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Abstract. We study the positive solutions and attractivity of the difference

equation

Tn—5

— "5 for n=0,1,2,...
1+xn—2xn—5

Tp+l =

where initial values are nonnegative real numbers.
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1. INTRODUCTION

Recently there has been a great interest in studying the attractivity, the so-
lutions and the periodic nature of non-linear difference equations. For example
[1, 3-7, 9-11, 13-15]. In [8] Camouzis has investigated the global attractivity
and local stability of the difference equation x, .1 = Hﬁzﬁ forn=0,1,2,....
Also, in [2] Cinar has studied the positive solutions of this difference equation
with the positive initial values. Morover, in [12] Stevic some additional in-
formation behavior of the solutions of this difference equation with the initial

values r_jand x( are real numbers.

Our aim in this paper is to investigate the positive solutions of the difference

equation
Tn—5
(1.1) Ty = ————— for n=0,1,2, ...
1+ Tpn—2Tn—5
where
(1.2) T_5,T_4,T_3,T_o,x_1 and xy are nonnegative real numbers.

Similar to the references in this paper, we define Eq.(1.1) with (1.2) and

investigate the solutions of this difference equation.

2. MAIN RESULTS

Theorem 1. Assume that (1.2) holds and let {z,} be a solution of Eq.(1.1)
with to = a, x_1 = b, x_9 = ¢, x_3 =d,x_4 = €, and x_5 = f. Then for
n=0,1,... all solutions of Fq.(1.1) are

£ 11 (1+2i)ef) e ﬁ[l(1+(2i)be)

Z:a (21), Ten+2 = n ..
(1+cf) TT 1+(2i+1)cef) (1+be) TT (1+(2i+1)be)
i=1

i=1

Ten+1 — (22),
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d 1 (1+(2i)da) c(itef) [T (@it 1)ef+1)
Ten+3 = 1_171 (23), Ten+d = 1711 A (24)
(14da) [T (14(2i+1)da) (142¢f) TT ((2i4+2)ef+1)
i=1 i=1
b(14-be) ﬁ ((2i+1)be+1) a(14-ad) 1‘[ ((2i+1)ad+1)
Ten+5 — (25), Ten+6 — =1 (26)
(142be) H ((21+2)be+1) (142ad) H ((21+2)ad+1)

i=1 i=1

Proof. 1, x9,x3, 24, x5 and g are clear from Eq.(1.1). From our assumption
(1.2) all solutions of Eq.(1.1) are positive. Also, for n = 1 the resul holds. Now
suppose that n > 1 and our assumption holds for (n — 1). We shall show that

the result holds for n. From our assumption for (n — 1), we have

f nﬁ1(1+(2i)cf ) e n1:[1(1+(2i)be)
Ten—5 = y  Len—4 =
(1+4-cf) H (1+(2i+1)ef) (1+be) ]:[1(1+(21+1)be)
d '1‘[ (14(2i)da) c(tef) TT (@i41)ef+1)
J— 1= _ i=1
Ten—3 = Py y Len—2 = ) )
(1+da) H (14(2i+1)da) (142¢f) 1:[ ((2i4+2)ef+1)
b(1+be) T] ((2i+1)be+1) a(1+ad) "1‘[ ((2i+1)ad+1)
Ten—1 = o and g, =
(1+2be) 1‘[ ((2i+2)be+1) (14+2ad) 1‘[ ((2i+2)ad+1)
i=1 i=1

Then, from (1.1) and above the equality, we have
fnl:ll(l-!—(?i)Cf)

(1+ecf) 1_[ (1+(2i+1)cf)
ZL6n—5 i=1

c(l+cf) l_l ((2i+1)ef+1) f '1_11(1+(2i)0f)
i=1 i=

Lon+1 = 14+26n—2%T6n—5

1+ — L
(142ef) D (2i42)cf+1) (14ef) 7@1(1+(2i+1)cf)
n—1 N n—1 = et
f T1 (1+(28)cf) f 1 (+(2d)ef) I +@ien)
i=1 i=1 i1
n—1 n—1 —
(1+ef) 'n1(1+(2i+1)6f) (1+ef) 'H1(1+(2i+1)cf) (1+cf) ,1'11(1+(2i+1)cf)
— i= . b - pl
N e B n=1 - n—1
of T (1+(20)ef) ef At2ef) I1 (1+(2i)ef) ef I (1+(20ef)
1+ 1;_1 1+ n_zl_ 1—‘,—71_11_7
(142¢f) 'Dl((2i+2)cf+1) (142¢f) 'l:ll((2i+2)cf+1) 'Dl((2i+2)cf+1)
n—1 = = =
f I (1+(2i)ef)
121—1 n—1
: i 1)e 14(2i
B (A+ef) ZE{ (1+(2i+1)cf) B f 1‘[ (14+(2)cf) nef+1)
- n—1 - -5 I
e Tareen (e T iren) T
1+ =2 i1
(2nef+1) l'[ ((2i)cf+1)
n
§ IL0+i)ef)

(1+cf f[(l-l—(?i—i—l)cf)
Hence, we have
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n

FIL(A+ (2i)ef)
Ten+1 = 1:171

(T+cf) [T(1+ (20 + 1)ef)

=1

Smilarly,
n—1
c+ef) T (@iDef+1)
i=

—1
(1+2¢f) TI (2i+2)ef+1)
x6n+4 — L6n—2 — - =1
I+ Zont16n—2 c(tef) TI (@i+1ef+1)  f 1 +2i)ef)
i=1 i=1

1+

(t2e) TT (@it2)ef+1) (+ed) .1211(1+<2i+1>cf>
s Bl

i=

n—1
c(l+cf) .l_Il ((2i+1)ef+1)
i

n:—1
(1+2cf) .l_[l((2i+2)6f+1)
i=

n—1 n
ef(2ef) T ((2i+Def+1) TT (+20ef)
i= i=

1+ n —1
(2er)a2ner+en) 1 (@ier+) 7,11‘11 (14(2it1)ef)
1= 1=

n—1
c+ef) Tl (@i+D)ef+1)
i=

n—1 n—1 )
_ (@ef+1) TT ((2i42)ef+1) _ c(1+cf) il;ll((21+1)cf+1) Leomefief
1+% (20f+1)n1:[1((2i+2)cf+1) 14+2ncf+2cf
i=1
c(l+cf) 7 .
— I+2neftef il;ll((m—’—l)cf—’—l) 1+2ncf+cf
ey 1 (22 +1) L+2nef+2¢f
e(1+ef) [T (2i+1)ef+1)
J— i=1
(2ef+1) T (2i+2)cf+1)
i=1
Hence, we have
n
(14 cf) TT((2i + 1)ef +1)
=1
Len+d4 = k& P
(1+2cf) [T((2i 4+ 2)cf + 1)
i=1

Similarly, one can easily obtain (2.2), (2.3),(2.5) and (2.6). Thus, the proof

is completed by indiction. I

Theorem 2. Eq.(1.1) has a unique equilibrium point which is the number

ZET0.
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Proof. For the equilibrium point of Eq.(1.1), we can write

T=7/(1+T.3).

Then we have

7 =0.

Thus the equilibrium point of Eq.(1.1) is 7 = 0. 1

Corollary 3. If0 < x_5,x_4,x_3,2_9,2_1,20 < 1 then 0 < x, < 1 for an

arbitrary n(1,2,...).
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