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Abstract

In this paper, a method to compute an integral basis of O: the
integral closure of K = @)[«], where o a complex root of the irreducible
polynomial T(X) = X3 —d € Z|[X], is given. A criterion to test if O
is monogenic is given. When O is monogenic, an algorithm to compute
all power integral bases of O is given.

Introduction

In this paper, let @[a] be a pure cubic number field |, i.e., o is a root of a
polynomial T'= X3 — d and d is a cubic free integer. Let O be the integral
closure of Z in Q[a]. We say that O has a power integral basis if there exists
6 € O such that (1,6,6?) is a Z- basis of O. In that case, we say that O is
monogenic. An algorithm to compute an integral basis of O and a criterion
to test if O is monogenic are given. When O is monogenic, an algorithm to
compute all power integral bases of O is given. We finalize by some examples
illustrating this criterion.

The following notations are used: For every prime integer p, denote #", the
residual field Z /pZ. For two polynomials P and @ lie in #,[X], denote by
D(P,(Q)) their greatest common divisor in H,[X].

For two free Z-submodules M and N of Q[«], with the same rank over Z,
there is a nonsingular @-linear map f with f(M) = N. The principal ideal
of Z, generated by the determinant of f, depends only of M and N, which
will denote by [M : NJ, i.e., [M : N] =det(f)Z. It N C M, then [M : N] is
called the index of N in M : [M : N] is generated by the cardinal order of the
group M/N. Let A be a Z-order of Q[a], i.e., A is a unitary sub-ring of §[a],
finitely generated as Z-module and contains a @-basis of Q[a]. Since A is a
finitely generated Z-module, A C O. Let p be a prime integer; we say that
A is a p-maximal order of Qo] if p does not divide [O : A]. A is a maximal
order of @[] if A is a p-maximal order of @|a] for every prime p, i.e., for every
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prime p, p does not divide [O : A]. Thus O is the only maximal order of @Q|a].
Let (uy,us,u3) € Q[al?; denote D(uy,us,u3) the discriminant of (uy, us, us),
i.e., the determinant of the matrix (T'(w;u;));;, where T is the trace map of
Q[a]. Let (eq,eq,e3) be a Z-basis of O; it’s well known that D(uy,ug,us) =
A2 D(eq, €9, €3), where A is the determinant of the matrix (z;;), defined by
u; = Z;’:l x;je; for every i. It follows that if (u1, uo, u3) is a Z-basis of A, then
D(uy, us,uz) =[O : A]?D(eyq, e, e3).

The Dedekind criterion allows us to enlarge the Z-order Z|«], successively,
for every prime integer ¢ such that ¢* divides the discriminant ¢ of 7'(X), until
we obtain the integral closure of Z in @Q[a] as follows: Let ¢ € N be a prime
such that ¢* divides 6. In B [X], let T(X) = []_, £;(X)% be the factoriza-
tion of T(X) of irreducible polynomials in #,[X], where t,(X), ..., t,(X) are
monic polynomials lying in Z[X], ¢(X) = [Ii_; t:(X), h(X) a monic poly-
nomial of Z[X] such that h(X) = ZEd and f(X) = LETE ¢ 7Z[x].
If D(f,g,h) = 1, then Z[a] is a g-maximal order of Z in Q[a] else, let U
be a monic polynomial of Z[X] lifts of U(X) = ﬁ in #,[X]. Then
N = Zla] + ;U(a)Z|a] is a larger Z-order in Q[a] then Z[a] (see [1, Th
6.1.4, p 306)).

1 Main results

Let d be a cubic free integer, i.e., d = ab?, where D(a,b) = 1, a and b are square
free. Let a be a complex root of the irreducible polynomial T'(X) = X? —d
and O the integral closure of K = @Q[a]. In this section, an algorithm to
compute an integral basis of O a criterion to test if O is monogenic, and then
to compute all power integral basis of O are given.

Theorem 1. 1 Under these hypotheses, we have that:
1) If d*> = 1 modulo 9, then B = (1, o, 3:(a — d)?) is an integral basis of O.
2) If d*> # 1 modulo 9, then B = (1,«

,%oﬂ) s an integral basis of O.

Proof. Let § = F27a*" be the discriminant of T'(X). Use the Dedekind
criterion, it suffices to enlarge successively Z[«| for every prime p which divides
dorp=3.

1. Let p divides a. In F,[X], we have g(X) = X and h(X) = X?, and then
f(X) = %. Since p* does not divide d, f(0) # 0 modulo p. Therefore,

D(g,h, f) = 1. Hence Z[a] is a p-maximal Z order of Q[a].

2. Let p divides b. In #,[X], we have g(X) = X, h(X) = X* and f(X) =
g. Since p? divides d, f(0) = 0 modulo p, and then D(f,g,h) = X in
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F,[X]. Therefore, U(X) = 5= = X? in #,[X]. Hence 1a* € O.
On the other hand, X3 — z% is the minimal polynomial of £ and X3 — ;‘f—i
is the minimal polynomial of #oﬁ. So, loz and 2a2 are not integral
over Z. Let A(a) = ag + a1 + aza? 6 0, such that a; € @ and
pA(a) € Z[a). Then for every i, pa; € Z. For every i, let b; € Z such

that a; = %. Then B(a) = ag + ey = A(ar) — bglOéQ € 0. Ifa; #0,
consider X3 — %X 2 4 %‘%X b C;fbo the minimal polynomial of B(a).
Since B(a) € O, p divides by, and then divides b;. Therefore, A(a) =
ap + ajo + bga?f, where (ag, a1, by) € Z*. Consequently, Z|a] + %Z[a]
is a p-maximal order of @[]

3. p =3 and 3 does not divide d. In F'3[X], g(X) = (X —d), h(X) = (X —
d)? and f(X) = SBXEBEXA4d Thys f(d) = #2_1). Hence f(d) =
modulo 3 if and only if 3% divides d* — 1. Therefore, if d* # 1 modulo
9, then D(f,g,h) = 1, and then Z[a] is a 3-maximal order of Z in
Q[ |. Else, as in the previous case, computing the minimal polynomials
of 1 (04 d), 5(a—d)? and 5z (a—d)?, we show that z(a—d)? € O, gz (a—d)?
and (o — d) are not 1ntegral over Z. Let A(a) = ag + a1 + az30? €
O, such that a; € @ and 3A(a) € Za). Then (3ag,3a;,ay) € Z°.
Thus B(a) = ap + av € O. If a1 = 0, as Z is integrally closed,
then ag € Z. Else, let N(X) = X3 — X2by + Dx — Wtidps 4 13 pe
the minimal polynomial of B(«). Then 3 divides by and b;. Therefore,

Zlo] + @Z[a] is a 3-maximal Z-order of Q|a/].

Consequently,

1. If 9 does not divide d* — 1, then [O : Z[a]] = bZ. In that case, as

(70%)% = Zl—; = a%h, za’ is 1ntegral over Z, and then B = (1, a, boz2) is

an integral basis of (’)

2. If 9 divides d? — 1, then O : Za]] = 3bZ. Let X? — d**X? +

b2a?(2+a?b%) faQb(dQ 1)2
3 X+ 7

be the minimal polynomial of 2 35 (a—d)?. Since
9 divides d? — 1, 3 divides (2 + a?b*) and 27 divides (al2 1)?, and then
= (a — d)? is integral over Z. Thus, B = (1, a, 5;(a — d)?) is an integral

basis of O. ]

Corollary 1. 2 Let d = ab® be a cubic free integer, a and b are defined above
and o a root of T(X) = X3 —d.

1. If d* # 1 modulo 9, then [O : Z[a]] = V*Z and dx = —27(ab)? is the
discriminant of K = Q|a].
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2. If &> = 1 modulo 9, then [O : Z[a]] = 9*Z and dx = —3(ab)?.
Now we are ready to give a criterion to test if O is monogenic.

From Theorem 1.3, let (s,r) € Z? such that B = (1,a,1(a — r)?) is an
integral basis of O. For every (z,y,z) € Z°, let § = z+ya+zL(a—r)? Then
0? = folz,y,2) + fi(z,y,2)a + f2(x,y,z)%(a — 1)?, where every f;(z,y,2)
is a polynomial of Z|z,y,z]. Define \(x,y, z) the determinant \(x,y, z) =
Yy fl((I7y,Z))
z f2((x>y7 Z))

Lemma 1. 3 Under the above hypothesis, O is monogenic if and only if there
exists (1,y,z) € Z° such that \(z,y, z) = F1.

Proof. We have [0 : Z[0]] = \*Z, where A\ = \(z,y,2). Thus O = Z|f] if
and only if A2 = F1. [ ]

Theorem 1. 4 Let d = ab® be a cubic free integer, a and b are defined above
and o a root of T(X) = X3 —d.

1. If d* # 1 modulo 9, then O is monogenic if and if there exists (y, z) € Z*
such that by® — az® = F1.

2. If d*> = 1 modulo 9, then O is monogenic if and only if there exists
(y,2) € Z* such that 4yz*a®b® + 3by® — 6y*zab® — L2%a(8a®b* +1) = F1.

Proof. It suffices to compute A(z,y, z) in the following cases:

1. d® # 1 modulo 9. Let 6 = 2 + yo + z3a%. Then 0% = (2zz/b+ y*)o? +
vy ((2%a+ 2xy)

2 2 =
(2%a 4 2zy)a + 2 + 2yzab. Hence A(x,y,z) = > b(2ez/b+12)

by? — az’.

2. d*> = 1 modulo 9. Let § = =+ ya + z5;( — d)*>. Then fo(z,y,2) =
(3(ZH2a’b®)2 + (y — 22ab)?)3b and fi(z,y,2) = 2(z + 32a’b%)(y —
2zab) + 52%a +2d(3(x + 52a*b*)% + (y — 2zab)?). Therefore, A(z,y, z) =

< fQ(I7ya Z)

y A2 ‘ = dyz2a®b® + 3by® — Gy2zab® — §2%a(8a?h! + 1). -

Remark that:
(1) Since A(z,y, ) is independent to x, we can assume that = = 0.
(2) In the second case, since d* = a*b* = 1 modulo 9, 9 divides (8a*b* + 1).
Thus, \(x,y,2) € Z.



Computation of a power integral basis 605

Corollary 1. 5 Let d be a cubic free integer such that d*> # 1 modulo 9. If
d=+n(n+1)* or d = F(n+ 1)n?® or d is square free or d = Fb*, then O is
monogenic.

Proof. To compute 6 such that O = Z|f)], it suffices to choose suitably
(y,2) € Z* such that \(0,y, z) = F1.

1. Ifd=n(n+1)? or d = (n+ 1)n?, then A\(0,1,1) = F1.

2. If d = —n(n+1)? (resp. d = —(n+ 1)n?), then A\(0,—1,1) = F1 (resp.
A0,1,—1) = F1).

3. If d is square free, i.e., b = F1. It follows that A(0,1,0) = F1.

4. 1t d

= Fb?, then \(0,0,F1) = F1.

Some against examples.

1. Let d = ab?® such that d* # 1 modulo 9.

(a)

(b)

If b # 1 modulo 7 and a = 0 modulo 7, then O is not monogenic.
Indeed, let d = 7ab®. If O is monogenic, then there exists (y, z) €
Z* such that by® — 7az® = F1. Thus, in F; there exists y such
that by® = F1. Since B2 = {0,1,—1}, if b*> # 1 modulo 7, then
the equation by® = F1 has no solution in ;. Therefore, O is not
monogenic.

The same of the case where a? # 1 modulo 7 and b = 0 modulo 7.

2. Let d = ab? such that d> = 1 modulo 9.

(a)

Ifb+#2 and b # —2 and 7 divides a, then O is not monogenic.
Indeed, if O is monogenic, then there exists (y, z) € Z? such that
4yz*7a”b® + 3by® — 42y*zab® — L2%a(8a*b* 4+ 1) = +1. So, in F
there exists y such that by® = +2.

If d = 5a and d* = 1 modulo 9, then O is not monogenic.

Indeed, we have \(0,y, z) = 100yz2a® + 3y> — 30y*za — 5/9(200a* +
1)z%a. In F5, A\(0,y, z) = 3y°.

In F5, 3y> = +1 (resp. 3y®> = —1) implies that y = 2 (resp. y = 3)
modulo 5. Replace in \(0, y, z), we will solve in Z?*, \(0,5k+2,2) =
375k% + (450 — 750za)k?* + (180 + 5002%a* — 600za)k + 200z%a? —
5/9(200a* +1)z3%a+ 24 —120za = 1 (resp. A\(0,5k+ 3, 2) = 375k> +
(675 —750za)k* + (405 +5002%a* — 900za)k + 300z2a* — 5/9(200a* +
1)23a+81—270za = —1 , i.e., we will solve 375k3+(450—750za)k*+
(180 +500z2a® — 600za)k +200z%a? — 5/9(200a* + 1)z3a+ —120za =
—23 (resp. 375k3 + (675 — 750za)k? + (405 + 5002%a* — 900za)k +
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3002%a% — 5/9(200a® + 1)z3a + —270za = —82. The first equation
implies that 5 divides 3, the second implies that 5 divides 82, which
are impossible. Finally, O is not monogenic.
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