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Abstract

Let us consider the numbers which have just h primes in their fac-
torization. The sequence of these numbers will be denoted by ¢, ;. We
prove that the inequalities

Cn+1,h — Cn,h < Cnh — Cn—1,h

Cn+1,h — Cn,h > Cn,h — Cn—1,h

both have infinitely many solutions.
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1 Introduction

Let the inequalities

Pn-1 p+1<pn Pn-1 p+1>pn
2 2
or
Pnt1 — Pn < Pn — Pn-1 (1>
Prn+1 — Pn > Pn — Pn—1 (2>

It was proved by Erdos and Turan [1] that the inequalities (1) and (2) both
have infinitely many solutions ( p, is the n-th prime). Two proofs were given,
an elementary one and an analytical proof. Let us consider the numbers which
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have just h primes in their factorization. The sequence of these numbers will
be denoted by ¢, 5. First, we prove that inequalities (1) and (2) both have
infinitely many solutions using a new and very elementary method. Then, the
method is applied to prove

Cn+1,h — Cnoh < Cn,h — Cn—1,h (3>

Cn+1,h — Cnoh > Cn,h — Cn—1,h (4>

have infinitely many solutions.

2 An elementary proof that the inequalities
(1) and (2) both have infinitely many solu-
tions

Lemma 2.1 If
Per1=prtd,  Pra=prt2d,.. pes=prtsd  (s>1)
Then s <d
Proof. We can write
pr=(d+1h+r (0 <r<d)
If r > 0, then
pr+rd=(d+1)(h+r)

is a composite number. Then s < d — 1.
If r =0 we have p, = d + 1.
If d > 4 then

i+ (d—3)d=(d—1)

is a composite number. Hence s < d — 4.
If d=2then po =3, p3 =05, py, =7 and 9 is composite. Therefore s = 2.
The lemma is proved.

The following theorem ( Euler) is well known and it can be proved by elemen-
tary methods. We use it as a lemma.

Lemma 2.2 The series y;2, ]% is divergent.
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Theorem 2.3 The inequalities (1) and (2) both have infinitely many solu-
tions.

Proof. Consider the inequality (1).
Suppose that k£ > n + 1 we have

Dk — Pk—1 < Pk+1 — Dk

Let Pn+1 — Pn = Q.
Then, we have the following inequalities ( see lemma (2.1))

Pn = 4n

Pn+1 > dn+1 = Pn +a
Pn+2 > dn+2 = Pn +2a

Pn+a Z Gn+a = Pn + (l2
Pntat1 > Gntat1 = P+ 0>+ (a+1)
Pn+a+2 > Gntat+2 = Pn + CL2 + Q(CL + 1)

Pn+ta+(a+1) > n+a+t(a+1) = Pn + a’ + (CL + 1)2

Prtat(at)4t(atk) =  Gntat(at1)+...+(atk)
pnta®+(a+1)*+.. + (a+k)?
= (1/3)K* + (a +1/2)k* + (a®* +a + 1/6)k + p, + a®

Therefore

> 1 > 1
Z L Z 1 g a+k+
i—n Pi in i Un =) Qntat(at1)+...+(at+k)
k+a+1

o - Z (/3P + (a+ /2R + (@ +at1/60k+pnta

Thus, the series Z;’ini is convergent, which contradicts lemma (2.2).
Therefore the inequality (1) has infinitely many solutions.



790

R. Jakimczuk

On the other hand, if the inequality (1) has infinitely many solutions then
clearly the inequality (2) also has infinitely many solutions. The theorem is

proved.

Note that this proof is more elementary than the Erdos-Turan proofs [1] since
we do not need none assumption on the distribution of prime numbers.

3 Main Results

We need the following lemmas.

Lemma 3.1 The series Y ;2 i is divergent.
)

Proof. We have ~ - .
Z = Z 2h=1p,

i—1 CGi,h i1

The second series is divergent ( lemma 2.2), consequently also the first

series is divergent. The lemma is proved.

The following lemma is well known

Lemma 3.2 For k > 1 and m > 1 we have H,,(k) = 1™ + ...

polynomial in k of degree m + lwith rational coefficients.

For example, we have

Hy(k) = %k? + %k‘ Hy(k) = %k?’ + %k? + ék
Lemma 3.3 given the equalities
Cht1,h = Chyp + d, Chy2,h = Chp +2d, ... Chysp = Crp + 8d
then if d is big enough (h > 2)
s < d*" = P(d)
Proof. We can write
n=d+Dt+r,  (0<r<(d+1)"-1)

If r > 0, then the number

Chh+ T <%> d=(d+1)"t+7)

+ k™ is a
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has at least h 4+ 1 prime factors. Hence

o< d 12; — 1) (6)

where the right hand side is a polynomial in d of degree 2h — 1. If » = 0, then
t =1, and the number

cn+ (d+1D)"d = (d+1)"
has at least h 4 1 prime factors. Therefore
s < (d+1)" (7)

where the right hand side is a polynomial in d of degree h. Finally, if d is big
enough (6) and (7) give (5).The lemma is proved.

Theorem 3.4 Inequalities (3) and (4) have infinitely many solutions.
Proof. Let us consider the inequality (3). Suppose that & > n 4+ 1 we have

Ckh — Ck—1,h < Chk+1,h — Ckoh

Let cpq1,n — Cnp = a.
Then, we have the following inequalities ( see lemma (3.3))

Cn,h = 4n

Cn+1,h > Gn+1 = Cnh +a

Cnt2,h = Qni2 = Cpp + 20

Cn+P(a),h > dn+P(a) = Cn,h + P(CL)CL
CntP(a)+1,h = Qn+Pa)+1 = Cop + Pla)a+ (a + 1)
Cn+P(a)+2,h > n+P(a)+2 = Cn,h + P(CL)(I + 2(@ + 1)

Cnt P(a)+P(a+1),h = GntPla)+P(at+1) = Cnp + P(a)a+ Pla+1)(a + 1)

CntP(a)+P(at+1)+..t Platk)h = QntP(a)+P(a+1)+.. 4 Platk)
= ¢un+ Pla)a+Pla+1)(a+1)+...
+ Pla+k)(a+k)=0Q(k)
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Where Q(k) (lemma (3.3) and lemma (3.2)) is a polynomial in & of degree
2h + 2. Therefore

SE Siiﬁp(a) , 2 Platk+l) Pl

i=n Cih = 4 qn k=0 An+P(a)+P(a+1)+...4P(a+k) Cn,h
< Pla+k+1)

2 o

Where P(a + k+ 1) is a polynomial in & of degree 2h ( lemma (3.3)).
Thus, the series 3°3° - is convergent, which contradicts lemma (3.1).

=N p

Therefore the inequality (3) has infinitely many solutions.

On the other hand, if the inequality (3) has infinitely many solutions then
clearly the inequality (4) also has infinitely many solutions. The theorem is
proved.
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