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Abstract. In this paper a solution of the following difference equation was
investigated

Tn—3
Tpo1 = —2=2 n=0,1,2,...
1 + Tp-1

where x_3,2_9,2_1,20 € (0, 00).

1. INTRODUCTION

Recently there has been a lot of interest in studying the periodic nature of
nonlinear difference equations. For some recent result concerning among other
problems, the periodic nature of scalar nonlinear difference equations see, for
examples [1,2,4,5].

In [3] the following problem was posed.Is there a solution of the following
difference equation

- anfl
n

where x_q, xg, 5 € (0,00) such that x,, — 0 as n — oc.

forn=0,1,2,...

In [6] Stevic assumed that 5 = 1 and solved the following problem
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Tn—1

Tpt1 = 7 forn=0,1,2,...

n
where z_1, 9 € (0,00). Also, this result was generalized to the equation of

the following form:

Tpy1 = Il for = 0,1,2,...
9(zn)

where z_y, 2o € (0, 00).
In this paper we investigated the following nonlinear difference equation

(1) Tnt+1 = #xnl for n = O 1 2

where x_3,7_o,x_1, 29 € (0, 00).

2. MAIN RESULT

Theorem 1. Consider the difference equation (1). Then the following state-
ments are true.

a) The sequences (T4n—3), (Tan—2), (Tan_1) and (x4,) are decreasing and there
exist p,q,r,s > 0 such that

hm Typn—3 = P, hm 0 Tan—2 = G, hmx4n 1 =7 and lim x4, = s.

b)(p,q,7,8,p,q,7,5,...) is a solution of equation (1) of period four.
c)pr=0and qs=0.

d) If there exists ng € N such that x,_1 > xp4q for all n > ng, then

lim x,, = 0.

n—oo

e) The following formulas

n 2j

Tr_1 1
por = 51— L

Tyn42 = T— Pt 11 x%
n 2j+1
Tanys = T-1(1 Pt 1 20t ¥ 2oy 1
n 2j+1

Ton44 =

1_’_3;021_[1_’_3;21

j=0 i=1
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hold.

£)If x4n01 — p #0 then T4,13 — 0 as n — 0o and if T4n2 — q # 0 then
Tynta — 0 as n — oo.

Proof. a) Firstly, we consider the equation (1). From this equation we obtain

T (1 + Tpo1) = Tpos.

If ,—1 € (0,400), then (1 + x,-1) € (1,400). Since ;11 < Tp_3, 1 € N,
we obtain that there exist lim z4,_3 = p, lim x4,_» = ¢, limzy,_; = r and
n—oo n—oo

n—oo

lim x4, = s .

n—oo

b) (p,q,7,$,p,q,1,8,...) is a solution of equation (1) of period four.

c¢) In view of the equation (1), we obtain

Lan+1 = M-
1+ Tan—1
Take the limits on both sides of the above equality
lim 24,47 = lim _ Tan=s
n—oo n—oo | —+ Tgn—1
then
p= P =p+pr=p=pr=>0.
1+
Also, we obtain
Lon+2 = Tin—2 .
1 + L4n
Take the limits on both sides of the above equality
lim 24,12 = lim Tdn—2
n—00 n—oo | —+ T4n

then

q
q 1+ qg+qs=gq q.5

d) If there exists ng € N such that z,_1 > x,4; for all n > ng, then
p<r<pandq<s<gq. Since p.r =0 and ¢q.s = 0 we obtain the result.

e) Subracting x,_3 from the left and right-hand sides in equation (1) we
obtain
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1
Tn+1 — Tn-3 = H_T(xn—l — Tns)
n—1
and the following formula
n—2 1

Topn—3 — Ton—7 = (1’1 - x*3) H T+a2; 1

(2) n > 2for s
Lop—2 — Ton—6 = (IQ - l'_Q) H 1+1$27;

=1

holds. Replacing n by 2j in (2) and summing from j = 0 to j = n we obtain

n 2j

(3) Tyny1 — T_3 = (11 — xg);}l%x%l (n=0,1,2,...).
and
n %
(4) Tgnyo — T_g = (9 — x_g);gl o (n=0,1,2,...).

Also, replacing n by 25 + 1 in (2) and summing from 7 = 0 to j = n we
obtain

n 2j+1

1
5 i3 — T = —x_ —_— =0,1,2,...
(5) Tangs — T = (21— @ 3)],20H 1+ 29,4 (n )
and
n 2j+1 1
6 ntd — Lo = —x_ =0,1,2,...
(6) Tanta — To = (T2 332)' § TR, (n )
7=0 =1
Now, we obtained of the above formulas;
T " 1
7 Tans1 = 1_g(1 — —— e
© L = Fe)
x - 1
8 P  —
(8) Tant2 = T_o 1+x0;gl+x2i)

n 2j4+1

Tr_3 1
9 Taniz = T_1(1 — P E—
) o =0 S )
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n 2j+1

(10) Tontd = 1 T xoz H 11 le

j=0 i=1

f) Suppose that p = r = 0. By (e) we have

Tr_q 1
| nt1 = 1 _3(1 —
Tr_q > 1
p=sl = 1+x,1z‘ 1+ 291
7j=0:=1
co 27
1+ Tr_1 1
p— O p—
p Tr_1 _Z - 1+x2171
7j=0 =1
Similarly,
T n 2j+1 1
lim 24y, lim 2_y(1 — ——
x oo 2j+1 1
. - -3
r=aal 1+I—1ZH1+$21—1)
7=0 =1
oo 27+1
1+ r_1 1
(12) e ) | Fevr
Jj=0 i=
From the equation (11) and (12),
o) oo 27+1
1+2x4 1+x4 1
13 = =
) ; H1+x2’ ! T3 j:; iy 1t T2in

thus, z_3 > x_;.We arrive at a conradiction.
Suppose that ¢ = s = 0 . From that the equation (14) in (e) follows. Proof
of the equation (13) is similar and will be omitted.

Zo

thus, x_o > x¢.We arrive at a conradiction which completes the proof of
theorem. 1
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