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Hájeck-Rènyi inequality; Strong law of large numbers; Rademacher
-Mensov inequality; Weighted sum.

1 Introduction

The history and literature on the strong laws of large numbers is vast and
rich as this concept is crucial in probability and statistical theory. The liter-
ature on concepts of negative dependence is much more limited but still very
interesting. Lehmann(1966) provided an extensive introductory overview of
various concepts of positive and negative dependence in the bivariate case.
Negative dependence has been particularly useful in obtaining strong laws of
large numbers(see [7], [10], [11] and [13]).

Hájeck-Rènyi(1955) proved the following important inequality:
If {Xn, n ≥ 1} is a sequence of independent random variables with EXn = 0
and EX2

n < ∞, n ≥ 1, and {bn, n ≥ 1} is a positive nondecreasing real
sequence, then for any ε > 0, any positive integer m < n,

P ( max
m≤k≤n

|
∑k

j=1 Xj

bk

| ≥ ε) ≤ ε−2(
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

) (1)

(see[6] and [12]).
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Since then this inequality has been studied by many authors(see [2],[4] and
[5]).

In section 2 we introduce the concepts of negatively orthant dependent ran-
dom variable, and consider some preliminary results. In Section 3 we derive the
Hájeck-Rènyi inequality for negatively orthant dependent the random variable
and the generalized strong law of large numbers and apply this inequality to
obtain a strong law of large number for sum of negatively orthant dependent
sequence which have not been established previously in the literature.

2 Preliminaries

This section will contain some background materials on negative orthant de-
pendence which will be used in obtaining the major strong law of large numbers
in the next section.
Definition 2.1(Lehmann (1966)) Random variables X and Y are negatively
quadrant dependent(NQD) if

P{X ≤ x, Y ≤ y} ≤ P{X ≤ x}P{Y ≤ y} (2)

for all x, y ∈ R. A collection {Xn, n ≥ 1} of random variables is said to be
pairwise NQD if every pair of random variables in the collection satisfies (2).

It is important to note that Definition 2.1 implies

P{X > x, Y > y} ≤ P{X > x}P{Y > y} (3)

for all x, y ∈ R. Moreover, it follows that (3) implies (2), and hence, they
are equivalent for pairwise NQD. Ebrahimi and Ghosh(1981) showed that (2)
and (3) are not equivalent for n ≥ 3. Consequently, the following definition is
needed to define sequences of negatively dependent random variables.

Definition 2.2(Ebrahimi, Ghosh(1981))The random variables X1, X2, · · · , Xn

are said to be
(a) lower negative orthant dependent(LNOD) if for each n

P{X1 ≤ x1, · · · , Xn ≤ xn} ≤
n∏

i=1

P{Xi ≤ xi} (4)

for all x1, · · · , xn ∈ R,
(b) upper negatively orthant dependent(UNOD) if for each n

P{X1 > x1, · · · , Xn > xn} ≤
n∏

i=1

P{Xi > xi} (5)
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for all x1, · · · , xn ∈ R,
(c) negatively orthant dependent(NOD) if both (4) and (5) hold.

The following properties are listed for reference in obtaining the main re-
sults in the next section. Detailed proofs can be found in [3] and [9](see [13]).
Lemma 2.3 If {Xn, n ≥ 1} is a sequence of NOD random variables and
{fn, n ≥ 1} is a sequence of Borel functions all of which are monotone increas-
ing (or all monotone decreasing), then {fn(Xn), n ≥ 1} is a sequence of NOD
random variables.

The following lemma is obtained by using an extension of the well-known
Rademacher-Mensov inequality((see Lemma 3 of Chandra and Ghosal (1996)).
Lemma 2.4 Let X1, · · · , Xn be NOD random variables with EXn = 0 and
EX2

n < ∞ for all n ≥ 1. Then we have

E(Xm+1 + · · · + Xm+p)
2 ≤ EX2

m+1 + · · ·+ EX2
m+p (6)

for all m, p ≥ 1, m + p ≤ n. Morever, we have

E( max
1≤k≤n

(
k∑

i=1

Xi)
2) ≤ ((log n/ log 3) + 2)2

n∑
i=1

EX2
i . (7)

3 Main results

By using Lemma 2.4 we obtain the following Hàjeck-Rényi type inequality for
NOD random variables:
Theorem 3.1 Let {bn, n ≥ 1} be a positive sequence of nondecreasing real
numbers. Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Then

P{ max
1≤k≤n

|
∑k

i=1 Xi

bk
| ≥ ε} ≤ 8ε−2((log n/ log 3) + 2)2

n∑
i=1

EX2
i

bi
. (8)

Proof Without loss of generality, setting b0 = 0, we have

Sk =
k∑

j=1

bj
Xj

bj

=
k∑

j=1

(
j∑

i=1

(bi − bi−1)
Xj

bj
)

=
k∑

i=1

(bi − bi−1)
∑

i≤j≤k

Xj

bj
.
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Note that (1/bk)
∑k

j=1(bj − bj−1) = 1. So

{|Sk

bk
| ≥ ε} ⊂ {max

1≤i≤k
| ∑
i≤j≤k

Xj

bj
| ≥ ε}.

Therefore,

{ max
1≤k≤n

|Sk

bk

| ≥ ε} ⊂ { max
1≤k≤n

max
1≤i≤k

| ∑
i≤j≤k

Xj

bj

| ≥ ε}

= max
1≤i≤k≤n

| ∑
j≤k

Xj

bj
− ∑

j<i

Xi

bj
| ≥ ε}

⊂ {max
1≤i≤n

|
i∑

j=1

Xj

bj
| ≥ ε

2
}.

By Lemma 2.4 we obtain the following result

P{ max
1≤k≤n

|Sk

bk
≥ ε} ≤ 8ε−2((log n/ log 3) + 2)2

n∑
i=1

EX2
i

b2
i

.

From Theorem 3.1 we can get the following more generalized Hàjeck-Rényi
inequality.
Corollary 3.2 Let {bn, n ≥ 1} be a positive sequence of nondecreasing real
numbers. Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Then, for all ε > 0 and any positive integer m < n,
we have

P{ max
m≤k≤n

|
∑k

i=1 Xi

bk
| ≥ ε}

≤ 32ε−2((log n/ log 3) + 2)2(
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

). (9)

Now we discuss the main strong law of large numbers by applying Corollary
3.2.
Theorem 3.3 Let {bn, n ≥ 1} be a positive sequence of nondecreasing real
numbers. Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Assume

∞∑
n=1

EX2
n

b2
n

< ∞. (10)

Then,
(A) For any 0 < r < 2, E supn(|Sn| / bn log n)r < ∞,
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(B) 0 < bn ↑ ∞ implies Sn/bn log n → 0 a.s., where Sn =
∑n

i=1 Xi, n ≥ 1.

Proof (A) Note that, for any 0 < r < 2

E sup
n

(
|Sn|

bn log n
)r < ∞ ⇐⇒

∫ ∞

1
P{sup

n

|Sn|
bn log n

> t
1
r }dt < ∞.

By Corollary 3.2 it follows from (10) that

∫ ∞

1
P{sup

n

|Sn|
bn log n

> t
1
r }dt

≤ 64
∫ ∞

1
t−

2
r lim

n→∞(log n)−2((log n/ log 3) + 2)2

× (
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

)dt

= 64 lim
n→∞(log n)−2((log n/ log 3) + 2)2

× (
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

)
∫ ∞

1
t−

2
r dt

< ∞.

Hence the proof (A) is complete.

(B) By Corollary 3.2 we have

P{ max
m≤k≤n

|
∑k

i=1 Xi

bk

| ≥ ε log n}

≤ 32ε−2(log n)−2((log n/ log 3) + 2)2(
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

).

But

P{sup
n

|
∑n

i=1 Xi

bn

| ≥ ε log n}

= lim
n→∞ P{ max

m≤k≤n
|
∑k

i=1 Xi

bk

| ≥ ε log n}
≤ lim

n→∞ 32ε−2(log n)−2((log n/ log 3) + 2)2

× (
n∑

j=m+1

EX2
j

b2
j

+
m∑

j=1

EX2
j

b2
m

). (11)

By the Kronecker lemma it follows from (10) that

m∑
j=1

EX2
j

b2
m

→ 0 as m → ∞. (12)
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Hence, combining (10)-(12) yields

lim
n→∞P{ sup

k<=n
|
∑k

i=1 Xi

bk
| ≥ ε log n} = 0, (13)

which completes the proof of (B) of Theorem 3.3.

Corollary 3.4 Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Assume

sup
n

EX2
n < ∞.

Then, for 0 < t < 2 and for all ε > 0, m ≥ 1

P{sup
n≥m

|
k∑

i=1

Xi|/n 1
t ≥ ε log n}

≤ 32ε−2(log n)−2((log n/ log 3) + 2)2 2

2 − t
sup

n
EX2

nm
(t−2)/t.

From Theorem 3.3 we prove the following strong law of large numbers for
NOD random variables with EXn = 0 and EX2

n < ∞ .
Corollary 3.5 Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Assume

∞∑
n=1

EX2
n < ∞.

Then, for 0 < t < 2, Sn/n
1
t log n → 0 a.s. as n → ∞ where Sn =

∑n
i=1 Xi.

Corollary 3.6 Let {Xn, n ≥ 1} be a sequence of NOD random variables with
EXn = 0 and EX2

n < ∞. Assume supn EX2
n < ∞. Then, for 0 < t < 2

(A) Sn/n
1
t log n → 0 a.s, as n → ∞

(B) E sup
n

(|Sn| / n
1
t log n)r < ∞ for any 0 < r < 2.
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