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Abstract

Let A be a Banach algebra and let (aq)aer be a net in A. The
net ideals of (aq)acr, are some left (right) ideals of A which related to
(aa)acr (cf. Eshaghi 2001). In this paper we give some new examples of
this type of ideals and we study some properties of ideals of this form.
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Let A be a Banach algebra and let (aq)aer be a net in A, as in [3], the
following sets are left ideals of A:
Iy(ay) ={ac A; limaa,=ua},
Ki(ay) :={a € A; limaa, =0},

Colay) :=={a € A; (aa,) is convergent},
Ly

(aa) :
(aq) = {li;naaa ;oa € Colaq) },
By(aq) :={a € A ;(aa,) is bounded }.

We give some examples of ideals of this form.

bf 1.Example. Let lima, = 0, then I;(a,) = Li(a,) = {0} and Cy(a,) =

o

Bg(aa) = Kg(aa) = Lg(aa) = A

bf 2.Example. Let A = ('(N) = {f|f : N = C, Y |f(n)| < oo}. By the
n=1

following product
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f-9=1f()g (f.g€A)
and by the following norm
£l =" f(n) (f € A).
neN

Then A is a Banach algebra. Let (aq)acr be a net in A. If lima, = f, then
Li(aa) = I(aa) = Span{f},
Bf(aa> = Cf(aa> = A7
Lita) = {0 a€ 4y = {fa ac = { G 2]

If (ao)acr be bounded and divergent, then

Bg(aa) = A,
Colay) ={a € A; a(l) =0} = Ky(aa),
Lg(aa) = Ig(aa) = {0}

3.Example. Let A = C([0,1]) and let
Ful®) = X0 1) @)+ RO -1 (1=n2)+ oy (@) +xp @) (@€ 01).

As in [3; Example 3], if f(x) =z, then f € Co(f) \ Le(fn), if

f(l') = _X[1 1] Z < kX[Qk-H 17 gk]( )
1 k+1 1
+ [($ — W)(Q —1)+ ok+1 X[ﬁvﬁ](@) ) (x €0,1])

then f € Bﬁ(fn)\cﬁ(fn> and for f( ) = \/_ ( [07 ]) we have f € A\Bﬁ(fn>
Let for k € N, g : [0,1] — C define by gy(z) = (22)", then by Dine
theorem, {gk}keN is uniformly convergent to g(x) = 2x. But, we have

1, k1

My = sup |gi(z)] = ()" , (n>2, keN)
xE[O,% n
and )
lim nM* = lim n™% =0 (k € N).
1
By [3; Example 3], gr € Is(f,). On the other hand M, = sup |g(z)| = —,
n

xE[O,%

and lim nM, = 1 therefore by [3; Example 3 |, g & Ii(fn) and I,(fn) is not

n—oo
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closed.

In [3], the first author has shown that I,(a,) and K,(a,) are closed whenever
(@a)acr is a bounded net. Now we take a similar result for By(a,) and Cy(a,)
as follows.

4. Theorem. Let (a,)acr be a Bounded net in A, then the left ideals By(a,),
and Cy(a,) are closed.

proof. Let {c,}nen be a net in Cy(a,) and ¢, — c¢. We show that
¢ € Cy(ay), for this we show that (caq)acr is a Cauchy net (see for example [2;
proposition .1.7]). For ¢ > 0 there exists K. € N such that

€
A N > K, n — —,
neN, n> = |lc CH<3M

We know that cx. € Cy(a,), then (cx.aq)aer is a Cauchy net, so there exists
ag € I such that

€
Va,fel, o f>a) = ]\CKEaa—cKEag]\<§.

Let now «, 8 > ag, then we have

leaa = cagl < llcan = cx.aall + llex.aa = cx.ap]| + [lex. ag|
€

< lle— el llaall + 3

g .

+ llex.aa —cf| flagl|

A

Now, we show that By(a,) is closed. Let {b,}nen € Be(a,) and b, — b € A,
then there exists Ny € N such that

1
VneN, n>N, = an—b\|<M.

On the other hand by, € By(a,), then (by,a4) is a bounded net. Let ||by,aq| <
N for every a € I. We have

lbaall < [baa = bnyaall + 1on; aall
< b= ool llaall + llowo aal
<

1+ N.

Let (eq)acr be a bounded net in A, we related the net ideals related to
(€a)acr, to the net ideals related to the net (€2)aer.

5.Theorem. Let A be a Banach algebra and (e,)acr be a bounded net in
A, then the following assertions hold:
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Ii(ea) C Li(ed) ,

o

Ki(ea) € Ki(ed)

o

(1)
(2)
(3) Bilea) C Balel) .
(4)

o

Let Li(es) C Cileq), then Cyles) C Cy(e?).
proof. To prove (1), let a € Iy(e,). Then for every a in I, we have

laeg, — al laeg, — aeall + [laca — all

<
< llaca = all |leall + [laca = all -

Since (€4 )aer is bounded, then trivially Ky(eq) C Ky(e?) and By(e,) C By(€?).
For (4), let Li(eq) C Co(eq) and a € Cy(e,), then there exists b € Ly(e,) such
that limae, = b. Since b € Ly(e,) C Cy(e,), then

lim ae? = lim <lim aea) eq = limbe, € A,
(e} (e} (e} (e}

therefore a € Cy(€?).

6.Corollary. Let A be a nilpotent Banach algebra and (e,)aer be a net in
A. Then I;(e,) = 0.

proof. By [1; Theorem 46.3], A is nil algebra, therefore there exists n € N
such that for every a € I, el =0, then by above theorem, we have

Iifea) C Ii(eq) C Ie(eq) © -+ C Luley) = L(0) = 0 .
The following results are propositions 5.12, 5.3 and 5.9 of [1], respectively.

7.Proposition. let B be a closed subalgebra of A and let b € B. Then
Sp(A,b) € Sp(B,b) U {0} and dSp(B,b) C dSp(A,b).

8.Proposition. Let a,b € A, then Sp(ab) \ {0} = Sp(ba) \ {0}.
9.Proposition. Let J be a two-sided ideal of an algebra A and a denote the
J-coset of element a € A. Then Sp(A/J,a) C Sp(A,a).

By applying above propositions we have the following lemma.

10.Lemma. Let A be a Banach algebra and (e,)acr be a bounded net in .4
such that Cy(ey) = Ii(e,). For a € A, let

Siey(a) == (c —[AEC; a€ Liheq— a)}) U {0},

then for every a in Iy(e,), we have
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SP(A,a) C S (a) ,
I(S(ea)(@)) € O(SP(A,a)) .

proof. We know that Iy(e,) is closed subalgebra of A, let B be the uniti-
zation of I;(e,), then for A € C, we have

A& SP(Ii(eq),a) A& SP(B,(a,0))

(—a,\) € Inv(B)

3b € Iy(eq); (b,1)(—a, ) =(0,1)
b € Iy(en); —ba+Ab=a

b € Ii(eq); li;n b(Aew —a) =a

a € Li(Aey —a)

rrerty

then Si.,)(a) = SP(Ii(eq), a)U{0}, by proposition 7 above, we have 9(S,)(a)) C
I(SP(A,a)) and SP(A, a) C S (a).

By propositions 8 and 9, we have the following corollary.

11.Corollary. Let A be a non-unital Banach algebra with bounded approxi-
mate identity (eq)aer. Then for every a in A we have:

() SP(4,0) = (C~{A€C; ae Liiea—a)}) U{0},

(ii) For a,b € A and A € C, ab € Ly(A\e, — ab) if and only if
ba € Ly(Aey — ba)

(ili) Let J be a closed two-sided ideal in A and let @ € A and
A € C, then a € Ly(ANé, — a) if and only if a € Ly(Ae, — a) .
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