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On the Solutions of the Difference Equation
Lp4+1 = Max {%_17 xn—l}
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Abstract. We study the behaviour of the solutions of the following differ-

ence equation
1
Tpp1 =MaXy —, Tp-1 ¢,
Tn—1

where z_jand xy are nonzero real numbers. In most of the cases we de-
termine the behaviour of the solutions in function initial conditions x_;and
Zg-

1. INTRODUCTION

In this paper we study the behaviour of the solutions of the following differ-
ence equation

1
(1) Tn+l = max{—axn—l}

Tp—1
where x_jand xy are nonzero real numbers.

Some closely related equations were investigated, for example [1-5]. For
example, the investigation of the difference equation
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’
Tn Tp-1 Tn—k

(2) an:maX{ﬁ, A e A },n:O,l,...
where A;, 1 = 0,1,..., k, are real numbers, such that at least one of them is
different from zero and initial conditions xg,z_1,....,x_g, are different from
zero, was proposed in [3] and [4].

A special case the max operator in Eq.(2) arises naturally in certain models
in automatic control theory (see, [6,7]).

2. MAIN RESULT
Theorem 1. Consider the difference equation (1) for 0 < xg,z_;.

a) If 0<x_y,29<1 then

1 1 1
(-fn) = (x—17x07 x—_17 x_oa x—_17 x_oa )

b)If 0 <x_y <1 and xy > 1 then

1 1
(xn> = (-1'717 Ty, E, Zo, E, X, )

c)If x_1>1and 0 <z <1 then

1 1
(In) - (x—17'r07l‘—17 x_oy-r—17 x_o, )

d) If x_1,29 > 1 then

(In) = (x—lv Xy, L-1,To, T—1, Lo, )

Proof. a) Let 0 < zg,z_q, then z; = max{%l,x_l} = x%l,l > 22,0 <

xr
r_1 < 1, then zy = max{%,xo} = %0,1 > 73,0 < 9 < l,then z3 =

max{%,x_l} = x—:,l > 22,0 < x_; < 1, then x4 = max{xio,xo} =

X —
2 1> 23,0 <o < 1.

By induction we obtain that x,, = —

Tr—1
(xn) = ($—1,9507 ia %7 x_il’ x_107 )

b) Let 0 < xg,z_1, then z; = max{L x,l} = x—:,l >22,,0<2_ g <1,

and xo,_1 = % for n > 0, that is

r_1’

then z, = max{io,xo} = z9,75 > 1,79 > 1,then 23 = max {x_l, L } =

T T_1

i,l > 22,0 <x_; <1, then x4 = max ;—O,xo =g, 22 > 1,79 > 1.
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By induction we obtain that x5, = — and x5, = xg for n > 0, that is

Tr—1
(-I'n) = (1'717 Zo, i, Xo, i, Zo, )

c) Let 0 < zg,x_1, then z; = max{ L

r_1’

x_l} =z 1,22, > Lo > 1,

then zo = max{io,xo} = ;—0,1 > 22,0 < xg < 1,then 23 = max{%,x_l} =

x xX
r_1,2%, > 1,2_; > 1, then 7, = max {xo, xlo} = ;—O, 1>220<m2<1.
By induction we obtain that zs, = x_1 and x5, 1 = ;%0 for n > 0, that is
1 1
(zn) = (21,20, 71, 700 -1 ).

o’

d) Let 0 < xg,x_1, then z; = max{% x,l} =x_,2%, > lx g >

—_

,1’

thenr, = max{%,xo} = xo,xg > 1,29 > l,then z3 = max{x%l,x,l} =

v 1,22, >1,2_; > 1, then 74 = max{x—lo,xo} = zg, 22 > 1,20 > 1.

By induction we obtain that x5, = x_1 and z9,_1 = x¢ for n > 0, that is
(mn) = (1'717 Zo,T—-1,Tg,T—1, L0, ) |

Theorem 2. Consider the difference equation (1) for xo <0 < z_;.

a) If 0 <z_y <1 and xy < —1 then

b)If 0 <x_y <1 and —1 < xy <0 then

1 1

(xn> = ($71,$0, E,xo, E,Jfo, )
o)If x_1>1and xg < —1then
1 1
(.len) - ('I'*laan T—1, 33'_0, r_q, 3;'_0, )

d) If x_1>1and —1 <z < Othen

(In) = (x—lv Xy, L-1,To, T—1, Lo, )

Proof. a) Let zy < 0 < x_y, then 21 = rnaoc{L x,l} = x%l,l > 22,0 <

r_1’

2_1 < 1,then zy = max{xio,xo} = x—lo, 1> a3, 29 < —1,then 3 = max{x—il,x,l} =

i,l > 22 ,,0<x_; <1, then 7y = max{%,xo} = %,1 > 22, x9 < —1.
By induction we obtain that zs, = —— and z2,_; = % for n > 0, that is

T—1
(xn) = (x—la'r(b i? %7 :v_il’ $_107 )
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x —1»

b) Let xy < 0 < x_q, then x; = max{%l,x_l} = i,l > 22,0 <
r_1 < 1, then x, = max{xio,xo} = xo,x?) > 1,—1 < g < O,then x3 =

max{x,l,x—:} = x—:,l > 22,,0 < vy < 1, then x4 = max{i :1:0} =

xg’
To, 23 > 1,—1 < 29 < 0.
By induction we obtain that s, = x—: and T, 1 = o for n > 0, that is
1 1
(xn) = (x—hfo, 71 %05 775 To; )

c) Let xy <0 < z_1, then z; = max x—:,x,l =z q,2% > 1Lz >

—_

then x5 = max{%,xo} = ;%0’1 > 22,19 < —1,then z3 = max{x%l,x,l} =

r_1,2%, > 1,7_; > 1, then 74 = max {xo, %} = %,1 > z2 xg < —1.
By induction we obtain that x9, = x_; and 9,1 = xio for n > 0, that is
1 1
(fn) = (x—h L5 L—15 255 L=15 35 )

d) Let zp < 0 < z_q, then x; = max{%l,x_l} =x_ 2%, > 1,z > 1,

xT

thenz, = max{xio,xo} =z, 78 > 1,—1 < xg < 0,then 3 = max{i,x_l} =
T 1,22, > 1,2y > 1, then 7, = max x—lo,xo} =g, 22 > 1,—-1 < x5 <0.

By induction we obtain that x9, = x_1 and 9,1 = x¢ for n > 0, that is
(xn) - (x—17x07x—17x07x—17'r07 ) |

Theorem 3. Consider the equation (1),
a) Ifry <—1and0 < xy <1 then

1 1 1
(-fn) = ($—1,$07 x—_17 x_oa x—_17 x_oa )

b)If x_1<—1andxy>1 then
1 1

(-Tn) = (x—17 Lo, E, Zo, E, Xo, )

c)lf -1<xz_1 <0 and 0 <zp <1 then
1 1

(.len) = (.1'71,3;'0,;1}‘,1’ 33'_0’]:71’ 3;'_0, )

d) If -1 <x_1 <0 and xy > 1 then

(2,) = (-1, 20, X1, To, T_1, To, -..).
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Proof. a) Let z_; <0 < xg, then 21 = max{ Loz 1} = x%l,l >0 <
—1, then zy = max{— xo} = O,1 > xO,O < x9 < 1,then z3 = max{i,x,l} =

1>a22 0., < 1then:1:4—max{—xo}— 1>x%,0<x0<1

T _ 1’
By induction we obtain that xs, = —— and z9,_1 = = for n > 0, that is

T—1
11 1 1
(zn) = (21, 20, 7 1030’ 71 T0? ).
b) Let z_1 <0 < xg, then x; = maux{L T_ 1} = x%l,l > 1 < -1,

then xo = max i Lo v = To,x2 > 1,29 > lthen z3 = max<z_q, -1} =
P ) r—1

— A >a? e < —1, thenm-max{l xo}:xo,x3>1 xo > 1.

By induction we obtain that x,, = x—ll and x9,_1 = xg for n > 0, that is
(xn) = (.1'71, Lo, i:xm i:xm )
c) Let =1 < 0 < xg, then z; = rnaoc{L T_ 1} =z 2%, >1,-1<

r_1 < 0, then z, = max{i xo} = x—o,l > 73,0 < x9 < l,then z3 =

max{ Loz 1} =z ,72, >1,-1 <x_; <0, then 74 = max{xo,ﬁ} =
%,1 >x0,0<x0< 1.

By induction we obtain that zs, = x_1 and x5, 1 = ;%0 for n > 0, that is

1 1

(zn) = (21,70, 71, 200 T—11 g0 ).

d) -1 <0< g, then z; = maX{— T_ 1} :x,l,aﬁl >1, -1 <z <0,
thenr, = maX{— xo} = xo,xo > 1,29 > l,then z3 = max{x%l,x,l} =
r_1, 2%, >1,-1 <z_; <0, then 4 = max :%O,xo} = o, 28 > 1,29 > 1.

By induction we obtain that x5, = x_1 and z9,_1 = x¢ for n > 0, that is
(mn) = (1'717 Zo,T—1,Tg,T—1, L0, ) |

Theorem 4. Consider the difference equation (1) for x_y,x¢ < 0.
a) Ifx_1,z0 < —1 then

11 1 1
(xn) - (1'71:33'0, E, 33'_0’ 33'—71’ 33'_0’ )
b)If x_1 < —1 and —1 < xy < 0 then
1 1
(xn) - ($71,$0, E,Jfo, E,l’o, )
c)lf -1 <x_1 <0 and xy < —1 then
1 1
(In) - (x—17'r07l‘—17 x_oy-r—17 3;'_0’ )
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d) If -1 <x_1,29 <O then

(In) = (x—lv Xy, L-1,To, LT—1, Lo, )

Proof. a) Let x_1,x¢ < 0, then x; = max{L T_ 1} = x%l,l > o <

-1 thelruvg—lrnax{L xo} = ,1 > 23, 19 < —1,then z3 —maux{L T_ 1}
L 1> 22 ‘T < -1, then:z:4—max{i 3:0}:— 1>x0,x0<—1
By induction we obtain that xs, = —=— and z9,_1 = = for n > 0, that is

Tr—1
(xn) = ($—1,950: i: %7 x_il’ x_loa )

b) Let z_1,z9 < 0, thenxlzmax{ T_ 1}: 1>a22 0., < —1,

r_1’ z_ 1’

then x, = max{i,xo} =g, 22 > 1,—1 < 7y < 0,then z3 = max {x_l, :%1} =

—_

A>a? r g < -1, thenm-max{— Top = w0, 28 > 1,—1 < xy < 0.

By induction we obtain that zs, = —— and z3,_1 = x¢ for n > 0, that is

Tr—1
(zn) = (z_1, 0, ﬁ,%, ﬁ,xo, )

:t 1’

c) Letz_1,x9 <0, then x; = maX{— T_ 1} :x,l,aﬁl >1,-1<x_1 <0,
then xy = maX{ xo} ==.1> xo,xo < —1,then z3 = maX{ , T 1} =

ro, 1t > 1, -1<2,< O, then x4 = max{xo, x—o} = x—o,l > 12 v < —1.
By induction we obtain that x9, = x_; and 9,1 = %0 for n > 0, that is

(’rn) = (x—17‘r07x—17 x_loyx—l, xLo’ )

d) x_1,29 < 0, then x; = max{L T_ 1} =z ,7°, >1,-1 <2 <0,
thenzy, = max{L xo} =g, 22 > 1,—1 < 79 < 0,then z3 = maux{L T_ 1} =
r 1,22, >1,—-1 <z <0, then x4 = max{%,xo} =x0, w2 > 1, -1 <2y <
0.

By induction we obtain that x5, = x_1 and z9,_1 = x¢ for n > 0, that is
(ﬂﬂn) = (3571,5130,3371,5130,3371,130: )

Which completes the proof of theorem. g
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