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Abstract

This paper develops the presented method by Yan et al. [Eur. J.
Operat. Res. 136 (2002) 19]. In this paper, the methods are introduced
for evaluating the outputs of Decision Making Units (DMUs) by using
interval data in Data Envelopment Analysis (DEA), when some or all
inputs in an interval decision making unit (IDMU), fully are increased.
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1. INTRODUCTION
We know that data envelopment analysis (DEA) models can be used to es-
timate output levels of a decision making unit (DMU) when some or all inputs
are increased, so that the efficiency level of the under-evaluated unit preserved
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or increased to some extent, so efficiency level of the other DMUs maintain
without varies. In this paper we generalize this idea for interval data. This
paper is organized as follows: In section 2 the DEA technique is presented. In
section 3 the estimate of the outputs with interval data is presented as well. In
section 4 an example is solved and finally conclusions are drowning in section

D.

2. BACKGROUND

Consider n units, each using m inputs produce s outputs. Also assume
that X, = (z1p, ..., Tmp) and Y, = (y1p, ..., Ysp) are inputs and outputs vectors
DMU, respectively, where, X, > 0,X, # 0,Y, > 0,Y, # 0. The efficiency
DMU, in the output-oriented CCR model is obtained as follows:

Max ¢
s.t. Z?:l)\jxij < Tip, 1= 1, .., m (1)
Y5 0N Yrj Z PYrp, r=1,..,s
Aj >0, j=1..n.

The dual problem of model (1) is expressed in the following model, with com-
ponents of the vectors and as variables.

. m
Min 350 vitip

st YUYy = 1, (2)
er;l U’LxZ] - Zi:l uryrj Z 07 .] = ]-7 sy N
Uy, V; > 0, 1=1,...m, r=1,..s.

Assume that in model (2) the levels of inputs and outputs are known to lie
within bounded intervals, i.e. z;; € [z];, 2] and y,; € [yf;, 35|, with the upper
and lower bounds of intervals given as constant and assumed strictly positive.
Then, model (2) will be non-linear from the original variables uy, us, ..., us and
V1, V2, ..., Um, also the level of x;; inputs and y,; outputs are variables which
exact values are to be estimated. In such case, for linearizing model (2), we

apply the following transformation for the variables x;; and y,;:

Jl'ij :.TZ—FSZ](.T%—JZ'Z), OSSZ‘]' S 1, izl,...,m,jzl,...,n

Yoj =y F eyl —yr), 0<t; <1, r=1,..sj=1,..,n

With the above transformations, model (2) is converted into the following lin-
ear program:

Min 3" vi(x) + sp(xf, — 2l))

ip ip
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s.. ZS 1 uT(yrp + tTP(yf“{n - erp)) = 17 (3)
Doy vilwi sy (h — i) = 200y ue (Y e (i — ) = 0, j=
1,...,n
Uy, V; 2> 0, 1=1,...m, r=1 ..5:.

In which, 0 < s;; <1, 2 =1,..,m,7 = 1,..,nand 0 < ¢,; < 1, r =
1,.,87=1..n

Now, with introducing the new variables ¢;; = v;s;; and p,; = u,t,;, in which

the variables ¢;; and p,; satisfy the condition 0 < ¢;; < v; and 0 < p,; < u,,
respectively. The model (3) is converted as follows:

Min Y7, vixﬁg + qip(.rg, — xfp))

it gt Uiy + Py, — ) = 1. (4)
Zz 1 Vili; +qu( g fz‘Lj))_Zi:1ury7%+prj(yrUj_yq{})) >0, J=
1,..,n
Drj < Up, r=1,...,5 j=1,...,n
Gij < v, 1=1,...m, j=1,...n
pri = 0,q5 = 0, r=1..,s 1=1..m, j =
1,...,n
Vi, Up > 0, 1=1,...m, r=1,..5:.

The CCR DEA model with exact input-output data derives as a special case
of model (4). Indeed, if the lower and upper bounds coincide for all inputs and
outputs, the bounded intervals are all of zero length. Therefore, the second
terms in the summations vanish together with the variables p,; and ¢;; , the
constraints of the form p,; < u, and ¢;; < v; are eliminated and model (4) is
converted into model (2). In model below, two models (5) and (6), provide
lower bound and upper bound of the efficiency scores for DMU |, respectively

[1].

. L _ U
Min 2y =31" 11)19%

st Y 1 Ul = 1 (5)
Z:il lego Zi 1uryrp > O
Zizlvixil}_z 1u7’y7‘] > 0, J :]—7"'an7j 7ép
Uy, V; 2> 0, 1=1,...m, r=1,..5s
and

Min Y =377 | vl
s.t. Zm 1 urﬁ%‘p 1; (6)
Zz:l lezp Zr 1 uryrp > O
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Z;’;l ’Uixi]‘ - Zi:l u?“yrj Z 07 J = 17 NITY 7é p
Uy, V; > 0, 1=1,...m, r=1,..s.

The dual model (5) and (6) are given as follows, respectively.
Max o

s.t. Z?:L#p)\jx%—i—)\pxglg xg),L . i=1,...m (7)
2?:17j7£p)\jyrj + Ay = O Yy r=1,..,s
A\ =0, j=1,...n
and
Maz @Y
s.t. E?:L#p/\jx?—i-)\pxi%g lep,U , t=1,...,m (8)
i1z Yrs AUy = 7 Ui r=1,..,s
Aj >0, 7=1..n.

Therefore, the models (7) and (8), provide a bounded interval [p* ©U*] for
each unit, in which its efficiency scales lie from the worst to the best cases.

3. The ESTIMATE OF THE OUTPUTS WITH IN-
TERVAL DATA

Recently, a few papers have been published which discuss the follow ques-
tion: we increase certain inputs if among a group of DMUs, to a particular
unit and the efficiency level of the other DMUs maintain without changes,
how much the output levels as well as improvement of the objective function
can be increased? To amswer this question, some methods have been pro-
posed by Wei et al. [2], Yan et al. [3], Jahanshahloo et al. [4]. Here, we
develop their ideas for interval data, using two models (7) and (8). Suppose
that 5, = (01, B2, ..., Bs) are estimating output levels, on the condition that
@™ and U* are improved (1 — 7%5)¢™* and (1 — 55)¢"*, when inputs z} and

100 " 100
U

z are increased to ) and af, in this two models (7) and (8), in which both

of the models are shown as follows, respectively.

Maz B, = (P, Pas .., Bs)

5.0 o Nah el < ap i=1,...m (9)
?=17j¢p)‘jyrj + )‘Perp > ((1- ﬁ)‘pL*)ﬁwv r=1,.,s
ﬁTpZerp, r=1,..5
Aj >0, 17=1,....n.

In which of = 2!/ + Az[/, so that, Az > 0 and
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Mazx ﬂp: (ﬁlaUﬁ%'“ags) .
s.t.Z%L#p)\jxi];L)\pxipUg iy - i=1,..,m (10)
Zj:l,j;«rép)‘jyrj + )‘pyrp > ((1 - m)(p )ﬁrpv r=1,..s
67‘1)21%[‘?;7 T’:]_,...,S
A >0, j=1,..n

In which o = 2 + Azl so that, Az > 0. Notice that always, o) < of'.

To solve multi-objective programming problems (9) and (10), we use weighted
sum single-objective programming models, with the objective function % > Wy Brp.
In which, w,s the weights are determined by the manager or any other users.

4. NUMERICAL EXAMPLE

To illustrate the above, consider the interval data of Table 1 (5 units with
2 inputs and 2 outputs) which are given together with the efficiency scales
obtained by applying models (7) and (8).

Table 1. Interval Data, Efficiency Scores

DMU | Input I | Input IT output I | output IT | Lower Efficiency | Upper Efficiency
j T1; T, Y1) Ya2j U o
1 12,15] | [0.21,0.48] | [138,144 21,22 1.464 1
2 10,17 [0.1,0.7] 143,159 28,35 4.405 1
3 [4,12] 0.16,0.35 157,198 21,29 1.215 1
4 19,22 0.12,0.19 158,181 21,25 2.247 1.103
5 14,15 0.06,0.09 157,161 28,40 1 1

In order to illustrate Table 1, consider DMUj; , as a sample among five DMUs.
Hence, with respect to Table 1, DMUs; has the optimal values ¢** = 1 and
©Y* = 1.215, which both of them are the efficiency scales of DMUs obtained
by applying models (7) and (8), respectively. Assume that, af = 2§ + AzY{ =
[12 4+ 2,0.35 4+ 0.05] and of = 2f + Azl = [4 4+ 1,0.16 + 0.02]. We would
like, the efficiency improvement of DMUs to be up to %25p%*(y = 25), and
%10pY* (11 = 10), respectively. In order to determine the output DMU level,
from models (9) and (10), we solve the following multi-objective programming
problems, respectively:

Max
S.t.

B = (B, 02)
12X1 4 10Xz + 12A3 + 190, + 14X; < 14

0.21A1 4+ 0.1A2 + 0.35A3 + 0.12X4 4 0.06A5 < 0.4
144X 4+ 1590 + 1573 + 181 A4 + 1615 — 0.758; > 0
B > 157

By > 21
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)\17 )\27 )\37 )\47 )\5 > 0
The following weighted sum model solves the problem above:

Mazx B =206+ 35,
St 1201 + 10 + 123 + 190, + 1405 < 14

0.21A1 + 0.1A3 4+ 0.35A3 + 0.12X4 4+ 0.065; < 0.4

14401 + 159X 4+ 1573 + 1814 + 161A5 — 0.756;, > 0

B > 157

Ba > 21

A1, A2, A3, Ag, As > 0
In which, the normal vector (2, 3) in objective function is the same weight
vector, which is determined at manager or any other users discretion.
The optimal solution and the objective optimal value are as follow:
(/\1, AQ, )\3, )\4, )\5, ﬁl, ﬁg) = (0, ]_4, 0, O, 0, 2968, 544) and ﬁ* =757 and

Mazx B = (B, 52)
St. I5A +1TAo + 43 + 220, + 15X5 <5

0.48\1 + 0.7A3 + 0.16A3 + 0.19A4 + 0.09A5 < 0.18
138A1 4+ 143Xo + 198A3 + 158A4 + 1575 — 0.913; > 0
211 + 28 2 + 29A3 + 210, + 2875 — 1.168, > 0
B8 > 198
B2 > 29
A1y Ao, Az, Ag, As >0

The following weighted sum model solves the above problem:

Max B =201+ 30
St. 15A + 17Th +4X3 + 2204 + 15X5 <5
0.48\1 4+ 0.7Ag + 0.16A3 + 0.19A4 + 0.09A5 < 0.18
138A1 4+ 1430 + 198A3 + 158M4 + 1575 — 0.913; > 0
B, > 198
B2 > 29
A1, A2y Az, Ag, As >0
In which, the normal vector (2, 3) in objective function is the same weight
vector, which is determined by manager.

The optimal solution and the objective optimal value are as follow:
(A1, Mg, Az, Ay, As, B1, B2) = (0,0,1.1,0,0.04,246.8,30.1) and §* = 583.7

5. CONCLUSION

In this paper, using data envelopment analysis with interval data, we deter-
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mine how to produce the output levels when some or all inputs of an interval
decision making unit (IDMU) are increased, such as efficiency scale is im-
proved. For each DMU, we consider two problems, so that, they are solved
using multi-objective programming problem. To solve this problem, we use the
single-objective programming problem. Finally, we mentioned, in general, the
increase of the outputs is not unique, because, the multi-objective problems
usually have the multiple solutions.
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