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ruled surface in E3 are given related to the geodesic curvature and the second
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Introduction

Ruled surfaces were investigated by G.Monge, who established the partial
di¤erential equation satis�es by all ruled surfaces. Thus, ruled surfaces are
formed by one-parameter set of lines and have been investigated by V. Hlavaty
[26] and J. Hoschek [20].
Furthermore, the theory of ruled surfaces has been applied to kinematics.

Especially, the study of one-parameter closed motions became an interesting
subject in kinematics after the work of J. Steiner [19] and A. Holditch [1].
During the second half the nineteenth century there were appeared many

publications about Steiner and Holditch theorems, for example: A. B. Kempe
[2], [3], [4] and [5], C. Leudesdorf [17] and [18], E. B. Elliot [9], H. Frank [18], H.
R. Müller [11] and [12], H. Potmann[14] and [15], O. Bottema [23], R. Thüring
[25] and J.Tölke [21] etc.
Elliot wrote about the spherical motions whereas the others wrote only on

planar. In 1948, W. Blaschke de�ned the Steiner point and Steiner vector for
one-parameter closed spherical motions,[27]. H. R. Müller showed that the
pitch of a closed ruled surfaces in are simple geometrical integral invariants,
[13]. Recently, several authors have used the this invariants in their inves-
tigations concerning the generalization of some theorems of the theory ruled
surfaces, for example: O. Giering [24], C. Thas [8], H. H. Hac¬saliho¼glu [16],
N. Kuruo¼glu and S. Keleş [22] etc.
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Finally, in this paper we are give some characteristic properties the ruled
surfaces related to the geodesic curvature and second fundamental form of its.

Basic Concepts

In this section we will give some basic concepts related to the theory of
surfaces and curves in for later use.

Let M be an regular oriented surface with unit normal vector N in
3-dimensional Euclidean space E3 . The shape operator on M is a linear
transformation

SP : TM(P )! TM(P )

de�ned by

(2.1) SP (X) = DX(N)

where D is a¢ ne connnection on E3 and
where is a¢ ne connection on , [10]. The symmetric bilinear function

IIP : TM(P )� TM(P )! IR

de�ned by

(2.2) IIP (X; Y ) = hSP (X); Y i

where X; Y 2 TM(P ),[10].
Let � be a curve with parametrized by arc-length s on the surface M in

E3. For the covariant derivate formulas of the Frenet frame fV1; V2; V3g of the
curve � on M can be written

(2.3)

2664
�
V 1
�
V 2
�
V 3

3775 =
24 0 k1 0
�k1 0 k2
0 �k2 0

3524 V1
V2
V3

35
where k1 and k2 are the curvature and torsion of the curve � , [17].
Similarly, for the covariant derivate formulas of the Darboux frame fE1; E2; Ngof

the curve � on M can be written as

(2.4)

24 dE1
ds
dE2
ds
dN
ds

35 =
24 0 kg II(E1; E1)

�kg 0 II(E1; E2)
�II(E1; E1) �II(E2; E2) 0

3524 E1
E2
N

35
where kg is the geodesic curvature,[10].
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1. On Ruled Surfaces in E3

In this section, some characteristic properties of ruled surface in E 3are
given related to the geodesic curvature kg and the second fundamental form
II of its, respectively.

As is well known, a ruled surface is two �dimensional manifold of such
that through each point in there passes a segment a straight line which lies in
.
Let I � IR be an interval, let � : I ! E3 be a regular parametrized curve,

and let X: I ! E3 be an arbitrary smooth function with X(s) 6=
!
0 for all

s 2 I . Thus, we de�ned a parametrized surface by
(3.1) '(s; v) = �(s) + vX(s); s 2 I; v 2 IR;
This is called a ruled surface with rulings X and directrix � .

Theorem 1. : Let be a ruled surface in . The rulings of are both asymptotic
and geodesic.

Proof. : The proof is clear. �
We study the neighbourhood of a point P in a ruled surface M . We assume

that the ruling X(s) is orthogonal to the directrix � at each point. Thus, we
can write hT;Xi = 0 where T is the tangent vector �eld of the directrix � . Let
N be a local unit normal for this coordinate neighbourhood. Thus, the unit
vector �elds T;X;N give orthonormal frame along �, and we next obtain the
Frenet formulas for this frame. On � we have hT; T i = hX;Xi = hN;Ni = 1 so
0 =T [hX;Xi] = hDTX;Xi implies normalDTX toX: Similarly, DT N normal
to N and DTT normal to T . From here we can write as

(3.2)

24 DTT
DTX
DTN

35 =
24 0 kg II(T; T )

�kg 0 II(T;X)
�II(T; T ) �II(T;X) 0

3524 T
X
N

35
where kg and II are the geodesic curvature and the second fundamental form

of , respectively. Holding v constants, we get a curve 'v(s) = �(s)+ vX(s) on
M with tangent

(3.3) A = (1� vkg)T + vII(T;X)N

From here, we can say that the vector �eld A is normal to X. Thus, the
following theorem can be given.

Theorem 2. : Let M be a ruled surface in E3. The tangent planes of M
along a ruling are constants if and only if II(T;X) = 0.

Proof. :The tangent space along a ruling is spanned by A and X ( and A is
orthogonal to X ), hence this tangent space is constant along a ruling.Then,
the vector �eld N is constant along a
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ruling �. Thus, the systemfA; Tg is linear dependent. By the eq. (3.3), we
get II(T;X) = 0. Then, tangent planes ofM along a ruling is constant i¤
II(T;X) = 0.
This is complete the proof. �

De�nition 1. : Let M be a ruled surface in E3.The ratio the shortest between
the two neighbouring rulings to the angle between this rulings is called the
distribution parameter(or drall) of the ruled surface M .

Now, we will compute the distribution parameter (or drall) of the ruled
surfaceM . Let PX be the distribution parameter of the ruling X. We assume
that the two neighbouring rulings are X and X + dX . Then the vector X
� dX is orthogonal to the each vectors X and X + dX .

For the unit vector direction the vector X � dX we have
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(3.4) U =
X� dX

kX� dXk =
X� dX

kdXk :

Then, the shortest distance between the rulings X and X + dX is

(3.5) k = hd�; Ui

k =
1

kdXk hd�X� dXi:

On the other hand, the angle between the rulings X and X + dX is

d =

 dXds
 ds = kDTXk ds:

or using the equation 3.2 we get
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(3.6) d =
q
k2g + [II(T;X)]

2ds:

By the de�nition 3.1 we get

(3.7) PX =
k

d 
=

II(T;X)

k2g + [II(T;X)]
2
:

Corollary 3. : Let M be a ruled surface in E3. For the distribution parameter
PX we have

PX =
II(T;X)

k2g + [II(T;X)]
2
:

De�nition 2. : Let M be a ruled surface in E3. If the tangent planes of M
along a ruling are constants, then M is called developable surface.

Theorem 4. : Let M be a ruled surface in E3. The ruled surface M is
developable if and only if PX = 0:

Proof. : Combining the theorem 3.1 and the de�nition 3.2, the proof can be
easily done. �
De�nition 3. : The ruled surface M can be given by

'(s; v) = �(s) + vX(s); s 2 I; v 2 IR:

If '(s + 2�; v) = '(s; v) for all s 2 I , then the ruled surface M is called
closed.

De�nition 4. :Let M be a ruled surface in E3 . A curve which meets per-
pendicularly each one of rulings is called an orthogonal trajectory of the ruled
surface M:

De�nition 5. : Let M be a ruled surface in E3 .The foot of the common per-
pendicular line of the neighbouring two rulings on the main ruling is called the
striction (or central) point and the locus of these points is called the striction
(or central) curve of the ruled surface M .

Now we obtain the striction curve of the ruled surface M . If the
distance between the striction point and the directrix of the ruled surface
M is

�
u;then the position vector can be expressed in the form

(3.8)
�
�(s;

�
u) = �(s) +

�
uX(s):

The parameter
�
u can be expressed in terms of the position vector of

the directrix and the directed vector of the ruling. Take three neighbouring
rulings of the ruled surface M such that the �rst and second are X and X +
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dX , respectively. Let P; P
0
and Q;Q

0
be the feet on rulings of the common

perpendicular to the two rulings.
The common perpendicular vector of the rulings L1and L2 is X � dX =

(X � DTX) ds. The vector
!
PQ coincides with the vector

!
PP

0
in the limiting

position, and
!
PQ will be the tangent vector to the striction curve

�
�
�
�
.Then

we have
D
X;

!
PQ
E
= 0 and

D
X +DTX ds;

!
PQ
E
= 0 . From here, we getD

DTX ;
!
PQ
E
= 0 . Therefore we get

(3.9)
�
u =

hDTX;T i
hDTX;DTXi

=
kg

k2g + [II(T;X)]
2 :

Thus, the striction curve is given by
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�
�(s) = �(s) +

kg

k2g + [II(T;X)]
2 X(s):

Conversely, if hDTX;DTXi = 0 , then the ruled surfaceM is a cylinder.
For the ruled surfaces, the striction curve can be taken as the directrix. Hence,
we must take

�
u = 0 in the eq. (3.9).

Theorem 5. : Let M be a ruled surface in E3 where II(T;X) 6= 0 and
given by '(s; v) = �(s) + vX(s); s 2 I; v 2 IR:. Then, the shortest distance
between the rulings of the ruled surface M along the orthogonal trajectories is
the distance measured corresponding to the value v = kg

k2g+[II(T;X)]
2along the

curve 'v : I !M:

Proof. :Let us consider the two rulings passing the points �(s1) and �(s2)
where ss1 � s2. The distance between the these rulings along an orthogonal
trajectory is given by �

J(v) =

s2Z
s1

kAk ds

where A = (1� vkg)T + vII(T;X)N . From here we get

J(v) =

s2Z
s1

q
1� 2vkg + k2gv

2 + v2 [II(T;X)]2ds

To �nd the value of s which minimizes J(v) , we use J�(v) = 0 which gives
v= kg

k2g+[II(T;X)]
2 . This is completed the proof.

Theorem 6. : Let M be a ruled surface in E3 .Then, the point '(s; v0); v0 2
IR; on the main ruling passing the point �(s) is a striction point if and only if
DTX is the unit normal vector �eld of tangent plane in the point '(s; v0) where
X is the tangent vector �eld of the directrix � .

Proof. : Assume that the point '(s; v0) on the main ruling passing the point
�(s) is a striction point. We will show that hDTX;Xi = hDTX;Ai = 0. If we
take the derivate of the equality hX;Xi = 1 with respect to the vector �eld X,
then we obtain hDTX;Xi = 0. By direct computation the value hDTX;Ai we
get hDTX;Ai = �kg + v0

�
k2g ++ [II(T;X)]

2� : �

Since '(s; v0) is a striction point we can write v0 =
kg

k2g+[II(T;X)]
2 .Then,

substituting the value v0 =
kg

k2g+[II(T;X)]
2 into the above equation we obtain

hDTX;Ai = 0. Thus, we can say that DTX normal to X . Because of
TM('(s; v0)) = Span fA;Xg , we can write DTX 2 T?M('(s; v0)):
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Conversely, assume that DTX is the unit normal vector �eld of tangent
plane in the point '(s; v0) where X is the tangent vector �eld of the directrix
�.
Let A = (1�v0kg)T+v0II(T;X)N be a tangent vector �eld of the curve'v0 :

I � fv0g ! M . Since DTX is normal to the tangent plane TM('(s; v0)) we
get v0 =

kg

k2g+[II(T;X)]
2 .

From here we can say that the point '(s; v0) is a striction point. This is
completed the proof.

Theorem 7. : Let M be a ruled surface in E3and K be the gauss curvature
function of M: Then, we have :K(P ) � 0 for all P 2M:

Proof. :Let � = fX; Y g be an orthonormal basis of �(M) where X is the
tangent vector �eld of the ruling at the point P 2 M:Thus,the matrix of the
shape operator S is �

S� =

�
hS(X); Xi hS(Y ); Xi
hS(X); Y i hS(Y ); Y i

�
:

Since the ruling X is asymptotic we get

K = detS�: = �(hS(X); Y i)2 � 0:

Theorem 8. : Let M be a ruled surface in E3:The absolute value of the Gauss
curvature K of the ruled surface M along a ruling takes the maximum value
at the striction point on this ruling.

Proof. : The set fA0; Xg is an orthonormal basis of �(M) whereA0 = 1
kAkA:Hence,

we obtain �

K(s; v) == �(hS(A0); Xi)2 = �
[II(T;X)]2�

1� 2vkg + k2gv
2 + v2 [II(T;X)]2

�2 :
Di¤erentiating the above equation with respect to v we get

@K

@v
== 4

[II(T;X)]2
�
�kg + v

��
k2g + [II(T;X)]

2����
1� 2vkg + k2gv

2 + v2 [II(T;X)]2
�2 :

Thus, v = kg

k2g+[II(T;X)]
2 gives us the maximum of K(s; v) since

(3.10)
@2K

@v2

 
kg

k2g + [II(T;X)]
2

!
� 0:

From here,we have
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Kmax (v) == �
kg

k2g + [II(T;X)]
2 :

On the other hand, combining the equations (3.7) and (3.10), we get

Kmax (v) == �
�
1

PX

�2
:

Then, we can say that the maximum value of the Gauss curvature K of the
ruled surface M along ruling depends only on the distribution parameter.
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