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Abstract

Let A be a Banach algebra and let (aα)α∈I be a net in A. The
net ideals of (aα)α∈I , are some left (right) ideals of A which related to
(aα)α∈I (cf. Eshaghi 2001). In this paper we give some new examples of
this type of ideals and we study some properties of ideals of this form.
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Let A be a Banach algebra and let (aα)α∈I be a net in A, as in [3], the
following sets are left ideals of A:

I�(aα) := {a ∈ A ; lim
α

aaα = a },
K�(aα) := {a ∈ A ; lim

α
aaα = 0 },

C�(aα) := {a ∈ A ; (aaα) is convergent},
L�(aα) := {lim

α
aaα ; a ∈ C�(aα) },

B�(aα) := {a ∈ A ; (aaα) is bounded }.
We give some examples of ideals of this form.

bf 1.Example. Let lim
α

aα = 0, then I�(aα) = L�(aα) = {0} and C�(aα) =

B�(aα) = K�(aα) = L�(aα) = A.

bf 2.Example. Let A = �1(N) = {f |f : N → C,

∞∑
n=1

|f(n)| < ∞}. By the

following product
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f · g = f(1)g (f, g ∈ A)

and by the following norm

‖f‖1 =
∑
n∈�

f(n) (f ∈ A).

Then A is a Banach algebra. Let (aα)α∈I be a net in A. If lim
α

aα = f , then

L�(aα) = I�(aα) = Span{f},
B�(aα) = C�(aα) = A,

L�(aα) = {f · a; a ∈ A} = {f(1)a; a ∈ A} =

{ {0} f(1) = 0
A f(1) �= 0.

If (aα)α∈I be bounded and divergent, then

B�(aα) = A,
C�(aα) = {a ∈ A; a(1) = 0} = K�(aα),
L�(aα) = I�(aα) = {0}.

3.Example. Let A = C([0, 1]) and let

fn(x) = nχ[0, 1
2n

](x)+[2(n−1)(1−nx)+1]χ[ 1
2n

, 1
n

](x)+χ[ 1
n

,1](x) (x ∈ [0, 1]) .

As in [3; Example 3], if f(x) = x, then f ∈ C�(fn) \ I�(fn), if

f(x) =
1

2
χ[ 1

2
,1](x) +

∞∑
k=1

( 1

2k
χ[ 1

2k+1−1
, 1

2k ](x)

+
[
(x − 1

2k+1
)(2k+1 − 1) +

1

2k+1

]
χ[ 1

2k+1 , 1

2k+1−1
](x)

)
, (x ∈ [0, 1])

then f ∈ B�(fn)\C�(fn) and for f(x) =
√

x (x ∈ [0, 1]), we have f ∈ A\B�(fn).

Let for k ∈ N, gk : [0, 1] −→ C define by gk(x) = (2x)
k+1

k , then by Dine
theorem, {gk}k∈� is uniformly convergent to g(x) = 2x. But, we have

Mk
n = sup

x∈[0, 1
2n

]

|gk(x)| = (
1

n
)

k+1
k , (n ≥ 2 , k ∈ N)

and
lim

n→∞
nMk

n = lim
n→∞

n− 1
k = 0 (k ∈ N).

By [3; Example 3], gk ∈ I�(fn). On the other hand Mn = sup
x∈[0, 1

2n
]

|g(x)| =
1

n
,

and lim
n→∞

nMn = 1 therefore by [3; Example 3 ], g �∈ I�(fn) and I�(fn) is not
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closed.

In [3], the first author has shown that I�(aα) and K�(aα) are closed whenever
(aα)α∈I is a bounded net. Now we take a similar result for B�(aα) and C�(aα)
as follows.

4.Theorem. Let (aα)α∈I be a Bounded net in A, then the left ideals B�(aα),
and C�(aα) are closed.

proof. Let {cn}n∈� be a net in C�(aα) and cn −→ c. We show that
c ∈ C�(aα), for this we show that (caα)α∈I is a Cauchy net (see for example [2;
proposition .1.7]). For ε > 0 there exists Kε ∈ N such that

∀ n ∈ N, n ≥ Kε ⇒ ‖cn − c‖ <
ε

3M
.

We know that cKε ∈ C�(aα), then (cKεaα)α∈I is a Cauchy net, so there exists
α0 ∈ I such that

∀ α, β ∈ I, α, β ≥ α0 =⇒ ‖cKεaα − cKεaβ‖ <
ε

3
.

Let now α, β ≥ α0, then we have

‖caα − caβ‖ ≤ ‖caα − cKεaα‖ + ‖cKεaα − cKεaβ‖ + ‖cKεaβ‖
≤ ‖c − cKε‖ ‖aα‖ +

ε

3
+ ‖cKεaα − c‖ ‖aβ‖

< ε .

Now, we show that B�(aα) is closed. Let {bn}n∈�⊆ B�(aα) and bn −→ b ∈ A,
then there exists N0 ∈ N such that

∀ n ∈ N, n ≥ N0 ⇒ ‖bn − b‖ <
1

M
.

On the other hand bN0 ∈ B�(aα), then (bN0aα) is a bounded net. Let ‖bN0aα‖ <
N for every α ∈ I . We have

‖baα‖ ≤ ‖baα − bN0aα‖ + ‖bN0aα‖
≤ ‖b − bN0‖ ‖aα‖ + ‖bN0aα‖
< 1 + N .

Let (eα)α∈I be a bounded net in A, we related the net ideals related to
(eα)α∈I , to the net ideals related to the net (e2

α)α∈I .

5.Theorem. Let A be a Banach algebra and (eα)α∈I be a bounded net in
A, then the following assertions hold:
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(1) I�(eα) ⊆ I�(e
2
α) ,

(2) K�(eα) ⊆ K�(e
2
α) ,

(3) B�(eα) ⊆ B�(e
2
α) ,

(4) Let L�(eα) ⊆ C�(eα), then C�(eα) ⊆ C�(e
2
α).

proof. To prove (1), let a ∈ I�(eα). Then for every α in I , we have

‖ae2
α − a‖ ≤ ‖ae2

α − aeα‖ + ‖aeα − a‖
≤ ‖aeα − a‖ ‖eα‖ + ‖aeα − a‖ .

Since (eα)α∈I is bounded, then trivially K�(eα) ⊆ K�(e
2
α) and B�(eα) ⊆ B�(e

2
α).

For (4), let L�(eα) ⊆ C�(eα) and a ∈ C�(eα), then there exists b ∈ L�(eα) such
that lim

α
aeα = b. Since b ∈ L�(eα) ⊆ C�(eα), then

lim
α

ae2
α = lim

α

(
lim

α
aeα

)
eα = lim

α
beα ∈ A ,

therefore a ∈ C�(e
2
α).

6.Corollary. Let A be a nilpotent Banach algebra and (eα)α∈I be a net in
A. Then I�(eα) = 0.

proof. By [1; Theorem 46.3], A is nil algebra, therefore there exists n ∈ N

such that for every α ∈ I , en
α = 0, then by above theorem, we have

I�(eα) ⊆ I�(e
2
α) ⊆ I�(e

4
α) ⊆ · · · ⊆ I�(e

2n

α ) = I�(0) = 0 .

The following results are propositions 5.12, 5.3 and 5.9 of [1], respectively.

7.Proposition. let B be a closed subalgebra of A and let b ∈ B. Then
Sp(A, b) ⊆ Sp(B, b) ∪ {0} and ∂Sp(B, b) ⊆ ∂Sp(A, b).

8.Proposition. Let a, b ∈ A, then Sp(ab) \ {0} = Sp(ba) \ {0}.

9.Proposition. Let J be a two-sided ideal of an algebra A and ā denote the
J -coset of element a ∈ A. Then Sp(A/J, ā) ⊆ Sp(A, a).

By applying above propositions we have the following lemma.

10.Lemma. Let A be a Banach algebra and (eα)α∈I be a bounded net in A
such that C�(eα) = I�(eα). For a ∈ A, let

S(eα)(a) :=
(
C − {λ ∈ C; a ∈ L�(λeα − a)}

)
∪ {0} ,

then for every a in I�(eα), we have
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SP (A, a) ⊆ S(eα)(a) ,
∂(S(eα)(a)) ⊆ ∂(SP (A, a)) .

proof. We know that I�(eα) is closed subalgebra of A, let B be the uniti-
zation of I�(eα), then for λ ∈ C, we have

λ �∈ SP (I�(eα), a) ⇐⇒ λ �∈ SP (B, (a, 0))

⇐⇒ (−a, λ) ∈ Inv(B)

⇐⇒ ∃b ∈ I�(eα); (b, 1)(−a, λ) = (0, 1)

⇐⇒ ∃b ∈ I�(eα); − ba + λb = a

⇐⇒ ∃b ∈ I�(eα); lim
α

b(λeα − a) = a

⇐⇒ a ∈ L�(λeα − a)

then S(eα)(a) = SP (I�(eα), a)∪{0}, by proposition 7 above, we have ∂(S(eα)(a)) ⊆
∂(SP (A, a)) and SP (A, a) ⊆ S(eα)(a).

By propositions 8 and 9, we have the following corollary.

11.Corollary. Let A be a non-unital Banach algebra with bounded approxi-
mate identity (eα)α∈I . Then for every a in A we have:

(i) SP (A, a) =
(

C − {λ ∈ C; a ∈ L�(λeα − a)}
)
∪ {0} ,

(ii) For a, b ∈ A and λ ∈ C, ab ∈ L�(λeα − ab) if and only if
ba ∈ L�(λeα − ba) ,
(iii) Let J be a closed two-sided ideal in A and let a ∈ A and
λ ∈ C, then ā ∈ L�(λēα − ā) if and only if a ∈ L�(λeα − a) .
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