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Abstract

In this paper we consider Cy-group of unitary operators on a Hilbert
C*-module E. In particular we show that if A C L(FE) is a C*-algebra
including K (F) and there is ¢ € F with < z,z >= 1 and if a4 is a
C*-dynamics on A with generator § and 0, , € D(0), then there is C*-
dynamics ag ¢ such that oy ¢ (0, 2) = 0,, t € R, and there is a Cp-group
g, of unitaries in E such that a, ¢(a) = ug rauy , for a € K(E)
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1. Introduction

A one parameter family 7' : R — B(X),T = T(t),t € R of bounded
operators on a Banach space X is called a one parameter group if it satisfies:
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i) T(0) =1
i) T(s+t)=T(s)T(t) t,s€R.
Moreover, T'(t) is called Cy-group if iii) For each z € X the map t — T'(t)x
from R to X is continuous with respect to norm topology of X.
We define the infinitesimal generator of the one parameter group 7'(t) by

dr = llilé t T (t)x — ).
Where the domain D(4) of ¢ is the set of all # € X such that the limit exists.
Let A be a %x- algebra. An automorphism on A is an invertible linear operator
a: A — A such that a(ab) = a(a)a(b) and a(a*) = (a(a))*. The triple
(A, G, ) is called a strongly continuous C*-dynamical system (or briefly C*-
dynamical system) if:
i) A is C*-algebra and G is a locally compact topological group
ii) @« : G — aut(A) is a group homomorphism of G into the group of -
automorphism of A, g — «(g) is a continuous mapping of G into aut(A),where
the topology of aut(A) is strong operator topology on aut(A) as a subspace of
B(A),the algebra of bounded operators on A.
In the case that the homomorphism « : G — B(A) is continuous with
respect to norm topology of B(A), (A, G, «) is called uniformly continuous
C*-dynamical system. Let «; be a group of x-automorphisms on C*-algebra
A and ¢ be the generator of ay,then § is a %-derivation. Converesly if 0 is
a bounded x-derivation on C*-algebra A,§ induces a uniformly continuous
group of x-automorphisms,a; = e on AIf h is a self-adjoint element in a
C*-algebra A then by stone theorem [2;(1.10.8) | ih is the infinitesimal genera-
tor of uniformly continuous group u, of unitaries in A, such that 1, = e and
d(a) = [th,a] = i[h,a],where we write [a, b] for ab — ba.d is an inner derivation
on A which is the infinitesimal generator of the uniformly continuous group of
inner x-automorphism:

a(a) = wau} = e™ae” "

(see [3] for more result on C*-dynamical system).Suppose A is a C*-algebra.
Let E be a complex linear space which is a left A-module and A(ax) = (Aa)x =
a(Ax) where A € C, a € A and x € E. The space E is called a pre-Hilbert
A-module if there exists an (A-valued) inner product <,>: E x E — A such
that for every z,y € E, A € C and a € A, we have:

(1) <z,x>>0
(1)) <z,x>=0 iff x=0
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(til) < x4+ My, 2 >=<z,2 > +A<y,z >

() < z,y >=<y,x >*

(v) <az,y >=a<z,y >

A pre-Hilbert A-module F is called a Hilbert A-module or Hilbert C*-
module over A, if it is complete with respect to the norm ||z| = || < =,z > ||2.
For example if A is a C*-algebra, then A with its product as the usual action is
left A-module. In addition if A equipped with the inner product < a,b >= ab*
then it is a Hilbert A-module.

Suppose that F, F' are Hilbert C*-modules. We define L(E, F') to be the
set of all maps t : E — F' for which there is a map t* : I’ — FE such that
< tr,y >=< z,t*y > (x € E, y € F). It is easy to see that t must be
A-linear and bounded ([1], P.8).We call L(E, F) the set of adjointable maps
from E to F. Thus every element of L(E, F)) is a bounded A-linear map.In
particular, L(FE, E) which we abbreviate to L(F) is a x- algebra. Let E and
F be Hilbert C*-modules. For x € F and y € F, define 0 ,, : F — E by
Opy(2) =< z,y >z (2 € F). It is easy to check that 0 ,, € L(E, F) with
(04,)* = 0, and also that the following relations hold: (where G is Hilbert
C*-module)
105y = Oy (te L(E,Q))

OpyS = Oy 5oy (s € L(G, F)).

We denote by K(F,E) the closed linear subspace of L(F,E) spanned by
{0, € E,y € F} and we write K(F) for K(E, E). We also have 1z = z if
A has an identity 1 and also K(E)E = E ( [1], P.18). An operator u € L(E, F)
is said to be unitary if u*u = 15 and uu* = 1 and called self adjoint if u* = w.

In this paper we consider Hilbert A-module E over unital C*-algebra A. (see
[1] for more details on Hilbert C*-module).

2. The main results

Theorem.1 Let u; be a Cy-group of unitary operators on a Hilbert C*-
module E.Then o4(a) = uiau; (a € K(F)) is a Cy-group of automorphism on
K(E).[2]

Theorem.2 Let A be a C*-algebra and K(E) C A C L(F) and oy a Cj
-group of x-automorphisms on A such that there is x € F with < z,z >=1
and oy (0, .) = 0., t € R, then there is a Cy- group u; of unitaries in L(E)
such that a;(a) = urau;.[2]
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Lemma 3 Let A be a C*-algebra on Hilbert C*-module £ which includes
K(FE) as a C*-subalgebra.Also let a; be a Cy-group of automorphisms on A
with generator 0.If there is # € E such that < z,x >= 1 and 0, , € D(¢),then
there is a bounded *-derivation §, such that (6 +9,)(0..) = 0 and it generates
a Cy-group of automorphisms on A.

proof : We define h, = i[0(0, ), 0. ] and d,(a) = i[h,, a]. h, is self-adjoint
and J, is a bounded derivation on A.Also
0+ 8,)(0rr) = 0(000) + ilhe Ops] = 0(0s) + (b — Ohs) = 0(0s) —
(6(91,33)990,1_ex,x(s(ex,x>9x,z_ex,x(s(ex,x)9x,z+(9;x,x5(9x,z)) = 5(91,33)_(6(9%95)990,1_'_
0200(022)) = 0(0na) — 6(05,) = 0.Because 6, is projection and 6(0,.) =
6(02,) = 0(02,2)020 + 02,00(62). Now 4 is a generator and d, is bounded by
perturbation theorem [2;(3.3.2) | d + 0, generates a Cy-group a; of operators
on A.But 0+0, is a derivation then for each ¢,a,, is an automorphism . Therfore
oy is also a Cy-group of automorphisms on A.In addition,since 0 + 9, is a *-
derivation a ; is a x-automorphism for each ¢t € R O.

Theorem 4 Let A be a C*-algebra acting on Hilbert C*-module E and If oy
is a C*-dynamics on A with generator d,and there is x € E such that < z,z >=
1 and 6, , € D(6), then there is C*-dynamics o, ; such a, 4(60,.) = 0., t € R,
and there is a Cy-group u,; of unitaries in E such that a,(a) = Uz auy, , for
a€ DO)NK(E).

Proof :By lemma 3 there is a bounded *-derivation §, where d,(a) =
ilhs,a] such that (6 + 0,)(0z.) = 0. So if a,; is C*-dynamics generated
by 0 + 0,then a,(0,,) = 0., for every ¢ € R. This means that 6,, is
invariant for o, so by theorem 2 there is a Cy-group u,; of unitaries such
that o, (a) = u.au} ;.

References

[1] Lance, E.C, Hilbert C*-module, LMS Lecture Note Series 210, Cambridge
University Press, 1995.



C*-Dynamical Systems 677
[2] Hassani, M. and Niknam, A., On Cy-Group of Linear Operators, Journal
of sciences, Islamic Republic of Iran, Vol.15, No.2 (2004), 159-161.

[3] Pazy, Semigroups Of Linear Operators and Applications to Paratial Dif-
ferential Equations, Springer-Verlag, New York, 1983.

[4] Sakai, Operator algebras in dynamical systems, Cambridge University
Press, 1991.

Received: October 5, 2006



