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Abstract

In this work, we find the asymptotic formulas for the sum of squares
of negative eigenvalues of the operator L which is formed by differential
expression

Uy) = —y"(x) — q(x)y(z)

and with the boundary condition y'(0) = 0, in the space Ls|[0,0)

Mathematics Subject Classification: 47A70, 47TA75
Keywords: Hilbert Space, Self-Adjoint Operator, Semi Bounded Operator,
Eigenvalue, Discrete Spectrum

1 INTRODUCTION

Let us consider the differential expression

Uy) = —y" () — q(x)y(x) (1.1)
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in the space L3[0,00). Suppose that the function ¢(x) which placed in these
expressions satisfies the following conditions:

1.) ¢(x) is continuous, monotonous decreasing and positive valued function
in the interval [0, c0).
2.) lim q(z) = 0.
We denote the set of all functions that satisfy the following conditions in
Ls[0,00) by D(L):
1.) y'(x) is absolutely continuous in every finite interval [a,b] C [0, c0).
2.)y'(0) =0.
3.)Uy) = —y"(x) — q(z)y(z) € L2[0,00).
Let the operator L be defined by Ly = {¢(y) from D(L) to L[0,0).
L: D(L) — Ly[0,00) is self-adjoint operator.
Moreover, it is known that the operator L is semi bounded below and negative
part of its spectrum is discrete [5].

Let Ay < X < -+ <\, < - be negative eigenvalues of the operator L.

In this work, we have found some asymptotic formulas for the sum )\3
>\j<—6

(e >0), as € — 0.
In the work [6], some asymptotic formulas have been found for number of
negative eigenvalues of the operator L.

By assuming that the function ¢(z) is satisfied some additional conditions, as
in the work [2], an asymptotic formula of the form

> A== +0E)] [ Ra@)+ e sarta(e) — ¢ da

Aj<—e a(z)>e

has been found for the sum > A, of negative eigenvalues of the operator L,
)\j<76
as € — 0.

Here t, is a positive constant.

In the work [1] , the asymptotic behaviour of the negative part of the spec-
trum of a differential operator with the operator coefficient has been investi-
gated. In the work [3] the asymptotic formula for the number of eigenvalues
of Sturm-Liouville operator with the operator coefficient which has singularity
has been found.
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2 SOME RELATIONS ABOUT EIGENVAL-
UES.

Let p be inverse function of the function ¢. We consider following conditions,
where € € (0, ¢(0))

a) Let Ly and L; be operators in the space Ls[0, p(€)]) which are formed
by expression (1.1) and with the boundary conditions

respectively.
b) Let Lo; and Ly; be operators in the space Lo[z;_1,x;]) which are formed
by expression (1.1) with boundary conditions

y(xis) =y(x;) =0 (2.1)
Y (zi1) =y'(x;)) =0 (2.2)

respectively.
c) Let Ly; be an operator which formed by expression

U(y) = —y"(x) — q(x;)y(x)

with boundary condition (2.1) in the space Ly[z;_1,x;]) and Ly; be an operator
which formed by expression

((y) = =y"(x) — q(zi—1)y(z)

with boundary condition (2.2) in the space Lo[x; 1, z]) .
Divide the interval [0,p(0)] into the intervals at the length

p(e)
0= —F—F—— (2.3)
5 1 +1
Here k is a constant number which belongs to interval (0,1) and e is also a

constant number which satisfies the conditions ¢ € (0, ¢(0)), p*(e) > 2.
Let the partition points of the interval [0, p(e)] be

O=zg<m < <xp =p(e)



344 E. ADIGUZELOV, S. SENGUL and M. AKYOL

Let no;(«) and Tig; () be numbers of eigenvalues smaller than —a(« € (0, 00))
of the operators Ly; and Ly respectively.

Instead of ng;(e) and Tg;(e) we will simply write ng; and Ty; respectively.
Moreover, let 1;(1) < p;(2) < p;(3) < --- be the eigenvalues of the operator
Ly; .

Theorem 2.1 For the eigenvalues smaller than —e of the operator L, , the
inequality

04

)
Z pi(m) > 1Er q(w; — €[8¢%(x;) + 4q(x)e + 3€] — 2¢*(x;)
m=1
18 satisfied.

Proof: Since the eigenvalues of the operator Lg; are of the form

pi(m) = (Lf —q(z;)  (m=1,2")

Ty — Ti—1

then we have

;ﬁlu?(m) ::ml (x TZ”)Q Q(%)}Q =§1{<%>2 qr(fm)}2

ERCN

Hence, we obtain

m—+1

or
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By using these inequalities and the relation (2.4) we find

mz im) = 3 [qm) oy

> ::Z: nzllq(xi) - (%”)2 2; - ?ilq(xi) _ (%”)Tdt
> 7[«:@-) - (%)]dt — () (2.5)

1

Moreover, from the inequality (%)2 —q(x;) < —e we obtain

%\/q(xi) —e—1<my < % q(z;) —€ (2.6)

From (2.5) and (2.6), we find

q(wi) — (?)2] dt —q >/

0

a—1

:E:fluf(m) > /

0

)~ ()T -2

(2.7)
where a = o7 1\/q(x;) — €.
Let us calculate the integral which is end of this expression.
/ t\ 2 2 /
/ [q(aji) - <7> ] it — / (%(22) — 2q(0)725 22 + 7644 dt
0 0
3 5
= [Pt - 2q(a)n25 2L sl
3 ) 0
2 25-2a 4510
= ¢*(zi)a —2q(x;)md §+7T 0 5
_ 2 o
= Pa)onfalw) — e — Sa(a)n®s a0 g(a) — )2
1
+=mt 0 00 g (i) —
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62
= 2 \fafa) - e[%q%i) Fopalaet S
= 15% q(z;) —€ [86]2(9@) + 4q(z;)e + 362‘| (2.8)

From (2.7)and (2.8) we obtain

no; 5
Z (i (m) > 15—7T\/Q(95i) —€
m=1

Let 71 < 7952 < --- and 7,; < 7,5 < -+ be eigenvalues of the operators

8¢*(w:) + dq(x;)e + 3621 —2¢*(z;).0

Ly; and Ly; respectively and let us define ny; (), my;() , ny(e) and my (@) as
follows:

nli(oz) = Z 1 s ﬁh’(OJ) = Z 1

Vim <—« Vim <—a
nu(G) =N ,

Theorem 2.2 For the eigenvalues smaller than —e of the operator Ly;, the
inequality

niq

0
Y (Fim)? < m—ﬂf(xi—la €) + ¢*(zi_1)

m=1
18 satisfied.

Proof: The eigenvalues of the operator L;; are of the form

Vim = [Mr —q(zic) (m=1,2,--) (2.9)

2
Bytherelation[gn_il)” >(t—’r) , (m—2<t<m-—-1,m=2,3,--) we

have

Hence, we have



SINGULAR STURM-LIOUVILLE OPERATOR 347

:/ fate |50 Ve < 71{%_1) ()T

m—2
or
D122 e 4\ 2) 2
o[22 < Floa- (Y 2mens
(2.10)
By using (2.9) and (2.10), we obtain
n u m— 1%
- B [52])
7 B 21 2
2 e[
T1g 1 - 2y 2
o £ T - () Y
nii—1 tﬂ' 272
= ¢ (wi-1) + / [Q(xi—l) - <F> ] dt
0
2
From the inequality [W—TI)W] —q(xi—1) < —e we find
_ J
ny < p q(wiq) —e+1
we obtain
nh b 2
’yzm </ xz 1 ( ) ‘|dt+q (.TZ 1) (211)
0

Here, b= £,/q(z;_1) — € was taken
By using (2.8) and (2.11) we find

% (Fim)? < 15%\/ q(zio1) — €[8¢%(wim1) + 4q(xi—1)e + 3¢*] + ¢* (i)

m=1

or
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n1;

)
Z (sz)2 < 15—7_‘_f(xi—1; 6) + q2(l’i_1).|:|

m=1

Let N(«), No(a) and Nj(«) be the numbers of the eigenvalues smaller
than —e of the operators L, Ly and L; respectively.
In the work [6], the inequalities

No(€) < N(e) < Nu(e)

are proved. By the similar way the inequalities

No(a) < N(a) < Ny(a)(a > €) (2.12)

can be proved.
Since ¢(z;) < q(z) < q(z;_1) in the interval [x;_;, x;] then Ly; < Ly; and
Ly; > Ly;. In this case from [7], it is known that
nOi(oz) Z ﬁOi(Oé), nh’(O[) S ﬁh-(a) (213)
On the other hand, from the variation principles of R. Courant we have
M M
No(Od) 2 ZTLOZ‘(O(), Nl(Oé) = Z?’lu(@) (214)
i=1 i=1
From [4], (2.12), (2.13) and (2.14) we find
M M
Zﬁol‘(@) < N(Oé) < Zﬁli(O‘) + nn(a).
i=1 ‘

By using the last relation the inequalities

M Tng; 5 N(E) 9 M Tni; 9 ni1 9
22 mi(m) S DN <D Y (Fim) + D Mim (2.15)
=1 m=1 7=1 =2 m=1 m=1

can be proved.

Theorem 2.3 If the functiongsatisfied the conditions 1) and 2) then for small
positive values of €, we have

p(e

N(e) 1 )
YN > — / f(z, €)dx — cpF(e) (2.16)
= 157 s
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N(€ nii p(e)

Z A< Z v+ L / f(z, €)dz — 5 p(e)q*(0) (2.17).
1

Here, f(z, €)= /q(z) — €[8¢*(x) + 4q(x)e + 3€*] and ¢ is a positive constant.

Proof : Since the function ¢(x) supposed that monotonous decreasing then
the function f(x,€) will be monotonous decreasing with respect to z for every
¢ satisfying the conditions e € (0, ¢(0)), p*(e) > 2.

Therefore we have

Tit+1 Ti+1

0f(xi, €) = / f(zs, €)dz > / flz, e)de (1<i<M-—1) (2.18)

By using theorem 2.1 and (2.18), we find

i 1 Titt

> pttm) > 3= [ (e e —2¢0) (2.19)

T4

From (2.15) and (2.19), we obtain

M—1 Titl 1 TM
2 —2¢? -/ — 2¢*(0)M
Z A2 > Z l15 / z, €)dz — 243(0)| > e f(z, €)dz — 242(0)
(2.20)
From (2.3) for small positive values of €, we find
ple
M= [P"(e)[] + 1 < 2p*(e) (2.21).

4]

If we consider that z; = J and xj; = p(e) then from (2.20) and (2.21) we
obtain

Z)\2> /fx €)dx — cp”(e)

so the inequality (2.16) is proved. Now, let us prove that the inequality
(2.17). Again, if we consider that for every e satisfying the conditions
e € (0, ¢(0)), p¥(e) > 2 the function f(x,¢) is monotonous decreasing with
respect to x then we obtain



350 E. ADIGUZELOV, S. SENGUL and M. AKYOL

Ti—1 Ti—1

Sf(ziir, €) = / Flwioy, )dz < /f(x, Odr (2<i<M)  (2.22)

Ti—2 Ti—2

From Theorem 2.2 and the relation (2.22), we find

Ti—1

%z: (Fim)? 1; [z, e)dz + ¢*(0) (2.23)
From (2.15) and (2.23), we have
N
Z A< Z 71m+2[15 / (z, €)dz + ¢*(0)
- = lef(w, )z + (M — 1)¢X(0)
< nz Vo + T / f(z, €)dz + q(0) (2.24)

If we consider that xp; = p(e) and M = @ then from (2.24) we obtain

n p(e)

Z A< Z Vi + L / f(z, €)dz + 6 'p(e)g*(0).0

For the sum ZH 7% on the inequality (2.7), the inequality
m=1

ni1

5
Z Vi < cl/f(:z:, e)dxr + clpk(e) (2.25)
m=1 0

can be proved. From (2.3), (2.17) and (2.25), we obtain

p(e)

Z)\2< /fx edx—l—cQ/f.r €)dx + cop™(e) (2.26)

Here, c; > 0 is a constant.
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3 ASYMPTOTIC FORMULAS FOR THE SUM
OF SQUARES OF THE NEGATIVE EIGEN-
VALUES

In this section we will find some formulas for the sum > )\2 as ¢ — 0.
Aj<—e€

First of all we suppose that the function ¢(z) satisfies following condition:
3) For every n >0

lim g(z)2*~" = lim [g(x)z™ ™)™ = 0

T— 00 T— 00

where ko is a constant which belongs to the interval (0, 2).

Theorem 3.1 If the conditions 1) and 3) are satisfies then the asymptotic
formula

> A= (15m) 1+ O(e)] / q(z) — e[8q2($) + 4q(x)e + 362} dx

—>\ <—€ q(:r)Ze

18 satisfied when € — +0. Here ty s a positive constant.
Proof: By Theorem 2.3, for small positive values of ¢ we have

p(e)

Z)\2> /fxex——/fxex—cp() (3.1)

For the proof, we will limit the expressions in second side of the inequality
(3.1). Since f(x,€) >0 and p(e) is monotonous decreasing, we have

p(e) p(2€) p(2€)

q(z) — €[8q2(x) +4q(x)e + 362} dw

—
—~
8
LS
&
S
V
—
—
—~
8
LS
&
S
Il
o\

p(2€) p(2€)

> / q(z) — €(86* + 4€® + 3€*)dx = 15¢> / Vq(x) — edx (3.2)
0
Since q(z) > q[p(2¢)] = 2¢ in the interval [0, p(2¢)] from (3.2) we find

o

p(e)

/ f(x, €)dz > €/%p(2€) (3.3)



352 E. ADIGUZELOV, S. SENGUL and M. AKYOL

If we consider that the function ¢(z) satisfies the condition 3) and

lim p(e) = 0o

€—00

then we have

lim[q(p(€))(p(€))"* ™~ =0

e—0

Hence, for small positive values of € we obtain

p(e) > € Forn (3.4)
From (3.3) and (3.4) we find

p(e)
5.1
/ f(z, €)dx > c3€? *otn (3.5)
0
Here c3 is a positive constant. By using ¢(z) satisfying the condition 3) we
obtain

5
/f(x, €)dr = vVa(z —6{8(1 ) + deq( )+3€2}dl’
0

O\m O\o)

< [z [Sq + deq(z) + 362}da:
1 5 5
_ 5/2 5/2 S(n—ko)
= 15 [ ¢”“(x)dx 4+ 15 | ¢°*(z)dx < cs+cq4 | x dx
0 1 1
< ¢q+ 40 X k0)+1 (36)

On the other hand, from (2.3) for small positive values of ¢ we find
§<p' ™) (ke(0, 1)) (3.7)
From (3.6) and (3.7) we find

5(n—Fkg)+2 (5(n—kg)+2](1—k)

0
[ 1@ gdr < i+l HO) T <ape) T @38)

Again, by using the function ¢(z) satisfying the condition 3), we obtain

lim q(p(e)) (p(e)) ™" = 0.

e—0
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Hence we find e(p(e))*~" < 1or

1

p(e) <€ Fon (3.9)
From(3.8) and (3.9) we obtain
) [B(n—ko)+2]1—k)
—[5(n—kg)+2](1—
/f(x, €)dr < cze ko) (3.10)
0

Moreover from (3.9) we find

f ke
p(e) < ko (3.11)
From (3.5), (3.10) and (3.11), we obtain

)
[ fz, €)dz kAR 5, 1
(2) < cge 20k 1) 2 ko1 (3.12)
p(e
[ f(z, e)dz
0
k
TQEL_<%gﬁT%@n (3.13)
ple
[ f(z, e)dz

Since kg > 0, the functions

—[5(n — ko) +2](1 —k) 5 1 k
2(ko — 1) 2 kot ko +n

L1
ko +n

are continuous with respect to 7 at the point n = 0.
Consequently, for every ¢t > 0, as 0 < 1 < w there is a number w = w(t) > 0
such that

—[5(n — ko) +2](1 — k 1 k(2 — 5k
5(n—ko) +2(1—Fk) 5 L, _k2-5k) _, (3.14)
2(ko — 1) 2 kot 2k
k 5 1 2 — 5ko — 2k
_ _ 24 > — —t 3.15
ko—n 2 k0+77 2kq ( )

By now, we have considered k as a constant which belongs to the interval
(0, 1).
Here if we take k = 22k ¢ = ¢ = min{%, %} then from (3.14)

and (3.15) we obtain
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—[B(n—ko)+2](1—Fk) 5 1 (2 — 5kg)?

2(ko — 1) 2 ko+n 8k
_ 2 _ 2 . 2
L (2=5k)?  (2-5k)? 25k, 5.16)
8ko 16kq 16kq
k 5 1 2 — bky 2 —0ky 2—D5ky
~ — o+ > —ty > -
lﬂo -7 2 lﬂo -+ n 4]€0 4]€0 8]€0
2 — Bk
8ko — (3.17)
From (3.12), (3.13), (3.16) and (3.17) we find
s
[ [z, e)dx
0 t
e < cg€’® (3.18)
| Sz, e)dx
0
s
[ f(z, €)dx
p(EE) < cglg (319)
| Sz, e)dx
0
From (3.1), (3.18) and (3.19) we obtain
N(e) \2
2o N
o & > 1 — e (3.20)
ﬁ Of f(x, €)dx
From (2.26), (3.18) and (3.19) we find
N(e)
2
= <1+ cgel (3.21)

p(e)

ﬁ (j)’ f(z, €)dx

From (3.20) and (3.21) we obtain the asymptotic formula




SINGULAR STURM-LIOUVILLE OPERATOR 355
or

AS = 1;7r 1+ O(")] / q(z) — 6{8(]2(:1:) + deq(x) + 362}dl’

)\]< € q(.’E)EE

as € — 0.

Let us denote the functions of the form Ingz = =z, In;z = In(ln;_; z)

by Injx (j =0, 1, 2---) and suppose that the function ¢(z) satisfies the
following condition:
4.) There are a number & > 0 and a natural number n so that the function
q(x) — (In, 2)~¢ is neither negative valued and nor monotonous increasing in
an interval [a, c0) (a > 0).

For large values of x, we can prove the inequality

In,, <i> <lIn,z—In'"z.
Inz

Hence if the conditions 1), 2), 4) are satisfied then using the last inequality,
for the small positive values of ¢, the inequality

q< P(€) ) — e > (Inp(e)) DO+ (3.22)

Inp(e)

can be proved.

Theorem 3.2 If the function q(x) satisfies 1), 2) and 4) then the asymptotic
formula

J
—Aj<—e€

A2 = (15m) 1+ O(e= )] / q(z) — 6{8(]2(:1:) + deq(x) + 362}dl’

q(w)>e
15 satisfied as € — 0. Here 3 is a positive constant.
Proof: From the theorem 2.3 we obtain

N(e) 1 p(e)
YA > T5n / f(x, €)dx — cod — cp¥(e) (3.23)
J= 0

for small positive values of e.
From (2.3) and (3.23) we find
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N(e) 1 p(e)
DA > — / f(x, €)dx — ciop'?(e) (3.24)
= 157 J

where k = %

p(e)

Here c; is a positive constant. Let us restrict the integral [ f(x, €)dz which
0

is in the second side of the inequality (3.24).

We have
p(e) p(e)
/ xedx—/\/ —e8q ) + deq( )+36 dx>15e/\/ ) — €
0
(3.25)
For small positive values of € from (3.25) we find
P(o) 1) 40
/f(x, e)dz > € / Vaw) = ede > =52 Jq(f(e) — e (3.26)
0 1/2f(e)
where f(e) = p(e)In"" p(e).
From (3.22) and (3.26) we obtain
p(e) 9 71/2(£+1)(n+1)
e’p(e) 2p1/2
d 1
[ s e > 51 (o)) ()
0
1/2
P(e)p o <e?p 4 (e) (3.27)
| f(z, e)dx
0
Since the function ¢(x) satisfied the condition 4) we have
e = q(p(€)) = (In, p(e))~.
From here we find
1
ple) > e (3.28)
From (3.27) and (3.28) we obtain
1/2 1 B
() <1t f e’ (3.29)
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From (3.24) and (3.29) we find

SPY

—)\]'<—E —B

>1-— e 3.30
& T faal T 20

q\x

From (2.26) we obtain

N(e) P(E)

YoA< 1Tir / f(z, €)dx 4 c126 + cop(€) (3.31)
i=1 "

From (2.3) and (3.31) we have

N(e) 1 p(e)
YN < — / f(x, €)dz + c13p*?(e) (3.32)
= 157 J
where again k = %
From (3.29) and (3.32) we obtain

<1+cpe’ (3.33)

From (3.30) and (3.33) we obtain the asymptotic formula

> A2
—)\]'<—E 76_’8
—1=
T (e da O<€ )

q(x)>e
or
> =m0 [ \a@) — €[8e(w) + deqle) + 3¢ da
—Aj<—e g(2)>e
as € — 0.
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