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Abstract

We consider the estimation of diffusion coefficient for a class of uni-
variate and a class of bi-variate diffusion processes by quadratic varia-
tion and quadratic covariation. The asymptotic behavior of the estima-
tors for fixed sampling interval, infinite sampling frequency is consid-
ered. The estimators are proved to be asymptotically normal and the

asymptotic variances are derived.
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1 Introduction

We consider the estimation of diffusion coefficient or volatility, ¢ in the equa-
tion

dXt = U(Xt)dt -+ O'th (1)
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and the correlation coefficient r in the system of the equations

dXt = Ul(Xt,}/;)dt“‘O'lth (2>
d}/t = UQ(Xt, }/;)dt + O'QdBt,

where W, and B, are standard Brownian motion with correlation coefficient .
Quadratic Variation and Quadratic Covariation are employed to estimate the
diffusion coefficients throughout the present paper. We are concerned with
the asymptotic results of the sampling schemes where the final time-point
of observation is fixed, say T, and the process is observed more and more
frequently.

The estimation problem is of interest in finance. Many univariate diffusion
processes of interest in finance are in the form

dX, = p(Xy) + og(X,)dW,, (3)

which can be transformed into equation (1) with the transformation

f) / o)
Similarly, many multivariate diffusion processes of interest in finance can be
transformed into equation (2).

Diffusion coefficients, such as volatility or correlation coefficient, are im-

portant in pricing derivatives. For example, in Black-Scholes option pricing
formula, the option price is closely related with the volatility ¢ but not with
the drift. To price an exchange option, we need o; and o9, the volatilities of
the two assets, and the correlation coefficient . The availability of high fre-
quency financial data makes it possible to estimate the parameters more and
more accurately and the asymptotic behavior should be considered in order
to assess the performance improvement of the estimator using high frequency
data.
Many previous work are concerned with the estimation of the volatility ¢ in
univariate diffusion where the drift coefficient is continuous, and even bounded.
We are going to consider the estimation not only of the diffusion coefficient o
but also of the correlation coefficient . Moreover, we allow the drift coefficient
to have finite number of discontinuities.

2 Estimators and Their Asymptotic Behaviors

In this section, we will consider the asymptotic behavior of the Quadratic
Variation Estimator (QVE) in equations (1) and (2). We denote the Quadratic
Variation Estimator of parameter 6 by 6.
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2.1 Asymptotic Normality for the Quadratic Variation

Estimator of o2

To establish the asymptotic normality of the estimator o2 in equation (1),
we consider first the estimator in the equation where the drift coefficient w is
zero. This result will be gradually extended to the case where w is an arbitrary
function with countably many discontinuities.

Theorem 1 Let X; be a scaled Brownian motion dX; = odW,. Let I' =
{0, A2A, ... ,nA =T} be a partition on [0,T]. We can estimate o with dis-
crete observation of X; using quadratic variation. We have the asymptotic nor-

- D 4
mality of the estimator 0% = =3 (Xia—X-1)a)? - ﬁ(dQ—UQ) — N(0,2%%)
as A — 0.

Proof. 1t’s a result of Central Limit Theorem.

1
Let Y, = Z(XZA — X(i—1) A)?, which is a scaled Chi-square distribution.

E(Y;) =oc% Var(y;) = A2(
By Central Limit Theorem, let T'= A - n,

ZY — —a
o
Xz 1 A) —To? D
_2<TA)02 L, N, 1).
20*

or %(52 —0%) = N(0, =)0

Since the drift does not contribute to quadratic variation, it is reasonable
to expect that we will have similar asymptotic normality as in Theorem (1) if
the drift coefficient u(x) is not too "big”. As we show in the following theorem,
if u is bounded with countably many discontinuities, then the drift does not
contribute to the asymptotic distribution and we have the same asymptotic
normality as we have in Theorem (1).

o'A?) -2 = 20" Y/s are i.i.d. random variables.

N(0,1).

Proposition 1 Let dX; = u(X;)dt +odW; have a strong solution and u(zx) be

bounded with countably many discontinuities. I' = {0 =tg < t; < ...... <ty =
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T} be a partition on [0, T]. Then ﬁ[Z(Xti — X, =2 (W,-W,_ )3

0 as|I'| — 0.

Proof. Assume that |u(x)] < M
t;
Xti - Xti—l = / U(Xt)dt + U(M/Itz - VVti—l)‘
ti—1

Z(Xti - Xtifl)Q = UQZ(WQ 2+ Z /tz 1 Xt dt)

%Z/ w(X)dt(Ws, — Wy ).

= " ux)d
— t
2, v
1
< — > (=t M?
T
1
< =010 (t — ti) M?
VI
< IDITM? — 0 as |T'| — 0.

> [ e, - wi)
— Z/ti'l[U(XtH) + (u(Xy) — u(Xy, )] dt(Wy, — Wy, )

- Z/ttz u(Xt“l)dt(W — Wi, +Z/ Xt _U(Xt 1))]dt(th - Wi,

First, consider the contribution of the first term

t;
Z~/t U(Xti—l)dt(Wti - Wti—l)'
i1

1 ti
_ u(Xy,  )dt(Wy, — Wy, )
=R

:_L St — ti) 22 (X ) (W, — Wi, )]

\/7
S Ezt _tz 1 \/t _tl 1u (th 1)(Wti_VVti—1)2]

)
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Z E[E((tl - ti—l) \V ti - ti—1u2(Xti—1)(Wti - Wti—1)2|Fti—1)]
ot~ i) B (X, )

< 0 Y (- i) E(uA(X, )
— 0.
That is,
1 ti L2
I Z/ U<Xt)dt(Wtz - Wti—l) —0
Vi o
and

1 ti P
\/ﬁ Z/ti—l U(Xt>dt(Wti - Wtifl) — 0.

Secondly, we consider the contribution from the second term

Z ~/tji1 [(U<Xt) - U<th—1))]dt(vvtz - VVti—l)'

We consider the contribution from discontinuous points and continuous point
separately. Since u has only countably many discontinuities, u(x) has only
countably many discontinuous points on [0,7]. We re-partition the interval
[0, 7] as follows. Let (s1, sa], (83, 84], ... , (82i-1, S2i].nee. contain the discontin-
uous points such that

€
S2i — S2i-1 < (22—]\/[)2
and let (vy, vol, (vs,v4], ......, (Vgj_1, vo;] cover the rest of the interval [0, 7. Let

Qilw) = sup  |u(Xe, (W) = u( Xy, (W))] < 2M;

82i—1<t<s2;

1 82;
Z—HMQJM&%M&MMMMMM@J1
< Z \/%EHW&Z - WSQi—l‘Q’i(w>(82i - 521'71)]
< Z %(Sgi - 821;1)% -2M
< 2M Z(S% - 821—1)%
€
< M2y
2¢

7/'2
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Moreover,
PR
— 2
for some constant c¢;; the sum goes to zero as € — 0. Now, consider the contri-

bution from all continuous intervals: let R(w) = sup; sup,,, | <i<,. |4(Xy, (w)) —
u( X, (W))]-

R(w) — 0 as. as [I'| — 0;
|R(w)| < 2M (u is bounded);
By Bounded Convergence theorem, E[R(w)]*> — 0 as |T'| — 0.

1

WZ JR(W) Wy, = Wi, ]
1
—E[Z v — v1) R(w)|W, W, ]
\/7
B>

v — vim1) (BIR(W)])?]

< TE([R(w)]? )2 — 0as |I'| = 0§

IN

Next, we will prove a similar asymptotic normality result for a general
drift function u(X;) with countably many discontinuities. The proof is based
on the proof of asymptotic normality when the drift is bounded.

Theorem 2 Let dX; = u(X;)dt + cdW, have a strong solution and u(z) be a

function with countably many discontinuities. T = {0 =ty < t; < ...... <ty =
T} be a partition on [0,T]. Then ﬁ[Z(Xti — X, =2 (W, -W,_ )3
0.

Proof. First, define x A M as a function of z: z A M =

M af x>M
r if —-M<z<M
M if r< —M

From the proof of Proposition 1, we have

(1) = ﬁ Z/tjilth) A Mdt(W, — Wi, ) 250 as [T — 0.
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and

Hy (') = ﬁ Z(/tjil[u(Xt) A M]dt)> -5 0 as || — 0.

In other words, for every € > 0,da > 0 such that
P(Gu(T) >0, Hy(T) >6) < §V|I'| <a,é > 0.

Moreover, since the sequence, P(Ju(X;)| > M for some 0 < ¢ < T, is a
decreasing sequence of M with a limit zero, 3 (a large enough) M such that
P(lu(Xy)| > M for some 0 <t <T) < 3

Define G(I') = Goo(I') and H(I') = Hoo(I').
P(G(T) > (5,H( ) >9) < P(Gy(T) > 6, Hy (T') > 0)+P(|u(X,)| > M for some 0 <
t<T)<5+5=

€.
In other Word GT) 5 0and HT) -5 0.0

2.2 Asymptotic Normality for the Quadratic Variation

Estimator of the correlation coefficient r

The second part of this section is to establish the asymptotic normality of the
estimator 7 in equation (2). The idea of the proof is pretty similar to that
for o2: we consider first zero-drift case and extend to the case where the drift
functions are arbitrary functions with countably many discontinuities.

Theorem 3 Let (X;,Y;) be a bivariate diffusion process such that

dXt == O'lth
d}/t = O'QdBt,

where W, and B, are standard Brownian motions with correlation r. Another

way to express the process is

dXt = OldWhg
Cﬂ/t = T’O’QdWlt + 41— 7“20'2dW2t,

where dW1; and dWs; are independent standard Brownian motions. Let I' =

{0, A2A, ... ,nA = T} be a partition on [0,T]. We can estimate r with
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discrete observation of (X;,Y;) using quadratic variations and quadratic co-

variation:
7= Z(XZ B X(i—l)A)(Y; - Y(i—1)A)
\/Z(Xm - X(ifl)A)2 Z(Yz - Y(zel)A)2

We have the asymptotic normality of the estimator:

1472
)

(7 —r) = N(0,

i

as A — 0.

Proof. It’s a result of Central Limit Theorem.
First of all, consider the denominator of 7.
We have

> (Xia = X-na)® = 0T
and

> (Yia = Yiina)® = 03T
We can express (X;n — X(i—1)a) and (Yia — Y;_1)a) as

X; —X(iq)A = 01\/ZZ11‘,
Yin —Yi—na = 02\/Z7°Zu+02\/5\/1—7"2z2i

where (Z1, Z5) is a sequence of standard bivariate normal distribution N (0, I5).

El(Xia — X—1)a)(Yia — Yi—1)a)]
= FE(oi09ArZ?)
= rAocos.
Var[(Xia = Xe-1a)(Yia = Y1)a)]
= E(o102A177 + alagAmZ1Z2)2 — (rAoy0,)?
= E[(0102A7)2 Z{] + E[(010:A)* (1 — r3)] — (rAcy0,)?
= 3(rAc109)* — (rAci02)* + (1 — 7?)(0102A)?
= 2(rAci02)* + (1 — 1%)(0102A)?
= (1 +rH)(o10,0)2
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1
Let W; = Z[(Xz — X(i—1)a)(Yia — Yii—1)a)]
E(W;) = ro103 ; Var(W;) = (1 +1%)ojo;
By Central Limit Theorem,
T
LW 3T0% b, N,
\/%\/ 1+ 7'20'10'2
1

ﬁ[Z(XiA — Xi—na)(Yia = Yiina) — 110109 L N0, (1 +12)To?02),

1 1 1_1_742 0.20.2
—Z[T Z(XiA - X(i—l)A)(Y;A - Y(z’—l)A) — ro109) L, N(0, —( T> 1 2),

1 1 D 1+ r2
—\/_[O'lo'gT > (Xin — X—1ya)Yia — Yi_na) — r] = N(0, T ).

1 1
MoreOver, T Z(XZ — X(ifl)A)Q i) O'% ) T Z(}/Z — }/(ifl)A>2 i) O'g

1 - D 1 —|—7’2
Therefore, we have — (7 —r) — N(0, ——) as A — 0.$

VA T
Next, we will show that if a bivariate diffusion has a pair of drift functions with
countably many discontinuities and constant diffusion coefficients as they are
in Theorem 3,we have the same asymptotic normality as we have in Theorem
3.

Theorem 4 Let

dX, uy (X, Yy)dt + o1dW,y

dY; = wua(Xy,Y,)dt + 02dBy,
have a strong solution and uy(z,y),us(x,y) be functions with countably many
discontinuities. Then we have the same asymptotic normality of the estimators

for the correlation r as we have in Theorem 3.

The extension of the theorem from zero drift to drift with countably many
discontinuities is the same as the extension of the asymptotic normality the-
orem for ¢ in univariate diffusion. The proof is also pretty similar. First,
we establish a proposition that the drift does not contribute to the asymptotic
normality if it is bounded with countably many discontinuities. Then we prove
the theorem for general functions with countably many discontinuities.

Proposition 2 Let
dXt = U (Xt, K)dt + O'lth
d}/;g = U2 (Xt, K)dt + O'QdBt,
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have a strong solution and ui(x,y) and us(x,y) be bounded with countably
many discontinuities, where Wy and B, are standard Brownian motions with
correlation . Let I' = {0 =ty < t; < ...... <t =T} be a partition on [0,T].

Another way to express the process is

dXt = Ul(Xt, )/t)dt + UldWIt
d)/t = UQ(Xt, )/t)dt + O'Q?“dWlt + 02V 1-— T2dW2t,

Then

1
m Z[(th - Xti71>(1/;i - }/;i—l) - 010'27°(W1ti - Wlti71)2
P

—0103V1 — r2(W1ti - Wlti71>(W2ti - WQtFl)] — 0.
Proof. Let M be the bound of u; and ug, i.e. |u;(x,y)| < M fori=1,2.

(Xti - Xti—l)(thi - Yti—l)
ti t;
— / wn (Xp, )t + o1 (Whe, — Wi I / wp (X, V)t + oor(Wis, — Wie, )

ti—1 ti—1

+O’2\/ 1-— 742(W2ti — Wgti_l)}
t; t; t;
= [ w Y [ (Yot [ (X Y Wi, — Wi, ,)

ti—1 ti—1 ti—1

t;
+U2/ uy (X, Yy)dt(By, — By, ) + or0or(Wiy, — Wiy, ,)?

ti—1

+o102V 1 =12 (Wi, — Wiy, ) (War, — Way,_ ).

ti t;
[ w6 iy /t wp(Xo, Yy)dt| < (t: — tio1)2 M
i—1 i—1
ti t;
Z(/t “l(XuYt)dt/t us(Xy, Ye)dt) < [UIY (ti —tim)M? = |D|T - M? — 0.
i—1 i—1

t;
/ wp(Xe, Y2)dt(Was, — Was,_,)

ti—1

t;
= /t [(UQ (Xtv Yt) - UQ(Xtiq ) Ytiq)) + uQ(Xtifl ) }/tifl)}dt(Wlti - Wltifl)
i—1
= (i —ti—n)ua(Xe,_y, Yoo ) (Wae, — Wy, )
t;
b (X0 ¥8) = (X Vi W, = Wae, ).
1

ED (ti — tic)ug(Xe,_,, Vi) (Wae, — Why,_)]?
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= E[Z(tl - ti—1)2u%(Xti—17Yti—l)(Wlti - Wlti—1)2]

M2t — ti)*(Way, — Wiy, 1)),

IN

(Cross terms vanish since fori < j,
El(t; —ti—1)(tj —tj—1)ua( Xy, Ye, )
ua (X, Yo, )W, — Wiy, ) (Wayy, — Wiy,
= E{E[(ti —ti)(t; — tj—1)ua(Xe,y, Ve, )
uz( Xty Ye, ) Wiy — Wiy ) (Wi, — Wiy, ) |Fe;_, 1}

= 0).

%E[Z(tz - tifl>2u§(Xt¢71: Ki—l)(Wlti - Wltifl)Q]
< ]\/|[F| B[ (ti = tica)*(ti — 1))

< M2TZS (i — i) — 0.

Next, we show that the contribution of the term
1 ti
2 [0 ¥ = (X Yo (W, = W)

is zero. The proof is pretty similar to the proof for asymptotic normality of
o2, Since uy has only countably many discontinuities, us(Xy, ;) has at most
countably many discontinuities on [0,7]. Then we re-partition the interval
into those containing discontinuous points and those don’t contain any dis-
continuity: Let (s1, $2], (83, 84], ... , (82i-1, 8i]......, contain the discontinuous
points such that

€ 2
(o)

S9;i — S2i—1 <

and let (vy, vo), (vs,v4], ......, (Vgj_1, vo;] cover the rest of the interval [0, 7. Let

Ql(w) = sup 4 |u2((X52i7 nzz)(w)) - UQ((XS%—N )/821'—1)(w))| S 2M’

Z LE[‘/:QZ [(UQ(Xtv YZ‘) - UQ(XS%—N )/821'—1))]dt(W152i - WlSQi—l)]

< Z —EHWSM - WSQi-1|Qi(w)(32i - S2i—1)]
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3
> ——(s2i — $2i-1)2 - 2M
T
< 2M) (so; — 821—1)%
€

< 2My ——
< 2M2

2¢
T L2

Moreover,

IEE
= 2
for some constant c;; the sum goes to zero as € — 0. Now, consider the contri-

bution from all continuous intervals: let R(w) = sup; sup,, . <;<,. [t2((Xy,, Yo, )(w))—

UQ((XW?N K)Fl)(w)) ’

R(w) — 0 a.s. as |[I'| — 0;
|R(w)| < 2M (us is bounded);
By Bounded Convergence theorem, E[R(w)]*> — 0 as |T'| — 0.

1
I

LE[Z 0 = ) R(@)| Wi — Wiy |

V1T
E[Y (vi — vioy) (E[R(w)]?)?]
< TE(RW)?)?2 — 0as |I| — 0

Z ( )|W1Uz Wl'Ui—l ”

IN

P

1 t
2[00 Y0 X Vi )W, = W) 0.

Similarly, we can show that

P

1 ti
2 [ (X0 Y0) — (X Yo DA (Bu, = Bu) =50,
i—1

and the proof is finished.

The last thing we will prove in this paper is a similar asymptotic normal-
ity result for general drift functions ui(Xy,Y;) and ue(X, Y;) with countably
many discontinuities. The proof is based on the proof of asymptotic normality
when the drift functions are bounded.
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Theorem 5 Let
dXt = U (Xt7 }/t)dt + Ulth
d}/t = U3 (Xt7 }/;)dt + O'QdBt,

have a strong solution and uy(z,y),us(x,y) be functions with countably many
discontinuities. Then we have the same asymptotic normality of the estimators
for the correlation r as we have in Theorem 3.

Proof. The proof is similar to that for Theorem 2. We have proved in
Proposition that it is true for bounded function. Then we can prove that the
probability that the value of the function is greater than M is very small and
we establish the proof.

3 Conclusion

We have established the asymptotic normality for the estimators of two im-
portant diffusion coefficients: volatility ¢ and correlation coefficient r. The
diffusion coefficients in the equations are constant, while the drift functions
have at most countably many discontinuities. The asymptotic normality is in-
variant for the same diffusion coefficient and any drift function with countably
many discontinuities.

References

[1] B. M. Bibby and M. Sorensen, (1995). Martingale estimation functions
for discretely observed diffusion processes, Bernoulli, 1, 017-039.

[2] F. Black and M. Scholes, (1973). The valuation of options and corporate
liabilities Journal of Political Economy, 81, 637-654.

[3] K. C. Chan, G. A. Karolyi, F. A. Longstaff and A. B. Sanders,(1992). An
empirical comparison of alternative models of short-term interest rate.
The Journal of Finance, 1, 343-357.

[4] J. Cox, J. Ingersoll, and S. Ross,(1985). A theory of term structure of
interest rates. Fconometrica, 53(2), 358-407.

[5] D. Dacunha-Castelle and D. Florens-Zmirou, (1986). Estimation of the
coefficients of a diffusion from discrete observation. Stochastics, 19, 263-
284.



776 Wei-Cheng Miao

[6] G. Dohnal, (1987). On estimating the diffusion coefficient. Journal of Ap-
plied Probability, 24, 105-114.

[7] D. Florens-Zmirou, (1989). Approximate discrete-time schemes for statis-
tics of diffusion processes. Statistics, 20, 547-557.

[8] D. Florens-Zmirou, (1993). On estimating the diffusion coefficient from
discrete observations. Journal of Applied Probability, 30, 790-804.

[9] B. M. Bibby and M. Sorensen, (1995). Martingale estimation functions
for discretely observed diffusion processes, Bernoulli, 1, 017-039.

[10] I. Karatzas, and S. Shreve, (1992). Brownian Motion and Stochastic Cal-
culus, Springer, 2nd edition.

[11] H. Sorensen, (2002). Estimation of diffusion parameters for discretely ob-
served diffusion processes, Bernoulli, 8(4), 491-508.

[12] O. Vasicek,(1977). An equilibrium characterization of the term structure.
Journal of Financial Economics, 5, 177-178.

Received: June 9, 2006



