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Abstract. We study the positive solutions and attractivity of the difference

equation

xn+1 =
xn−5

1 + xn−2xn−5
for n = 0, 1, 2, ...

where initial values are nonnegative real numbers.
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1. INTRODUCTION

Recently there has been a great interest in studying the attractivity, the so-

lutions and the periodic nature of non-linear difference equations. For example

[1, 3-7, 9-11, 13-15]. In [8] Camouzis has investigated the global attractivity

and local stability of the difference equation xn+1 = xn−1

1+xnxn−1
for n = 0, 1, 2, ....

Also, in [2] Cinar has studied the positive solutions of this difference equation

with the positive initial values. Morover, in [12] Stevic some additional in-

formation behavior of the solutions of this difference equation with the initial

values x−1and x0 are real numbers.

Our aim in this paper is to investigate the positive solutions of the difference

equation

xn+1 =
xn−5

1 + xn−2xn−5
for n = 0, 1, 2, ...(1.1)

where

x−5, x−4, x−3, x−2, x−1 and x0 are nonnegative real numbers.(1.2)

Similar to the references in this paper, we define Eq.(1.1) with (1.2) and

investigate the solutions of this difference equation.

2. MAIN RESULTS

Theorem 1. Assume that (1.2) holds and let {xn} be a solution of Eq.(1.1)

with x0 = a, x−1 = b, x−2 = c, x−3 = d, x−4 = e, and x−5 = f . Then for

n = 0, 1, ... all solutions of Eq.(1.1) are

x6n+1 =
f

n�

i=1
(1+(2i)cf )

(1+cf)
n�

i=1
(1+(2i+1)cf )

...(2.1), x6n+2 =
e

n�

i=1
(1+(2i)be)

(1+be)
n�

i=1
(1+(2i+1)be)

...(2.2),
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x6n+3 =
d

n�

i=1
(1+(2i)da)

(1+da)
n�

i=1
(1+(2i+1)da)

...(2.3), x6n+4 =
c(1+cf)

n�

i=1
((2i+1)cf+1)

(1+2cf )
n�

i=1
((2i+2)cf+1)

...(2.4).

x6n+5 =
b(1+be)

n�

i=1
((2i+1)be+1)

(1+2be)
n�

i=1
((2i+2)be+1)

...(2.5), x6n+6 =
a(1+ad)

n�

i=1
((2i+1)ad+1)

(1+2ad)
n�

i=1
((2i+2)ad+1)

...(2.6)

Proof. x1, x2, x3, x4, x5 and x6 are clear from Eq.(1.1). From our assumption

(1.2) all solutions of Eq.(1.1) are positive. Also, for n = 1 the resul holds. Now

suppose that n > 1 and our assumption holds for (n− 1). We shall show that

the result holds for n. From our assumption for (n − 1), we have

x6n−5 =
f

n−1�

i=1
(1+(2i)cf )

(1+cf)
n−1�

i=1
(1+(2i+1)cf )

, x6n−4 =
e

n−1�

i=1
(1+(2i)be)

(1+be)
n−1�

i=1
(1+(2i+1)be)

,

x6n−3 =
d

n−1�

i=1
(1+(2i)da)

(1+da)
n−1�

i=1
(1+(2i+1)da)

, x6n−2 =
c(1+cf)

n−1�

i=1
((2i+1)cf+1)

(1+2cf )
n−1�

i=1
((2i+2)cf+1)

,

x6n−1 =
b(1+be)

n−1�

i=1
((2i+1)be+1)

(1+2be)
n−1�

i=1
((2i+2)be+1)

and x6n =
a(1+ad)

n−1�

i=1
((2i+1)ad+1)

(1+2ad)
n−1�

i=1
((2i+2)ad+1)

Then, from (1.1) and above the equality, we have

x6n+1 = x6n−5

1+x6n−2x6n−5
=

f
n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

1+
c(1+cf)

n−1�

i=1
((2i+1)cf+1)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

.
f

n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

=

f
n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

1+
cf

n−1�

i=1
(1+(2i)cf)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

=

f
n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

1+
cf(1+2cf)

n−1�

i=2
(1+(2i)cf)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

=

f
n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

1+
cf

n−1�

i=2
(1+(2i)cf)

n−1�

i=1
((2i+2)cf+1)

=

f
n−1�

i=1
(1+(2i)cf)

(1+cf)
n−1�

i=1
(1+(2i+1)cf)

1+
cf

n−1�

i=2
(1+(2i)cf)

(2ncf+1)
n−1�

i=2
((2i)cf+1)

=
f

n−1�

i=1
(1+(2i)cf )

(1+cf)
n−1�

i=1
(1+(2i+1)cf )

. (2ncf+1)
2ncf+cf+1

=
f

n�

i=1
(1+(2i)cf )

(1+cf)
n�

i=1
(1+(2i+1)cf )

Hence, we have
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x6n+1 =

f
n∏

i=1

(1 + (2i)cf)

(1 + cf)
n∏

i=1

(1 + (2i + 1)cf)

Smilarly,

x6n+4 = x6n−2

1+x6n+1x6n−2
=

c(1+cf)
n−1�

i=1
((2i+1)cf+1)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

1+
c(1+cf)

n−1�

i=1
((2i+1)cf+1)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

.
f

n�

i=1
(1+(2i)cf)

(1+cf)
n�

i=1
(1+(2i+1)cf)

=

c(1+cf)
n−1�

i=1
((2i+1)cf+1)

(1+2cf)
n−1�

i=1
((2i+2)cf+1)

1+
cf(1+2cf)

n−1�

i=1
((2i+1)cf+1)

n�

i=2
(1+(2i)cf)

(1+2cf)(1+2ncf+cf)
n�

i=2
((2i)cf+1)

n−1�

i=1
(1+(2i+1)cf)

=

c(1+cf)
n−1�

i=1
((2i+1)cf+1)

(2cf+1)
n−1�

i=1
((2i+2)cf+1)

1+ cf
1+2ncf+cf

=
c(1+cf)

n−1�

i=1
((2i+1)cf+1)

(2cf+1)
n−1�

i=1
((2i+2)cf+1)

. 1+2ncf+cf
1+2ncf+2cf

=

c(1+cf)
1+2ncf+cf

n�

i=1
((2i+1)cf+1)

(2cf+1)
1+2ncf+2cf

n�

i=1
((2i+2)cf+1)

. 1+2ncf+cf
1+2ncf+2cf

=
c(1+cf)

n�

i=1
((2i+1)cf+1)

(2cf+1)
n�

i=1
((2i+2)cf+1)

Hence, we have

x6n+4 =

c(1 + cf)
n∏

i=1

((2i + 1)cf + 1)

(1 + 2cf)
n∏

i=1

((2i + 2)cf + 1)

Similarly, one can easily obtain (2.2), (2.3),(2.5) and (2.6). Thus, the proof

is completed by indiction.

Theorem 2. Eq.(1.1) has a unique equilibrium point which is the number

zero.
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Proof. For the equilibrium point of Eq.(1.1), we can write

x = x/(1 + x.x).

Then we have

x3 = 0.

Thus the equilibrium point of Eq.(1.1) is x = 0.

Corollary 3. If 0 ≤ x−5, x−4, x−3, x−2, x−1, x0 ≤ 1 then 0 ≤ xn ≤ 1 for an

arbitrary n(1, 2, ...).
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