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Abstract
We consider the existence of positive solutions for the reaction-

diffusion system ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu = λvα, x ∈ Ω,
−Δv = λwβ , x ∈ Ω,
−Δw = λuγ , x ∈ Ω,
u = v = w = 0, x ∈ ∂Ω,

where λ is a positive parameter, Δ is the Laplacian operator, α, β, γ >
0, and Ω is a bounded domain in RN (N > 1) with smooth boundary ∂Ω.
We prove the existence of positive solution for each λ > 0. We establish
our results by using the method of sub-super solutions.
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1 Introduction

In this paper we consider the existence of positive solutions for the quasi-
linear reaction-diffusion system of the form

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−Δu = λvα, x ∈ Ω
−Δv = λwβ, x ∈ Ω
−Δw = λuγ, x ∈ Ω
u = v = w = 0, x ∈ ∂Ω,

(1)
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where λ is a positive parameter, Δ is the Laplacian operator, α, β, γ > 0, and
Ω is a bounded domain in RN(N > 1) with smooth boundary ∂Ω.

In recent years, many authors have investigated the following initial bound-
ary value problem of a class of quasilinear reaction-diffusion system

⎧⎪⎨
⎪⎩
ut = Δu+ vα,
vt = Δv + wβ,
wt = Δw + uγ, (x, t) ∈ Ω × (0, T ),

(2)

where Ω is as above. Yang and Lu [7] studied the nonexistence of positive
solutions to the system (2).

Systems of the form (1) arise in several context in biology and engineer-
ing ( see [5]). It provides a simple model to describe, for instance, the interac-
tion of three diffusing biological species. u, v and w represent the densities of
three species. See [6] for details on the physical models involving more general
reaction-diffusion system.

In this short paper, we shall prove that if α, β < 1 and γ < 1, (1) admits a
positive solution for each λ > 0. Our approach is based on the method of sub-
and supersolutions, see [3]. We refer to [1, 2, 4] for additional results on elliptic
systems.

2 Existence results

To prove our existence results we use the method of sub-super solutions.
To do so, we now define sub and super solutions of (1).

Definition 2.1. A pair of nonnegative functions (ψ1, ψ2, ψ3), (z1, z2, z3) in
C2

0 (Ω̄) × C2
0 (Ω̄) × C2

0(Ω̄) are called a subsolution and supersolution of (1) if
they satisfy ψi(x) ≤ zi(x) in Ω for i = 1, 2, 3, and

−Δψ1 ≤ λψα
2 , −Δψ2 ≤ λψβ

3 , −Δψ3 ≤ λψγ
1 , x ∈ Ω,

and

−Δz1 ≥ λ zα
2 , −Δz2 ≥ λ zβ

3 , −Δz3 ≥ λ zγ
1 , x ∈ Ω.

We shall obtain the existence of positive solution to system (1) by con-
structing a positive subsolution (ψ1, ψ2, ψ3) and supersolution (z1, z2, z3).

Our main result is formulate in the following theorem.
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Theorem 2.2. Let α, β, γ > 0, α, β < 1 and γ < 1. Then system (1) has a
positive solution for each λ > 0.

Proof. Let λ1 be the first eigenvalue of −Δ with Dirichlet boundary conditions
and φ1 denote the corresponding eigenfunction, satisfying φ1(x) > 0 in Ω,
|∇φ1| > 0 on ∂Ω and ||φ1||∞ = 1. We shall verify that (ψ1, ψ2, ψ3) = (ψ, ψ, ψ),
where ψ = k

2
φ2

1, is a subsolution of (1), where k > 0 is small and specified
later. A calculation shows that

−Δψ = −k
2

Δφ2
1

= −k (|∇φ1|2 + φ1 Δφ1)

= k (λ1φ
2
1 − |∇φ1|2).

Since φ1 = 0 and |∇φ1| > 0 on ∂Ω, there is δ > 0 such that

λ1φ
2
1 − |∇φ1|2 ≤ 0, x ∈ Ω̄δ,

with Ω̄δ = {x ∈ Ω | d(x, ∂Ω) ≤ δ}. Which implies that

k (λ1φ
2
1 − |∇φ1|2) ≤ 0 ≤ λψα, x ∈ Ω̄δ,

Next, we note that φ1(x) ≥ η > 0 in Ω0 = Ω \ Ω̄δ for some η > 0. Since
α < 1 and, then there is k0 > 0 such that if k ∈ (0, k0) we have

k1−α λ1 φ
2
1 ≤ λ (

1

2
)α η2α ≤ λ (

1

2
)α φ2α

1 , x ∈ Ω0,

k1−β λ1 φ
2
1 ≤ λ (

1

2
)β η2β ≤ λ (

1

2
)β φ2β

1 , x ∈ Ω0,

and

k1−γ λ1 φ
2
1 ≤ λ (

1

2
)γ η2γ ≤ λ (

1

2
)γ φ2γ

1 , x ∈ Ω0.

Hence

−Δψ = k (λ1φ
2
1 − |∇φ1|2)

≤ λψα, x ∈ Ω0.
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Thus

−Δψ ≤ λψα, x ∈ Ω.

Similarly, we have

−Δψ ≤ λψβ, x ∈ Ω,

and

−Δψ ≤ λψγ, x ∈ Ω.

i.e. (ψ, ψ, ψ) is a subsolution of (1).
Next, let ζ(x) be the positive solutions, of the problem

{ −Δ ζ = 1, x ∈ Ω,
ζ = 0, x ∈ ∂Ω.

Let

(z1, z2, z3) = (C1 ζ, C2 ζ, C3 ζ),

where C1, C2, C3 > 0 are large numbers to be chosen later. We shall verify
that (z1, z2, z3) is a supersolution of (1). A calculation shows that

−Δz1 = C1.

Similarly we have

−Δz2 = C2, −Δz3 = C3.

Let l = ||ζ ||∞, it is easy to prove that there exist positive large constants
C1, C2, C3 such that

C1 ≥ λ(C2 l)
α, C2 ≥ λ(C3 l)

β, C3 ≥ λ(C1 l)
γ.

Then we have
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C1 = λ(C2 l)
α

≥ λ(C2ζ)
α

≥ λ(z2)
α,

similarly we have

C2 ≥ λzβ
3 , C3 ≥ λzγ

1 ,

and therefore

−Δz1 ≥ λzα
2 , −Δz2 ≥ λzβ

3 ,

and

−Δz3 ≥ λzγ
1 ,

i.e. (z1, z2, z3) is a supersolution of (1) with zi ≥ ψi in Ω for large C1, C2, C3,
i = 1, 2, 3. Thus, by the comparison principle, there exists a solution (u, v, w)
of (1) with ψ1 ≤ u ≤ z1, ψ2 ≤ v ≤ z2, ψ3 ≤ v ≤ z3. This completes the
proof of Theorem 2.2.
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