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1 STATEMENT OF THE PROBLEM

In the space Ly[0, 7] we consider the self-adjoint operators Ly and L which

are generated by the following expressions:

bly)=yW,  y)=yW +pla)y

with the same boundary conditions

y(0) =y (7) (v=0,1, 2, 3)

respectively. Here p(z) is a real valued, continuous function in [0, 7].
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[e.o]

The spectrum of operator Ly coincides with the set {16n4} . Every point of
n=0

the spectrum is an eigenvalue with multiplicity two except point zero. Zero is
o0

the simple eigenvalue. We denote the eigenvalues of operator Ly by { uk}
k=0

(k+1)* ifkis odd and k > 1
Mo = 0 and Wi =
E* if kis even and k > 2

Orthonormal eigenfunctions corresponding to this eigenvalues are denoted by

Yo =Va~t, W =V2rlsin2x, = V2rlcos2zx,---

We denote the eigenvalues of operator L by Ay < A < Ay < A3 < --- and
corresponding orthonormal eigenfunctions by ¢q, ©1, @2, @3, - - -
In this paper, by Dikiy’s method, we will obtain a formula for the sum of

series
[o@)

Z (An - ﬂn)

n=0
which is called regularized trace of operator L.

Firstly the regularized trace formula for the Sturm-Liouville operator have
been found by Gelfand-Levitan [1]. The some regularized trace formula for the
same problem was obtained with different method by Dikiy [2]. Later study of
regularized trace was generalized for different differential operators ( see, for
example [3]-[8])

2 SOME ESTIMATES.

In this section we prove the formula

N

lim 3° | (s Low) = (s Lis)| =0 (2.1)

N—oo =0

which will be used later. For this purpose we investigate the transfer matrix

(k)%= from the orthonormal basis {¢y} to orthonormal basis {¢} as in

[2]:

Uk =) Uikps where u; 1, = (@5, V)
i=0
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(i k)§%=o is the a unitary matrix, that is

[o@) [o@)
Zu?k = Zu?k =L
k=0 i=0

First of all, let us give some estimate for numbers ;.
It is clear that

Ly, = pthy + pbe (2.2)

Scalar producting both side of equality (2.2) by ¢; we obtain

(Lw, ¢i) = (e, @) + (00, ©5)

or
ik, 0i) = pe(Wr, ©i) + (PVr, @)

and
(Ni = ) (Wr, 01) = (PUrs ©i)

According to [2] taking the square of both sides of the last equality and sum-

ming according to ¢ we obtain

) ) 7r

Z(/\i — 1)’ (U, @i)* = Z(p@/)k, ¢i) = |lpvil® = /[P(x)l/fk(x)]mx

™

< p?)/@/);f(x)dx =P
0

where py = Jnax Ip(x)]

Hence
[o@)

>N — mw)ui; < C (C = const.)! (2.3)

i=0
Suppose that p(z) is a continous function such that the following conditions
hold:
1. For eigenvalues and eigenfunctions of operator L holds the asymptotic

formulas

Ak :MHO(%H) Pr :Qﬁk‘i‘O(ﬁ)

'In this paper constants C' may be different




248 A. Bayramov et. al.

i p(x)dz =

We shall use condition 1. below estimating.

From inequality (2.3) it follows that

> (N m)ui, < O
i=N+1
for all integer N and
Z (N — pp)uz, < C
i=N+1
Then, it is obvious that
> = )N = Augy, < C
i=N+1
S (N = M)uf, < C
i=N+1
From here we obtain
Z (An1 — i) (N — /\k)U?k < Z (Ai = ) (i — /\k)ufk <C
i=N+1 1=N+1
> C
> A= Audy < o=, (k=AN) (2.4)
i=N+1 N+1 — Hk

Now let us prove formula (2.1). We have

(Y, Lpy) = <Z Ui 1 Pi Z Ai Uzk902> = \ui,
=0

Summation on k from 0 to N we have

(Vr, Lapy) = ZZ)\UM

k=0 1=0
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o0
Taking into account Y u?, = 1 we have

=0

(Vr, L) = Z Ap = Zimil

k=01=0

Hence we must prove that

N oo N oo
lim N2, — Nu2 | =0 2.5
ZZ ik ki ( )

N=eo |1 20 i=0 k=0i=0

we have

k=01=0 k=01=0 k=0i=N+1

YOS M-y (26)

k=0i=N+1
Let us calculate first sum on the right side of equality (2.6). For convenience
while let N + 1 be even number then we have

N 00

> > = Mu Z Yo (A= Audi + Angr — AU v
k=0i=N+1 k=0 i=N+1
+ > (M= An)uly (2.7)
i=N+2

By inequality (2.4) we shall calculate first and third sum on the right side of
equality (2.7), when N — oo

N—-1 oo N-1
)OID DICURPIT A T =
k=0 i=N+1 k=0 (N+1) _(k""l)

IN
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1+1 1 N 1 N
N3 2(N+1p3\N+1 N+1

N1
1 du In N
~ Oas N 2.8
+2(N+1)31/1—u2 s —0asN — oo (2.8)
N1
and
s C C
i — AUy < < 0 asN
2 e i < gy < v 0 SN e

(2.9)
Now let us calculate the second term on the right side of equality (2.7)
when N — oco. Assume that N + 1 is even. Using the condition 1. above,
we have
(ANt = AN)udin S Avpr — Ay =

:(N+1)4—(N—|—1)4+O(N#+1>—>0 as N — oo (2.10)

Thus for even number N + 1 from the expressions (2.7), (2.8), (2.9) and
(2.10) we have

lim ivj i (N — \)uz, =0 (2.11)

N=oo =N+ 1

Formula (2.11) can be proved for odd number N + 1 similarly.
Now we shall calculate second sum on the right side of equality (2.6) we

have

Uik + ki = (i, Yr) + (0rs Vi) = — (i — Vi, Y& — Vi) (2.12)

By equality (2.12) and condition 1., we have
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C
Uik + Ugi| < [[0i — - < < — 2.13
By using Cauchy-Schwarz inequality we have
Yo N m)led, =il = > (N = )ik — [ g 4 gl
i=N+1 i=N+1
< J > uik 4 unil?- $ > (N — )ik — gl
i=N+1 i=N+1
C
< 2.14
VN +2(k+1) ( )
Hence
s C
> i+l < (2.15)

i=N+1 (k+1)VN +2(Ax — )

Now we shall estimate the second sum on the right side of equality (2.6),

means that

N 0o 00 N-1 00

e D fuby =l =An D0 uiy —uRil+ D0 M Y fuly —udy
k=0  i=N+1 i=N+1 k=0  i=N+1
[e'e) N-1 o)
2 2 2 2 2 2
= /\N|UN+1N_UNN+1| + AN Z |uiN_uNi| + Z Ak Z |uzk_ukz| (2'16)
i=N+2 k=0  i=N+1

By inequality (2.13) we have

AN|UR Gy — Uivet] = An|unsiy — unn[unsiy + unys] <

1

<CN D F e T D

D) |UN+1N - UNN+1| — 0 as N — oo

(2.17)
By the expression (2.15) we estimate the second and third sum on the right
side of equality (2.16)
An| % uiy — udl <
i=N+2
(N +1)?
(N 4+1)(N+2)[(N+3)*— (N +1)4

<C —0 asN — o0 (2.18)
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and
N-1 o0 (k—l—l)Q
A u;, — ug,;| <C
kzzo ki:%ll el Z (k+ DVN + 2[(N+ 1) — (k + 1)1]
Y K . 1
=C <CON3 2SN —
k.z::l kv N 4 2[(N + 1)* — k4] kzzzl (N +1)*— Kk
5 In N
~CN2 ——— N 2.1
C (N+1)3_>0 as — 00 (2.19)

From the expressions (2.16), (2.17),(2.18) and (2.19) we have

N [e%e)
lim > > N(uf, —ui,) =0 (2.20)

N=eoo =N+ 1

Thus from the expressions (2.6), (2.11), and (2.20) we have formula (2.5).

Hence formula (2.1) have proved.

3 CALCULATION OF THE REGULARIZED
TRACE

It is easy to see that

Putting these into formula (2.1) we have

00 N N
Z (Yn, Lbn) — (n, Loy,)] = Z(,Lbn — ) F Z(@/}n, p,) — 0 as N — oo
n=0 n=0 n=0

(3.1)
N
Now we shall calculate ]&im > (U, )
—0 n=0

By condition 2. we have for even number N

™

i(wn,pibn) = %/p(x)dx—i—z:(%o/ﬁp sin? 2nzdr + = /p cos 2m:dx>

wl2
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™

— %/p(x)dx + g /ﬂp(x)dx =0 (3.2)

0

Analogically we have for odd number N

N 1 s 9 s 9 by
> (Wn, ptn) = = /p dﬂH—Z <— /p sin? 2nzdr+— /p(x) cos? 2nxdm)+
n=0 0 T 9
2 7 1
+2 [ pla)sin®2(C 2 4 1) de
T3
17 N+1
= ——/p(x) cos 4( + Jo -0 asN — oo (3.3)
T

0

From the expressions (3.2) and (3.3) we have

N

lim E:(¢n,p¢n)—- (3-4)

N—oo

Hence from the expressions (3.1) and (3.4) we have

N

lim Y (A, — ptn) =0 (3.5)

N—oo =0

Thus we have proved the following theorem.

Theorem 3.1 If p(x) is continous function such that conditions 1. and 2.
above are fulfilled, then the formula (3.5) is true.
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