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Abstract

In this note the solutions of some integrodifferential equations with
fractional orders in a Banach space are considered.Conditions are given
which ensure the existence of a resolvent operator for an integrodiffer-

ential equation in a Banach space.
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1.Introduction

In this note we shall be concerned with the fractional integrodifferential equa-
tion of the form

d*x(t)
dt

~ Aw(t) = /Ot Bt — s)a(s)ds + f(£), ¢>0 (1.1)

with the initial condition

z(0) = x9 € X. (1.2)

where X is a Banach space , 0 < a < 1, A is a linear closed operator defined

on a dense set D(A)in X into X, [B(t) : 0 < ¢ < T3] is a family of linear closed
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operator defined on a dense set in X into X with domain at least D(A) while
the function f : R — X is absolutely continuous.

Without loss of generality we can assume that xo = 0. It is assumed also that
A generates an analytic semigroup Q(t).This condition implies ||Q(t)||< K
for t > 0 and ||AQ(t)||< K/t for t > 0, where|| . || is the norm in X and
K is a positive constant[1-6].It is also assumed that xy € D(A) and B(t)x
is strongly continuously differentiable on [0,T] for x € D(A). It is further
assumed that [T'(t)],., defined by T(t)f(s)= f(t+s) is a Cp semigroup on X
with generator D; on domain D(D;,) where W is a subspace of the set of
bounded uniformly continuous functions on R* into X. Let us suppose that
B(t),B(t) : Y — D(D,) where Y is the Banach space formed from D(A),the
domain of A, endowed with the graph norm ||y|ly=||Ay||+|/y||.As A and B(t)
are closed operators it follows that A and B(t) are in the set of bounded
operators from Y to X B(Y,X) for 0 < ¢ < T assume further that B(t) is con-
tinuous on 0 < ¢t < T into B(Y,X).It is also supposed that D,B(t),D B (t) is
continuous on [0,00) into B(Y,X)[7].The theory of fractional calculus is essen-
tially based on the integral convolution between f*and the following generalized
function ,introduced by Gelfand and Shilov, ¢, (t)=t} / I'()), where X is a com-
plex number,t} =t*0(t),0(t) being the Heaviside step function,and T'(\) is the
gamma function.

Following Gelfand and Shilov we can define the integral of order aw > 0 by

1 t
T f£* — _ a—1 p* ) 1.
£ = gy (6= 0 £ @0 (13)
If 0 < a <1, we can define the derivative of order o by
ey 1 d g )
= — 14
dte I'l—a) dt/o (t — e)ade’ (1.4)

(see [8-10]).If n — 1 < @ < m,then it easy to see that

d* f(t) 1 too)
b

= t— Q)a+1—n

(k)
die Tn—a do + kz:% FE0T) g asa(t), (1.5)
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where

dofe(e)  dnt o Lam ot £

— " () = ———— / de L.
dt> dt™ () I'(n—a)dt” Jo (t—@)eti-—n "7 (1.6)

(comp[11-13])

We shall first consider the fractional evolution equation of the form

i(do‘x(t)
dt" dt>

— Ax(t)) = Biz(t) + /Ot By(t — s)x(s)ds + f(t) (1.7).

with the initial conditions

dx(0)
dt

= 0. (1.8)

then we obtain the solution of the problem (1.1),(1.2).Finally an application

is considered

2.Existence of solutions

Theorem 2.1

Assume that By and Bs(t) are closed linear operators defined on dense sets in
X into X with domains at least D(A),and By(t)z is strongly continuous in t
on [0,T] for z € D(A).It is also assumed that the domain of By(t) does not
depend on t.If By, By(t) : Y — D(Dy) and f; : Rt — X is continuous,then
the problem (1.7),(1.8) has a unique solution

sy =a [ [ [ 06O 0 QU= 00RO — ) (0)dbdudy. (2.)

Proof:

First we assume that

— Ax(t) = U(1). (2.2)
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Hence formally, from [14]:

J=a [ [Toco)— Qe —roueasdy, (23

where (,(0) is a probability density function defined on (0,00) .From (1.7),
(1 8) (2.2) and (2.3) we get

// 0Ca(0)(t —n)* "' B1Q((t — n)*0)U (1)dbdn
e // 0Ca(0) Ba(t — 6)(¢ — n)* ' Q((¢ — m)*O)U (n)dbdnd
T A, (2.4)
U(0) = 0. (2.5)

We rewrite equation (2.4) as

%it) — /th,t— dn+/tB4(t—n)U(n)dn+f1(t)
= /B5 (t —n)U(n)dn + fi(t), (2.6)
where

Bs(t —n) = a [g7 06.(0)(t —n)* " B1Q((t — 1)*0)d,
Byt —n) = a [ J§° 0Ca(0)Ba(t — ¢) (¢ — 1) 'Q((¢ — n)*0)dOdop,

Bs(t=n) = Bs(t—=n)+Ba(t—n). (2.7)
Equation(2.6)has a unique resolvent operator R(t) which satisfies
OR( t —
/Bt—r r—mn)dr. (2.8)
Then equations (2.5),(2.6) has a unique solution
¢

utt) = [ Bt =n)fndn. (2.9
By differentiating (2.9) and using (2.8).Hence by Fubini’s theorem we obtain
(2.4).
Then

)=a / | [ 060)(t =) 1QU(t = )0)Rin — v)f (v)dbdva,
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Theorem 2.2

The problem (1.1),(1.2) has a unique solution

“U / / / 0 (0)(t=n)* "' Q((t=n)*0) Ri(n—v) f (v)dbdvdn. (2.10)

Proof:

Let v(t) = [y x(0)do

We can rewrite equation (1.1),(1.2) as

SO ) = /(fB(t—s)d ds + (1)
— +/Bt—s s)ds + f(t), (2.11)
dt )y (2.12)
By using the previous theorem ,we get
Y=o [ [ [ 0cu0)t =0 QU — 00 Raln — o) (0)dbdedy, (2.13)
where
%t_") — 04/777:/0000(@(0)3(0)@—7“)“1@((t—r)°‘0)d9dr

+

s oaf [0 [T 0®B (- )0 - QU6 ~ ro)dsdods

Hence the required result .

3.Application

As an application we consider the following equation:

3au(:j,t)_ Z aq(z) Dz, t) / Z by(z,t—s)D(z, s)ds+f(z,t),t > o
ot lg|< 2m lg|< &

(3.1)
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with the initial condition

u(z,0) = up(x). (3.2)

where z = (z1,....,2,) € S ,S is a bounded domain in the n- dimensional
Euclidean space R™ with smooth boundary 95 let L?(.S) be the set of all square
integrable functions on S.Denote by C™(S) the set of all continuous functions
defined on S,which have continuous partial derivatives of order less than or
equal to m,and by C{"(S) we denote the set of all functions f € C™(S) with
compact support. Let H™(S) be the completion of the space C™(S) with

respect to the norm || f||.,

flln =[5 [ [D%F (@) 2de] .

lg|l<m

By H{*(S) we denote the completion of the space C{*(S) with respect to the
norm || f||,,- Let A and B be the differential operators defined by

A=Y a,z)D', B= > bz, t)D.

lg|<2m lg|<k

It is assumed that:

(1) The domain of definition D(A) of A is defined by D(A) = H*™(S) N H".
(2) (=)™ X g mam ag(2)€7 > S[E™, for all z € S U IS and for all £ =
(&1, 6n) # (0, .....0),where 0 is a positive constant independent of z and
£ (EP =& 4. +&, =60

(3) The coefficients a, are continuous on S .for all |¢| < 2m and the coefficients
on S x [0, T],for all |q| < k,where T" > 0.

(4) f is continuous on S x [0, 7.

Under these conditions the differential operator A generates an analytic semi-

group Q(t),where:
Qtyuo = [ Glo =& uol)de,

Rn
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where d¢ = d§;.....d¢, and G is the fundamental solution of the Cauchy prob-

lem:
Ou(w,t) ‘
at - Z (lq(l')D U(C(],t),

lg|<2m

u(z,0) = up(x)

Now as an application of theorem 2.2, we can prove that the Cauchy problem
(3.1),(3.2) has a unique solution.
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