may consult [13] and [14] and the references therein.

3 Riemann-Stieltjes operators from weighted
Bergman spaces A into weighted Bloch spaces
BOd

In this section we characterize boundedness and compactness of Riemann-
Stieltjes operators from weighted Bergman spaces AP into weighted Bloch
spaces spaces B®.

The following Theorem characterizes Riemann-Stieltjes operators from weighted
Bergman spaces Ag into weighted Bloch spaces B.

Theorem 3.1. Let 1 < p<oo,—-1<fB<o00,a>0andg:D — C
be a holomorphic map. Then the Riemann-Stieltjes operator 7, maps Ag
boundedly into B® if and only if

su]g(l — ]2]2)(7’“_5_2)/”]9’(2)] < 00. (3.1)
zE
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Proof. First suppose that

M = sup(1 — ]2]2)(7)“_6_2)/”]9’(2)] < 0.
zeD

By (2.1), we have
1]z
B
FENS Ty

for all z € D. Thus

[Toflls= = |Tof(0)] +sup(l — =) (e f)' (2)]
= sup(l - [21%)*1g' (=) f ()]
< sup(L — |23 PR G ()] | £,
zeD

hence T, maps Ag boundedly into B.
Conversely, suppose T, maps Ag boundedly into B*. Fix a point a in D and
consider the function

1— ]a\Q )(ﬁ+2)/p

fa(2) = <m

Then f, is a function of unit norm in Ag. Since T, maps Ag boundedly into
B“, we can find a positive constant C' such that

Ty fullse < Cllfallag = C.
for all a € D, hence for each point z € D we have
(1= || fa(2)g (2)| < C.
In particular, when z = a, we get
2
=l (o) @I <C
whence
(1= la]*) =277 g/ (a)| < C.

Since a € D is arbitrary, the result follows.
Theorem 3.2. Let 1 <p<oo,-1<fB<o00, a>0and g:D — C be
a holomorphic map. Suppose that T, maps Ag boundedly into B*. Then T},
maps Aj; compactly into B if and only if

lim (1 — [2[*)®*7=2/7|¢/(2)] = 0. (3.2)

|z[—1~
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Proof . First suppose that (3.2) holds. Let {f,} be a bounded sequence
in A” that converges to zero uniformly on compact subsets of D. Let M =
sup,, anHAg < 00. Given ¢ > 0, there exist an r € (0, 1) such that if |z| > 7,
then

(1= [P0 g (2)] < e.

Thus for z € D such that |z| > r, by (2.1) we have
(1= 2P (Tafa) ()] = (1= 2119 (D)l fal2)]

< (L= 2P 221G ()] || folla
< eM,

for all n. On the other hand, since f, — 0 uniformly on compact subsets of
D, there exist an ng such that if |z| < r and n > ng, then |f/(z)] < . By
Theorem 3.1, we have g € B* and so we have

N =sup(l — |2*)*]¢'(2)| < o0,
zeD

hence
|81|1<p(1 — 2P (Tefn) ()] = |81|1<p(1 — [2)d ()| fu(2)]
< eN.

The above arguments together yield

Tofallse = 1T, f(O)] +sup(l — |2 (Ty) fal2)]
< |S}1<P(1 = 2 T ) (2)] + |81|1>P(1 = 12 (Tofn) (2)]
< (N+Me.

Thus
| Tyfnllge — 0 as n — oo,

hence T, maps Ag compactly into B®.
Conversely, suppose T, maps Ag compactly into B* and (3.2 ) does not hold.
Then there exists a positive number ¢ and a sequence {z,} in D such that
|zn| — 1 and

(1= |za) P72 g/ (2,)] > 5,

for all n. For each n, consider the function f, defined as

L=z B
fn(2) = <(1 —Enz)Q)

, z € D.
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Then the sequence {f,} is norm bounded and f,, — 0 uniformly on compact
subsets of D, it follows that a subsequence of {T}f,} tends to 0 in B*. On the
other hand,

1Ty fullse = (1= [zal*)*[(Tyfn) (20)]

= (L= 12?19 (zn)] |Fn(2n)]
= (1= [za)P7272] g/ (2]
> 0,

which is absurd. Hence we are done.

4 Riemann-Stieltjes operators between
weighted Bloch spaces B“

In this section we characterize boundedness and compactness of Riemann-
Stieltjes operators between weighted Bloch spaces B“.
Theorem 4.1. Let « >0, 3> 0 and g : D — C be a holomorphic map.

(i) If 0 < a < 1, then T, maps B® boundedly into B if and only if g € B”.

ii) Operator T, maps B boundedly into B? if and only if
g

2
sup(1 — [2|2)8|d (2)] log ——— < 0.
zeﬂg( 121%)°g'(2)| g(l—]ZP)

(iii) If a > 1, then T, maps B® boundedly into B if and only if

sup(l — [212)+779g' (2)] < oo
FAS

Proof. First we consider the case a > 1. Suppose T, maps B boundedly into
B?. Consider the function

1 —|af?

—_— e D.
(1 —az)>’ :

fo(2) =

Then ||fa||ps < 14 2a. Thus f, € B* and M = sup{||fa||ps : a € D} < 1+ 20
Since T, maps B* boundedly into B, we can find a positive constant C' such
that

HTgfaHBﬁ < CHfaHBa SCM

for each a € D, hence for each z € D, we have

(L= P19 I fa()] = (1= ) [Ty o) (2)]
< OM.
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In particular, when z = a, we have
(1= la*)"*772|¢'(a)| < CM.

Since a € D is arbitrary, the result follows.
Conversely, suppose that

M = sup(1 —[2]*)"77g' (2)] < o0 (4.1)
zeD

By (2.3), we have

) 171z
|f(z) = F(O)] < (a—1)(1 — |2[2)@D

for all z € D, independent of f € B®. Since

ITyfller = IT,50)]+sup(1 ~ 2PVIT,2)
< sup(1 — sPY1S() ~ SOl ) + 17O sup(1 ~ 2PVl
" 11l oy
N A o L S
< (O + 25l

Hence T, maps B* boundedly into B. This completes the proof of (iii). Next,
we will prove (7). Suppose T, maps B boundedly into B°. For a € D, let

fa(2) = log ﬁ, zeD.

Then f, € B and ||f.||s < 3. So

3HTgHBﬁ > HTgfaHBﬁ
= [T5fa(0)] + ilelg(l — 2N Tyfa) (2)

> (1—lal*)’lg'(a)]| fa(a)]

2
= (1—la]*)’|¢'(a)log 175
(1—1al?)
Since a € D is arbitrary, the result follows.
Convesely, suppose that
2\GB| 4/ 2
M = sup(1 — |2[°)"]¢'(2)|log =55 < o0.

2€D (1—1z?)
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By (2.5), for f € B*, we have

Ty fllge = !Tgf(O)HSlelEI;(l—!ZIQ)ﬁ!(Tgf)'(Z)!
2
< sup(l —12|28d' (2 lo a
up(1 |2l (2o g s e
1
= M
Ml

hence T}, maps B boundedly into B?. This completes the proof of (i). Finally
we will prove (4). First suppose that T, maps B* boundedly into B”, then

g=9(0)+T,1 € B°
Conversely, suppose that g € B?. Then
FE) <|Alls(1+ (1= [2[1)7%), a#1,zeD.
Thus, if f € B, then

1Ty fllss < sup(l—[2[*)’|(T,f)'(2)]

zeD
< sup((1 = [2P) o+ (1= [P ) [ e
< € sup(( = PPN G 1l
< C llgllsol| fllse.

As a result, T, maps B® boundedly into B°.

Lemma 4.2.[6] Let 0 < @ < 1 and let T" be a bounded linear operator
from B® into a normed linear space X. Then T is compact if and only if
||T fn||lx — 0, whenever {f,} is a bounded sequence in B* that converges to
zero uniformly on D.

Theorem 4.3. Let « >0, 3 >0 and g : D — C be a holomorphic map.
Suppose that T, maps B* boundedly into B”.

(i) If 0 < a < 1, then T, maps B® compactly into B”.
(ii) Operator T, maps B compactly into B? if and only if

2
lim (1 — |2|»)?%]¢'(2)] log ————— = 0.
|z|~1( 127)°19'(2)| ey

(iii) If a > 1, then T, maps B® compactly into B? if and only if

lim (1 - |2[*)"*77*|¢/(2)| = 0.

|z[—1
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Proof. First we consider the case a > 1. To prove that the condition in (ii7)
is sufficient for compactness of the operator T, from B* into B, it is enough to
show that if { f,,} is a bounded sequence in B that converges to zero uniformly
on compact subsets of D, then lim,, . ||T,fy||gs = 0. Let M = sup, || fu||p> <
oo. Given € > 0, there exists an r € (0,1) such that, if |z| > r, then

(1= 1) g ()] < e.
By (2.3), we have

[|fnlle

| fn(2) = fa(0)] < (o — 1)(1 — [z]?)leD

for all z € D. Since
[Ty fullgs = |Tyfa(0)] + Slel]g(l — |2 [Ty fn) (2)]

< sup(1 = [2PYI) — O (2] + a0 sup(1 = 1)l 2)
< s = P — £0]+ £.0] s~ ) )
b sl = I 1) = H0) + 10 s~ |2l )
< s (1= P 1) = £+ 10)] s~ 2l )
st = o) A 1,00 sup(1 = 21/
< 5(4Hnggﬁ+%+M) as n > ng.

Thus, T, maps B compactly into B°.
Conversely, suppose that T, maps B® compactly into B and (iii ) does not
hold. Then there exists a positive number ¢ and a sequence {z,} in D such
that |z,| — 1 and

(1= |27 g (20)] = 6,

for all n. For each n, let
1— |za|?

fa(2) = A=z,

Then the sequence f, is norm bounded and f, — 0 uniformly on compact

subsets of D. Hence there exists a subsequence of {7} f,} which tends to 0 in
BP. On the other hand,

z € D.

1Tofulls = (1= [2a*)’[(Tofu) (20)]
= (1= 12’19 (z)] |fa(2n)]
= (1= a9 (20)]
> 4§

Y
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which is absurd. Hence we are done.

Next, we will prove (ii). Let {f,} is a bounded sequence in B that converges
to zero uniformly on compact subsets of D. Let M = sup,, || fn||s < 0o. Given
e > 0, there exists an r € (0,1) such that, if |z| > r, then

2
(1= 12*)7g'(2)]log =——5w < e.
(1 —=1[2%)
By (2.5), we have
1 2
1] < gl log =1

for all z € D, f € B*. Also, by Theorem 4.1, we have g € B? and so, for the
above ¢, we can find ng € N such that

[Tofallss = |Tofa(0)] +sup(1 - [21%)71g/ (2)] fu(2)]
< |Sl|1<p(1 — 2119 Ifa(2)] + |Sl|1>p(1 — 21719 () [ f(2)]

< e(llgllgs + M) for n = ny.

Thus T, maps B compactly into B°. Conversely, suppose T, maps B compactly
into B” and condition in (ii ) does not hold. Then there exists a positive number
d and a sequence {z,} in D such that |z,| — 1 and

> 4,

2 / 2
(1 — |zl )’6’9 (2n)] logm =

for all n. For each n, let

2
w(2) =log ———, e D.
Then the sequence f, is norm bounded and f, — 0 uniformly on compact
subsets of D. By the compactness of T, we can find a subsequence of {T}f,}

which tends to 0 in B%. On the other hand,

[Ty fullgs > (1_’Zn’2>ﬁ’(Tgfn)/(zn>’
= (L= |za/*’lg'(za)| | fn(20)]

(
= (1= )l el o 2
57

1= [zn]?)
>

which is absurd. We are done.
Finally, we will prove (i). Suppose that sup, ||f||se < M and f, — 0 uni-
formly on D. Then

sup(1 = [2)°1g (] fa(2)] < 30 |fa(2)] llgllso — 0 as n — oo,

z|<1
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It follows from Lemma 4.2 that T, maps B* compactly into B°.

Lemma 4.4. Let 1 < p < ¢ < oo and —1 < a < co. Then the injection
map from A¢ into AP is compact.

Proof Let { f,,}52, be a bounded sequence in A%, and let M = sup, e || fnl| a2 <
oo. By 2.1, {f, : n € N} is a normal family, hence we can find a subsequence
{fn.} of {fn} that converges uniformly on compact subsets of D to an analytic
function f. By Fatou’s lemma,

/]f )Pra(z) < lim mf/]fnk )Pra(z) < M? < 0.

Since p < ¢, it follows that f € AZ. We claim that { f,,} converges to f in AP.
Let € > 0 and let €2 be an arbitrary compact subset of D. Now

p/q 1-p/q
/D\Qr(fnk—ﬁ(z)r () < /D\Qufnk—f)(z)y i) /D\an(z>)

<2q /D |(Fur(2)]" + !f(z)!q)l/a(z))p/q(z/a(]]) \ Q))i-w/a

QP(anka + | £ )(VQ(D\Q))l—P/q
20T MP (v (]D\Q))l pla.

N

N

VASV/AN

where in the first line we have used Holder’s inequality and the elementary
inequalities

(z+y)* <2%(x"+9y"), (¢v+y)” < (2" +y")
which holds when x,y > 0, and 0 < b < 1. By choosing the compact set €2 so
that D\ Q has sufficiently small area, we obtain

/D REHCIACREE

for k large enough. On the other hand, since f,, — f uniformly on 2 we can
choose k large enough so that

[ 1= DGIPe) <2

Thus {fn,} converges to f in A2. Hence the injection map is compact.
Corollary 4.5. Let 1 <p<oo, -1 < <o00,a>0and g:D — C be
holomorphic. Then T, maps B compactly into Ag if and only if 7, maps B

boundedly into B°.

Proof. Suppose T, maps B* boundedly into B, thus also into the large space
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Ag. Since convergence in either space implies uniform convergence on compact
sets, it follows from closed graph theorem that 7, maps B boundedly into Ag.
In order to show that 7, maps B compactly into Ag, choose any ¢ such that
q > p and factorize T, through the intermediate space Aqﬁ :

T,
B =5 A% — AT,

where T, o is the Riemann-Stieltjes operator from B* to Aqﬂ, and [ is the injection

map.

A,

1]

Since [ is compact and T o is bounded, so T, maps B® compactly into
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