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Abstract. We have considered one parametric generalization of the non-
symmetric relative J-divergence measure. The generalized measure is shown
belonging to the Csiszar’s f-divergence class. Further, we have derived bounds
for the generalized measure in terms of well known divergence measures.
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1. INTRODUCTION

The divergence measures are commonly used to find appropriate distance
or difference between two probability distributions. These measures have been
applied in several disciplines like probability distributions, signal processing,
pattern recognition, finance, economics etc. A convenient classification to dif-
ferentiate these measures is to categorize them as (Ferentimos and Papaiopan-
nou [10]): parametric, non-parametric and entropy-type measures of informa-
tion. Parametric measures of information measure the amount of information
about an unknown parameter 6 supplied by the data and are functions of
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0. The best known measure of this type is Fisher’s [11] measure of informa-
tion. Non-parametric measures give the amount of information supplied by
the data for discriminating in favor of a probability distribution f; against
another fo, or for measuring the distance or affinity between f; and f;. The
Kullback-Leibler [14] measure is the best known in this class. Measures of
entropy express the amount of information contained in a distribution, that
is, the amount of uncertainty associated with the outcome of an experiment.
The classical measures of this type are Shannon’s [22] and Rényi’s [21] mea-
sures. Recently new divergence measures and their relationships with the well
known divergence measures are studied in Kumar and Chhina [15], Kumar and
Hunter [16] and Kumar and Johnson [17]. In this paper, we aim to discuss
non-symmetric relative J-divergence measure and its properties. Let

pz>0)zpz:1}7 TL>2,

i=1

Pn - {P = (p17p27”'apn)

be the set of all complete finite discrete probability distributions. Through out
the paper it is understood that the probability distributions P,Q € I',,.

Following are some non-symmetric divergence measures.

e >’—Divergence (Pearson [20])

n Y n 2
W) CPQ) =3 Tl e
i=1 i im1 &

e Relative Information (Kullback and Leiber [14])
- Di
(2) K(P||Q) ZZpiln(a)
i=1 !

¢ Relative J-Divergence (Dragomir et al. [6])

g DPIIQ) =3 a)tn (2

i=1 2¢i

Corresponding to each measure, we can easily define measure which is ad-
joint of other. For example, K(Q||P) is the adjoint of K(P||Q) and vice versa.

The symmetric versions of above measures are given by

(4) U(PIIQ) = X*(PIIQ) + X*(QIIP)

and

(5) J(Pl|Q) = K(P[|Q) + K(Q[|P) = D(P||Q) + D(Q||P).
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We can also write
P P
(6) D(P||Q) = K( +QHQ) (QH +Q)

Dragomir et al. [9] studied the measure (4). We call it [28] by symmetric
chi-square divergence. The measure (5) is well known Jeffreys-Kullback-Leiber
[13], [14] J-divergence. More details on some of these divergence measures can
be seen in Taneja [24, 25, 29] and in on line book by Taneja [26]. In this
paper our aim is to work with one parametric generalization of non-symmetric
divergence measures (1)-(3).

2. GENERALIZED MEASURES OF TYPE S

Measure appearing in (2) can be generalized by introducing a real parameter.
This generalization is already known in the literature [19].

¢ Relative Information of Type s

KL(PlIQ) = [s(s — 1)) [z pia 1] s£01
M @(PIQ) = { KQIP) = X amn (%), s=0
K(PIQ) = - piln (2), s=1

=1

for all s € R.

The measure ®4(P||Q) given in (7) admits the following particular cases:

i) @4 (P|Q) = 3x*(Q||P).

(i) @0(P||Q) = K(QI|P).

(iii) 1/2(P[|Q) = 4[1 — B(P||Q)] = 4 h(P|Q).
(iv) QI>1(PHC2) (PHQ)

(v) ®2(PlIQ) = 5x*(P||Q).

Thus we observe that ®5(P||Q) = ®_1(Q||P) and ®1(P||Q) = Po(Q||P).

The measures B(P||Q) and h(P||Q) appearing in part (iii) are given by

(8) B(P||Q) = v/piti

) MPIQ) = 1= BPIQ) = 33 (VA — V&

respectively.
The measure B(P||Q) is famous as Bhattacharyya [1] coefficient and the
measure h(P||Q) is known as Hellinger [12] discrimination. For some studied
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on the measure (7) refer to Taneja [29].
¢ Relative J-Divergence of Type s

We shall propose one parametric generalization of the relative J-divergence
measure given by (3). This generalization is given by

DPIQ) = (s =)' S (i —a) (252) T s #1

1

DPIQ) = £ (- g (52), s=1

=1

(10)  G(PlIQ) =

for all s € R.

The measure (10) admit the following particular cases:

(i) Co(P[|Q) = A(P|Q).
(i) G(P[|Q) = D(P||Q).
(iii) G(PIQ) = 3x*(PlIQ).

The expression A(P||Q) appearing in part (i) is the well known triangular
discrimination and is given by

n

(11) APl =Y P e

~ pit+g

The measure relative information of type s, ®4(P||Q) contains in particular
the classical measures such as: Bhattacharyya coefficient, x?—divergence and
Hellingar discrimination, while the relative J-divergences of type s, (s(P||Q)
yield in particular the triangular discrimination and y*—divergence. Some
studies on these measures can be seen in Taneja [28], Kumar and Taneja [18].
Some inequalities among the measures (7) and (10) can be seen in [18].

3. CsiszZAR f-DIVERGENCE AND BOUNDS

In this section, we shall give definition of Csiszar f-divergence and some
results studied recently.

Given a functionf : [0,00) — R, the f—divergence measure introduced by
Csiszar [2] is given by

(12) Cy(Pl|Q) = Zqz ( )
for all P,@ € T,.

The following theorem is well known in the literature [2, 3].
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Theorem 1. If the function fis conver and normalized, i.e., f(1) = 0, then
the Csiszdr f—divergence, C¢(P||Q) is nonnegative and conver in the pair of
probability distribution (P,Q) € T'y, x ['y,.

The following theorems provide bounds on the Csiszar f-divergence.

Theorem 2. (Dragomir [4, 5], Taneja [29]) Let P,Q € T, be such that 0 <
r < % < R<oo,Vie{l,2,...,n}, forsomer and R with0 <r <1< R < c0.
Let f : Ry — R be differentiable convex and normalized i.e., f(1) = 0. Then

(13) 0< C5(PIIQ) < Eo,(PIIQ) < Ac, (, R)
o 0< Cy(PIIQ) < Bo, (. R) < Ac, 1. F),
where

(15) Fe, (PIIQ) = Z -0,
(16) Acy (. R) = 1(R=)[f'(R) ~ /()]
and

(B—1)f(r)+ (1 —r)f(R)
R—r
Theorem 3. (Dragomir et al. [7]). Let P,Q € I, be such that 0 <r < B <

R < o0, Vi € {1,2,....,n}, for somer and R with 0 <r <1 < R < oo. Let
f:]0,00) = R be a mapping which is normalized, i.e., f(1) =0 so that f" is
locally absolutely continuous on [r, R] and there exists av, 3 satisfying

(17) Bcf(T’, R) =

(18) a < f(t) <6,
for allt € (r, R)

Then

1 1
(19 C/(P1Q) - 5Ee,(PIQ)| < 35 - (@)
and
1
(20) CH(PIQ) - B, (PIQ)| < 5(8 = ) (PQ),
where Ec, (P||Q) is as given by (15) and
(21) 2, (P11 = 3 - s’ (2 ),
i=1 !

Moreover, we have [6]

) el < (r-ni-n < EE

4
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Theorem 4. (Dragomir et al. [8]). Suppose f : [r,R] — R is differentiable
and f" is of bounded variation, i.e., Xl;(f’) = fTR |f"(t)|dt < co. Let the con-
stants r, R satisfy the conditions: '

(i) 0<r<1l<R<oo;
(ii) 0<r<B<R<oo, fori=1,2,..,n

Then

23 C(PIQ) - e, (P1Q)| < VIPIQ) T
and

(24) C5(PIIQ) ~ B, (PlIQ)| < sv(PlI) (),

where V(P||Q) = 3 |pi — i is the well known variational distance.
=1

Moreover, we have [8]

20R—1)(1—7) _1
(25) VIPIIQ) € T2y < 5(R =)

Let the function f(z) considered in Theorem 4 be convex in (0,00) then
f"(x) = 0. This gives

@) V= [ rel= [ = w1
4

=(R— T)Zcf(r, R) = I

Acf(T, R)

—r
In this situation the bound (23) can be written as

4
R—r

@) |CrPlIQ) - 5B (PlIQ)| < e (nRVIPIQ)

and the bound (24) as

2
R—r

(28) CH(PIIQ) — B, (PIIQ)| < == Ac, (n RV(PI|Q).

where Ag, (r, R) is as given by (16).

Remark 1. From now onwards, it is understood that, if there are r, R, then
O<r<%§R<oo,ViE{1,2,...,n}, with0<r<1<R<oword<r<
1 < R < oo (for the applications of Theorem 4), where P = (p1,p2,....,pn) €
Iy oand Q = (q1,q2, -y qn) € Ty
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In some particular cases studied below, we shall use the notation
1

ppt+l_gp+l | p
[(Fﬂ)(bw)] , p#F 10

(29) Ly(a,b) = lnlﬁ%ﬁm,l p=-1
LT =0

for all p € R, a # b. The measure (29) is famous in the literature by p-
logarithmic power mean [23]. In particular the expression L?(a,b) is under-
stood as

pr+1_gp+1
D) P #—1,0

(30) Li(a,b) = ¢ mb=hna -y — 7
1, p=20
for all a # b.
4. RELATIVE J-DIVERGENCE OF TYPE S

In this section we shall obtain bounds applying the theorems given in section
3 for the generalized measure given by (10).

Let us consider
_ z s—1
(31) Es(x): (3_1) 1(ZL’—1) [(%1) _1i| , s#1 ’
(x—l)ln(%“), s=1
for all x > 0 then C¢(P||Q) = (s (P]|Q), where (s (P||Q) is as given by (10).

Moreover,

oy = L3 D E) T DT ()T -1 s 2
(52) @(w)—{%m(%ﬂ), | | T
and
(33 c@- () [

Thus we have &/(x) > 0 for all z > 0 and 0 < s < 4, and hence, &(z) is
convex for all x > 0 and 0 < s < 4. Also, we have (1) = 0. In view of this
we can say that the relative J-divergence of type s is nonnegative and convex
in the pair of probability distributions (P, Q) € I',, x I';, and for all 0 < s < 4.

Based on Theorem 2, we have following theorem.

Theorem 5. For all P,Q €T, 0 < s < 4, the following bounds on (s(P||Q)
hold:

(34) 0 < G(Pl|Q) < Eeypio)(PllQ) < Ag,pio) (1 R),
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and

(35) G(P1Q) < Beypiig)(r, R) < Aeypiig)(r, R),

where

s—1
GPIQ)+ 3 e () s #1

(36)  EerioPllQ) = ,
D(P||Q)+A(P||Q), s=1

1
(37) ACs(PllQ)(Tv R) = Z(R — T’)2 {(2 — 8)22_5L§:§(T +1,R+1)
+s2' L3 (r+ 1, R+ 1)}

and
(38) Bepioy(r R) =2 (R —1)(1 — ) L:Z3(r + 1, R+ 1).
In view of inequalities (35), we have the following corollary.

Corollary 1. The following bounds hold:

(39) <A(P]|Q)
<SR-1D)A—=7r)L2(r+1,R+1)
<(R=r)’L3(r+1,R+1),

(40) 0< D(P||Q)

<(R-1D)A-7r)Lir+1,R+1)
(R_T)Q 1 27 -1
< R+ 1) +Z(R—7") L7(r+1,R+1)
and
(41) 0<X*(PIQ) < (R—1)(1-1) < L(R—r)"

Proof. 1t follows in view of (35) by taking s = 0, s = 1 and s = 2 respectively.
U

Theorem 6. For all P, Q el,, 0< s <4, the following bounds hold:

(42) G(PlIQ) — ECS(PIIQ)(PHQ) 5@ (r, R)X*(P||Q)
and

(43) G(PIQ) = B (o (PNQ)] < 5@(?‘: R)X*(PIQ),
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where

(44) E¢ o) (PlIQ)

(=07 S =0 ()

R (—) !

n

X —q»ln(“;z?%) Lo, s=1

and

1—-s | s(r=1)+4  s(R—1)44
2 [(r+1)3 : (R+1)3*S} , 0<s<2

(45) dcap@)(r, R) =

1—s | s(R—=1)+4  s(r—1)+4
2 [(R+1)3 s (,,H)s_s} , 2<s<4

Proof. In order to calculate a and (3 given in condition (18), we shall make use
of third order derivative of £(x). For all x € (0, 00), we have

(46) M) =2 (x + 1) (s — 2) [sz + (6 — 5)].

;From (46), we can say that the function £/(x) is monotonically decreasing
function of z € (0,00) for 0 < s < 2 and is monotonically increasing for
2 < s < 6, and hence, for all x € [r, R], we have

—s | s(r=1)+4 s(R—1)+4
91 [(TH)H — (RH)B_S} , 0<s<2

47)  f-a=0d.(rR)=

1—s [ 8(R=1)+4 _ s(r=1)+4
2 [(R+1)3’S o (r+1)3*s} , 2<s<6

Now applying (47) over (19) and (20), we get respectively the inequalities
(42) and (43). O

We observe here that the expression (47) is valid for 0 < s < 6, but we have
taken the range 0 < s < 4 in (45) because of the convexity and nonnegativity
of the function (,(P||Q) in this range.

Theorem 7. For all P,Q) € I',,, 0 < s < 4, the following bounds hold:

(19) G(PIIQ) ~ 5 Feirio(PIIR)| < VPIQ VIE)
and
(19) GOPIIQ) ~ B o (PIIQ)| < 5V (Pl ),
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where
R R R
(50) Vien = [ ieolar = [ o= ) - 1)
=(R-r){@2-s)2"L3(r+1,R+1)
+s2 L3 (r + 1L, R+ 1)}
Proof. 1t follows from Theorem 4. O

In view of inequalities (42) and (48), we have the following corollary.

Corollary 2. The following bounds hold:
A(Pl|Q) — 2 4q; ( : Z)
(Pllo) ZZI Di t+ ¢

o) < {2 - ] i)

16(R—r)LZ3(r+ 1L, R+ 1)V(P||Q)}

(52) < (R—T)Qmin{% [(ri1)3 — (R}r 1)3} 8L r+1,R+ 1)}
and

|D(P[|Q) — A(P||Q)]
(53 < m{jl [ e }fjf’)] C(PlIQ).

(R—r)[(rﬂ)(RH)+2L—}(r+1,R+1)} V(P||Q)}
i{ r+3 R+3 ]

16 [(r+1)2 (R+1)?
2

(r+1)(R+1)

(54) < (R—r)*min {

+L:}(r+1,R+1)}.

Proof. Inequalities (51) and (53) follows from (42) and (48) respectively by
taking s = 0 and s = 1. Applying (22) and (25) over (51) and (53) we get we
get (52) and (54) respectively. O

In view of inequalities (43) and (49), we have the following corollary.
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Corollary 3. We have following bounds:

AP =3 - ()

=1

) <uin{| s - ) IO
AR-7)L5(0r+ 1L, R+ 1)V(P||Q)}
(56) < (R—T)Qmin{% [(Hlm - (Ri 1)3} 2L+ LR+ 1)}

and

o 52 S 52)
. [1] r+3 R+3 9
(57) gmm{g l(r+1)2 - (R—i—l)Q] X (PllQ),

(R —

1 1,
T) {(T+1)(R+1) +§L1(r+1,R+1)] V(P||Q)}.

(58) < @min{% [(::13)2 - (5113)2} ’

1 1

“Li(r+1,R+1);.
CrD@ETD Tzl A >}

Proof. Inequalities (55) and (57) follows from (43) and (49) respectively by

taking s = 0 and s = 1. Applying (22) and (25) over (55) and (57) we get we

get (56) and (58) respectively. O
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