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Abstract. The distributions of the ratio of independent random variables arise in many
applied problems. These have been extensively studied by many researchers. In this paper,

the distribution of the ratio

é‘ has been derived when X and Y are Maxwell and Rice

random variables and are distributed independently of each other. The associated pdfs, cdfs,
and kth moments have been given.
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1 Introduction

The distributions of the ratio , when X and Y are independent random variables, arise in

many applied problems of biology, economics, engineering, genetics, hydrology, medicine,
number theory, order statistics, physics, psychology, etc, (see, for example, [4], [6], and [8],

among others, and references therein). The distributions of the ratio ,When X and Y are

independent random variables and come from the same family, have been extensively studied
by many researchers, (see, for example, [9], [10], [11], [12], [14], [16], and [17], among
others,). In recent years, there has been a great interest in the study of the above kind when
X and Y belong to different families, (see, for example, [13], and [15], among others). In

this paper, the distributions of the ratio , when X and Y are independent random

variables having Maxwell and Rice distributions respectively, have been investigated. The
organization of this paper is as follows. Section 2 contains the derivation of the cdf of the

ratio Z = é‘ The pdf and kth moment of the RV Z = ‘é have been derived in Sections 3

and 4 respectively. Some concluding remarks are given in Section 5.

The derivations of the cdf, pdf, and kth moment of Z =

involve some special functions,

which are defined as follows (see, for example, [1], [5], and [18], among others, for details).
The series

qu(al,az,--~,ap;ﬁ1’,52'"‘vﬂq; Z)=Z (151 ) (ﬂz)k"' (,5 ) k!

- (al)k (az)k"' (ap)k z
k=0 ’
is called a generalized hypergeometric series of order (p, q), where (), and (f), represent
Pochhammer symbols. For p=1 and q =2, we have generalized hypergeometric function
F, of order (1, 2), given by

. (al)k 2" } :
Fla; B, B, 2)= ——————.For p=2 and q=1, we have generalized
1Fales £ i) é{m)k A

hypergeometric function , F, of order (2,1), given by

2F1(a,,6’;7/; Z)E F(a,ﬂ;;/; Z)E F(,B,a;)/; z):i{%

k=0
is known as degenerate hypergeometric function or confluent hypergeometric function:

}. The following series


http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/HypergeometricFunction.html
http://mathworld.wolfram.com/HypergeometricFunction.html
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e k
F.(a; g z):Z{((aﬂ))—ka'}. The confluent hypergeometric function ,F,(c; B;2) is a
k=0 k T

degenerate form of the generalized hypergeometric function , Fl(a, b7 z) of order (2,1)
which arises as a solution the confluent hypergeometric differential equation. Note that
Fila, p;2)=¢" \F(B—a, B;—1z) which is known as Kummer Transformation. Also, we

have F(a, B;7;2)=1- z)‘ﬁF(ﬂ, y—ay; Llj The integrals I'(a) = J‘t”"le’t dt, and
z 0

X

;/(a, x): J.'[’”‘le‘t dt, « > Oare called (complete) gamma and incomplete gamma functions
0

respectively, whereas the integral I'(«, X) = '[ t“'e dt, & >0 is called the complementary
X

incomplete gamma function. For negative values, gamma function can be defined as
rfonsd]o D72 Jr
2) 1.35...(2n-1)

among others). The function defined

, where n>0 is an integer, (see, for example, [2], and [3],

1
byB(p, q)= _[tp (1—t)%dt :M, p>0,q>0, is known as beta function (or Euler’s
> I'(p+0q)

function of the first kind). The error function is defined by erf (x) = e"du , whereas

S
ot—x

the complementary error, erfc(x), is defined as erfc(x) = “du =1—erf (X). The

e

modified Bessel function of first kind, 1, (x), for a real number v, is defined by

1\ [1 ijk
1, (x)= (— xj > 4 , Where T'(.) denotes gamma function. Also, in terms of
2" ) AT +k+1)

the confluent hypergeometric function , F,, it can be expressed as

()= — (EJ e*lFl(3+v,1+2v;2x].
riv+1) \2 2

When v =0, modified Bessel function of first kind, 1,(x), of order O is obtained as follows:


http://mathworld.wolfram.com/HypergeometricFunction.html
http://mathworld.wolfram.com/ConfluentHypergeometricDifferentialEquation.html
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1 ,)
(a¥)
|0(X)=Z

k=0 k!)2 @

For Re (V+%j >0, [arg (z) <%; or Re (z)=0and v =0, we have the modified Bessel

function of second kind, K (x), of order v, given by

BT e
K)=2F et -y T,
F(v+j !
2
r 1(z) %e “ .
or, for |arg (Z)|<E’ Re(z®) >0, we have Kv(x):—( j j dt. For non-integer v ,

2 E . (t)v +1
7109 =L} 11 function, denoted by M, , () and defined by
2sin(v ) '

ZZ

we have K (X) =

M, (X) =62 x™? 1F1(%+ m—k; 1+ 2m; xj

is called Whittaker function. Also, note that M,  (z) = 2% T(u+1) Jz I#(é) :

The following Lemmas will also be needed in our derivations.

Lemma 1 (Gradshteyn and Ryzhik (2000), [5], Equation (3.381.4), Page 317).
For Re (1)>0,and Re(v)>0,

jt”‘le‘”t dt :ivr(v).
0 H

Lemma 2 (Gradshteyn and Ryzhik (2000), [5], Equation (6.455.2), Page 663).
For Re (o + 3)>0,Re (8)>0, and Re(u+v)>0,

t”’le’ﬁt}/(v,oz'[)dt=M Fl1, u+v; v+1,
5 via+ g 2t

a
a+pf
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Lemma 3 (Prudnikov et al. (1986), Volume 2, [18], Equation (2.8.5.6), Page 104).
For Re(p) >0, Re(a) > -1, [arg ()| < %

Tt“‘le‘pt2 erf (ct)dt = ¢ F[a+1j F 1 _a+1_§_—cz
. \/;p(a+l)/2 2 2'1 2’ 2 ’2’ P

Lemma 4 (Prudnikov et al. (1986), Volume 2, [18], Equations (2.10.3.2), Page 150).
For Re(a +v) >0, Re(p) >0, Re(v) >0 and Re(c)>0,

ey enan= ST g (v v ves- 2]
0 v(p) P

Lemma 5 (Gradshteyn and Ryzhik (2000), [5], Equation (6.643.2), Page 720).
For Re(,u+v+%j >0,

. 1 F(y+v+;j 52
K= —ax [ _ -1 B 2a -
.(l).X 2@ I2v<2ﬂ X)dX—wﬂ e aﬂM_#"’[;j

where |,(.) denotes modified Bessel function of the first kind, and M,  (.)denotes
Whittaker function, (see definition above).

2 Distribution of the Ratio ‘é‘

Let X and Y be Maxwell and Rice random variables respectively, distributed independently
of each other and defined as follows.

2.1 Maxwell Distribution

A continuous random variable X is said to have a Maxwell distribution if its pdf f, (x) and
cdf F, (x) = P(X <x) are, respectively, given by
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fx(y):\/%a%xzea%,bo,wo 2)

and

: 3)
=erf (\/% X] _ |2 xe_a X%
V4

where y(a, x) and erf(x) denote incomplete gamma and error functions respectively, (see
definition above).

2.2 Rice Distribution

A continuous random variable Y is said to have a Rice distribution if its pdf f, (y) is given
by

fY(Y)=ize“y2”2)’2"2lo[y—\2/j, y>0,0>0,v>0 4)
(o} o

where 1,(y) denotes the modified Bessel function of the first kind, (see definition above).
For |v|=0, the expression (4) reduces to a Rayleigh distribution. In what follows, we

consider the derivation of the distribution of the product , when X and Y are Maxwell

and Rice random variables respectively, distributed independently of each other and defined

as above. An explicit expression for the cdf of

in terms of the generalized

hypergeometric function ,F, has been derived in Theorem 2.1. In Theorem 2.2, another
explicit expression for the cdf

of ‘é‘ in terms of the generalized hypergeometric function ,F,, and Whittaker function

M has been derived.

k,m?


http://mathworld.wolfram.com/HypergeometricFunction.html
http://mathworld.wolfram.com/HypergeometricFunction.html
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Theorem 2.1
Suppose X is a Maxwell random variable with pdf f,(x) as given in (2) and cdf
F, (X) = P(X <x) given by (3) in terms of the incomplete gamma function. Also, suppose

Y is a Rice random variable with pdf f, (y)given by (4) in terms of the modified Bessel

function of the first kind 1,(y). Then the cdf of Z = ‘é can be expressed as

2 k
5
43253 7%e | & [ZZZJ F(k+2j 3 5 5 —az’
F(z)= Fl= k+=;—=;
(){ 3Vr LZ (k1) ( 2'2 J

where , F, (.) denotes the generalized hypergeometric function of order (2,1), (see definition
above).

Proof
Using the expressions (3) for cdf of Maxwell random variable X and the expression (4) for

pdf of Rice random variable Y , the cdf F(z)= Pr(é <

z] can be expressed as

F(z)=Pr(X|< z|Y|)= IFX zy) f, (y) dy
0

281//20 0 _y/2 31 - Vy
= — o -, = l,| — |d 5
{\/7[0 }J.y }/(2 2azyj0[02jy ®)

where y>0,z>0,a>0,0>0,v>0. The proof of Theorem 2.1 (i) easily follows by
substituting y* =t, using the Definition (1) of modified Bessel function of first kind, 1,(x),
of order 0, and Lemma 4 in the integral (5) above.

Theorem 2.2
Suppose X is a Maxwell random variable with pdf f, (x) as given in (2) and cdf

F, (X) = P(X <x) given by (3) in terms of the error function. Also, suppose Y is a Rice
random variable with pdf f, (y)given by (4) in terms of the modified Bessel function of the

first kind 1,(y). Then the cdf of Z = é can be expressed as
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F(Z): 2\/5(7\7;9# - kZ::) (k!)z

oy
2 (Vz] ,F (E,k+§,§,—aazzzj

2 2 2

_vz (2ac?z%+1)

A 2(n 22 4y
}Za O_Zze 4o°(a o z°4]) V2
— M,l

v(ac?z? +1) 20°(ac?z1%+])

where ,F, (.)denotes the generalized hypergeometric function of order (2,1), and
M, ., () denotes Whittaker function, (see definition above).

Proof
Using the expressions (3) for cdf of Maxwell random variable X and the expression (4) for

pdf of Rice random variable Y , the cdf F(z)= Pr(é <

z] can be expressed as

F(z)=Pr(X| < z)|) :J.FX zy) f, (y) dy
0

-vil2co 7azzy2
:lze—}jye vl 20t {erf [\/Ez yJ—JEzye 2 }Io(g}dy (6)
o 2 V4 o

where y>0,z>0,a>0,0>0,v>0. The proof of Theorem 2.2 easily follows by

substituting y* =u, using the Definition (1) of modified Bessel function of the first kind,
I,(x), of order O, and then using Lemmas 3 and 5 respectively in the integral (6) above.

Corollary 2.1
Using Lemma 2 in the integral (5) above, the cdf of Z = ‘é

in Theorem 2.1 can be easily

expressed in the equivalent form as
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4a3/2 63 239—1/2/202
F(z)=
® [ e }
2 \¥ 2.2
; (2‘/ ZJ F(k+5j ,F [1,k+5;5;aC2722]
XZ o 2 2 2 aoc"z°+1
k=0 2 2.2 ke
(k17 (a o? 2% +1) 2
Corollary 2.2

Using the definition of Whittaker function,

M, o, (X) =62 x™2 1Fl[%+m—k;1+ 2m; xj,

the cdf of Z = ‘é in Theorem 2.2 can be easily expressed in the equivalent form as

2 k
3 1, .33
RN O R s
F(z)=
@[z )5 e

a azefF 3 V2
BRE e |

2 7 20%(ac?z? +1)

where , F, denotes the generalized hypergeometric function of order (2,1), and , F, denotes
the generalized hypergeometric function of order (1,1), (see definition above).
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3 PDF of the Ratio z ‘é‘

In what follows, without loss of generality, for simplicity of computations, this section

discusses the derivation of the pdf of the ratio Z :‘é when X and Y are Rice and

Maxwell random variables distributed according to (4) and (2), respectively, and

in terms

independently of each other. An explicit expression for the pdf of the ratio Z =

of the gamma function has been derived in Theorem 3.1. The expression for the kth moment

of RV Z = ‘é in terms of beta function has been derived in Theorem 3.2.

Theorem 3.1
Suppose X and Y are Rice and Maxwell random variables having pdf given by (4) and (2),

respectively. Then the pdf of Z = ‘é can be expressed as

5
3 V27252 Fn+—v2"22"+1
2 v o o0
2
5
n+=

=0 _ _
ign-2 g2 3(n!)z(z2 +a o-Z) 2

(7)

Proof
X
The pdf of Z = ‘7

can be expressed as

o0

f,(2)=[ytzy) f,(y) dy

2 a5 V2252 K - Z;; - A4
- \/;?e 1207 ¢ jy“e 2 2 IO( Gzy)dy, (8)
0

where y>0,z>0,a>0,0>0,v>0. The proof of Theorem 3.1 easily follows by using the
Definition (1) of modified Bessel function of the first kind, 1,(x), of order O, substituting

y? =t, and then using Lemma 1 in the integral (8) above.
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Theorem 3.2
Suppose X and Y are Rice and Maxwell random variables having pdf given by (4) and (2),

respectively. Then the pdf of Z = ‘é can be expressed as

vZ 22

T Eeae) 2 2
f, (z):(3\/?a3’202 g2t ) 8 M, ( vz j

! (22 +a o?) 20°(z° +ao?)
where M, () denotes Whittaker function, (see definition above).

Proof
X
The pdf of Z = ‘7

can be expressed as

0

f, (Z):nyx(zy) fy (y) dy

282 et | Foa a2 (VZY
R = z J'y e ly — dy, ©)
0

where y>0,z>0,a>0,0>0,v>0. The proof of Theorem 3.2 easily follows by
substituting y* =t, and then using Lemma 5 in the integral (9) above.

Corollary 3.1

Using the definition M, , (x) =e™/?x™ "/ 1F1(%+ m—k; 1+2m; Xj of Whittaker function,

the pdf of Z = ‘é

in Theorem 3.2 can be easily expressed in the equivalent form as

—l/2 0'2 Z 5. . v Z
f,(2)=[ a2 ove )(22+a02)3,2 15[-1 j (10)

where | F, denotes the generalized hypergeometric function of order (1,1), (see definition
above).
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4 kth Moment of the RV z :‘é‘

Theorem 4.1
If Z is arandom variable with pdf given by (7), then its kth moment can be expressed as

areriee | F(szvzn 2n+k+2 3-k
E(z¥)=| =~ B 20 —1<k<3,
( ) \/; ; 2 n-1 O_2n -k (n |)2 ( 2 2 j <

where B(p, q), p>0, q>0, denotes Beta function (or Euler’s function of the first kind),
(see definition above).

Proof
We have

a% e7v2/20—2 o F[n + J a o 2n+1
E(Zk): T Z;)Zn 2 g2n- 3 2 .!‘Zk EdZ (11)
n- 2

z+aa)+

Substituting z°> =u, and using the equation (3.194.3 / page 285) from Gradshteyn and
Ryzhik, [5], in (11), the result of Theorem 4.1 easily follows, provided —-1<k <3. It is
evident from Theorem 4.1 that only the moments of order k =1 and k =2 exist and are
given by

QD

% 21262 " F(n+2] V2n 9 3
¢ > B( n+ ,1j,and

\/; n:02n_1 62" -1 (n!)z 2
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Using the above expressions for; and «,, one can easily determine the variance given by
B, =NarZ=a,-a,’.

Further, the first negative moment of Z (by taking k =—1 in Theorem 4.1) is given by

5 2n
1) [ et & F(szv 2n+1
E(Z7)=El = |=| —nu— B 2.
( ) (Zj ( ’a;z J nzzt‘t)zn—l O_2n+1(n!)2 ( 2 j

For a discussion on the existence of the first negative moment of a continuous random
variable and its applications, the interested readers are referred to [7, Section 6.9.1, P. 242]
and references therein.

Theorem 4.2
If Z is arandom variable with pdf given by (10), then its kth moment can be expressed as

k2 _ 2
E(Zk):(%VGkaz e_v /ZGJB(kgzalzkaFZ (k-;21gygyly i jl

202

where —2<k <1, and B(p, q), p>0, q>0, denotes Beta function (or Euler’s function of

the first kind) and , F, denotes the generalized hypergeometric function of order (2, 2), (see
definition above).

Proof
We have

E(Zk):(S amave‘vz/z"z) z zdz (12)

(22 +a O_2)3/2

5 2 52
© 1F1£2;1;2 2V2 2 j
J- ‘ c°(z°+ao?)
0

Substituting z> =u, and using the equation (2.22.2.2) / page 335) from Prudnikov et al.
(1986), Volume 3, [18], in (12), the result of Theorem 4.2 easily follows, provided
—2<k<1. It is evident that only the first negative moment of Z can be obtained from
Theorem 4.2 by taking k =—1. This is given by
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1/2 n-v?i20? 2
E(z1)= EG]: Sva e B(E,lj Bl 223
z 20 2 2'2'2'7 20

5 Concluding Remarks

This paper has derived the distribution of the ratio of two independent random variables X
and Y , where X has Maxwell and Y has Rice distribution. The pdf and kth moment of the
ratio of two variables are also given. The distribution is obtained as a function of
hypergeometric and Whittaker functions, where as the pdf has been obtained as a function of
gamma, Whittaker, and hypergeometric functions. We hope the findings of the paper will be
useful for the practitioners that have been mentioned in Section 1.
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