
Int. J. Contemp. Math. Sci., Vol. 1, 2006, no. 2, 85 - 89

On The β-Spherical Riesz Potential

Generated By The β−Distance

M. Zeki SARIKAYA and Hüseyin YILDIRIM
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Abstract
In this paper, we studied the boundedness of the β−spherical Riesz

potential generated by the β−distance from L∞(Sn−1
β ) into Hλ(Sn−1

β ).
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1 Introduction

It is well known that classical Riesz Potentials Iαϕ = ϕ∗|x|α−n are bounded op-
erators from Lp (Rn) to Lq (Rn) for 1

q
= 1

p
− α

n
, 0 < α < n,

1 ≤ p < q < ∞ [1]. S.G. Samko and B.G. Vakulov have compared different
approaches to function spaces of fractional smoothness on the unite sphere,
constructed on the base of the space C(Sn−1), n ≥ 2, the spaces Cλ(Sn−1) and
the Hölder type spaces Hλ(Sn−1), λ > 0 were considered[2]. In this article
we have defined the β−spherical Riesz potential generated by the β−distance
and studied boundedness of this potential from L∞(Sn−1

β ) into Hλ(Sn−1
β ).

Suppose that Sn−1
β is the unite β−sphere of Rn (n ≥ 2) equipped with

normalized Lebesque measure dσ = dσ(.).
The β−distance between x = (x1, ..., xn) and y = (y1, ..., yn) points is

defined by the following formula given in [3];

|x − y|β := (|x1 − y1|
1

β1 + |x2 − y2|
1

β2 + ... + |xn − yn|
1

βn )
|β|
n .

where β = (β1, β2, ..., βn), βk > 0, k = 1, 2, ..., n, |β| = β1 + β2 + ... + βn.
Note that this distance has the following equality for any positive t,(∣∣tβ1x1

∣∣ 1
β1 + ... +

∣∣tβnxn

∣∣ 1
βn

) |β|
n

= t
|β|
n |x|β , t > 0.
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This equality give us that non-isotropic β−distance is the order of a homoge-
neous function |β|

n
. So the non-isotropic β-distance has the following properties:

1 |x|β = 0 ⇔ x = θ

2.
∣∣tβx

∣∣
β

= |t| |β|
n |x|β

3. |x + y|β ≤ 2
(1+ 1

βmin
) |β|

n

(|x|β + |y|β).
Here we consider β−spherical coordinates by the following formulas :

x1 = (ρ cos θ1)
2β1 , ..., xn = (ρ sin θ1sinθ2... sin θn−1)

2βn.

For this we have |x|β = ρ
2|β|

n . It can be seen that the Jacobian Jβ(ρ, θ) of this
transformation is Jβ(ρ, θ) = ρ2|β|−1Ωβ(θ), where Ωβ(θ) is the bounded function
which only depend on angles θ1, θ2, ..., θn−1. It is clear that if β1 = β2 = ... =
βn = 1

2
, then the β-distance is the Euclidean distance.

We will define the β−spherical Riesz potential genrated by the β−distance
as follow

Iλ
βf(x) =

∫
Sn−1

β

|x − σ|λ−n+1
β f(σ)dσ, 0 < λ < 1

where x ∈ Sn−1
β . For a positive r and any x ∈ Rn we define the open β−ball

Bβ(x, r) with radius r and a center x as

Bβ(x, r) = {σ : |x − σ|β < r }.

Definition. Let 0 < λ < 1. The space Hλ = Hλ([a, b]) is defined as the
space of continuous functions on [a, b], such that

|f(x + h) − f(x)| ≤ M |h|λ

for all x, x + h ∈ [a, b].
Lemma 1. Let 0 < λ < 1. Then,∣∣∣|x − σ|λ−n

β − |σ − z|λ−n
β

∣∣∣ ≤ Mr |x − σ|λ−n−1
β

where σ ∈ Rn − Bβ(x, 2r) and M is a constant independing on x and σ.
Proof. Let r = |x − z|β , |x − σ|β = a, |σ − z|β = b and a �= 0, b �= 0 Then

we have 0 < a − r < b < a + r. Now we consider f(t) = 1
tτ

where t ∈ [a, b]
[or t ∈ [b, a]] , n−λ = τ > 0. Then function f(t) has continuous and continuity
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derivatives in [a, b] [or [b, a]] . Therefore, there is the following equality from
Lagrange Theorem

|f(b) − f(a)| =
∣∣∣f ′

(ξ)
∣∣∣ |b − a| ξ ∈ [a, b] [or ξ ∈ [b, a]] .

In this case |b − a| < r we have the following inequality∣∣∣∣ 1

bτ
− 1

aτ

∣∣∣∣ =

∣∣∣∣−τ
1

ξτ+1

∣∣∣∣ |b − a| ≤ τ

∣∣∣∣ 1

ξτ+1

∣∣∣∣ r.
If a < ξ < b, then we have∣∣∣∣ 1

bτ
− 1

aτ

∣∣∣∣ ≤ τ
1

aτ+1
r ≤ Mr |x − y|λ−n−1

β .

If b < ξ < a, ξ ∈ (a − r, a), ξ = a − θr, 0 < θ < 1, then we have∣∣∣∣ 1

bτ
− 1

aτ

∣∣∣∣ = τ
1

(a − θr)τ+1
r ≤ Mr |x − y|λ−n−1

β .

The proof is completed.
Lemma 2. The integral

Jλ,μ,ν
β (x, y) =

∫
Sn−1

β

(
|x − σ|β + |y − σ|β

)λ

|x − σ|μβ |y − σ|νβ
dσ

where x, y ∈ Sn−1
β and 0 < μ < n − 1, 0 < ν < n − 1, λ ∈ R1, admits the

estimate

Jλ,μ,ν
β (x, y) ≤ M

⎧⎪⎨
⎪⎩

|x − y|−δ
β , δ > 0

ln 2
|x−y|β , δ = 0

1 , δ < 0

where δ = |β|
n

(μ + ν −λ)+β −n and M is a constant independing on x and y.
Proof. In the proof of this Lemma, we follow Sobolev[4], where a similar

statement was proved for regions in Rn. If we do the change of variables
σ = x − t |x − y|ββ , then we have

Jλ,μ,ν
β (x, y) = |x − y|−δ

β

∫
S(

x

|x−y|ββ
,

1

|x−y|ββ
)

(
|t|β + |t − e|β

)λ

|t|μβ |t − e|νβ
dt
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where e = x−y

|x−y|ββ
. We split the sphere S( x

|x−y|ββ
, 1

|x−y|ββ
) into two parts

S1 = Bβ(0, 2)∩S( x

|x−y|ββ
, 1

|x−y|ββ
) and S2 = S( x

|x−y|ββ
, 1

|x−y|ββ
)\S1 where Bβ(0, 2) is

the β−ball of the radius 2 centered at the origin. In the represantation

Jλ,μ,ν
β (x, y) = |x − y|−δ

β

(∫
S1

dt +
∫
S2

dt

)

= |x − y|−δ
β

(
J1

β + J2
β

)
the integral J1

β is bounded since the integrand is bounded beyond the singular
points t = 0 and t = e at which the singularities are weak. In the integral J2

β

the integrand is equivanlent to |t|λ−μ−ν
β , so that

J2
β ≤ M

∫
S2

|t|λ−μ−ν
β dt.

Hence, after the inverse change of variables t = σ

|x−y|ββ
− x

|x−y|ββ
we obtain

J2
β ≤ M |x − y|δβ

∫
S3

dσ

|x − σ|μ+ν−λ
β

where S3(x, y) =
{
σ : |σ|β = 1, |x − σ|β ≥ 2 |x − y|β

}
. The inequality is valid:

Λβ(x, y) :=
∫
S3

dσ

|x − σ|n−1−α
β

≤
⎧⎨
⎩

|x − y|αβ , α < n − 1

ln 2
|x−y|β , α = n − 1

1 , α > n − 1

.

Theorem 1: The operator Iλ
β , 0 < λ < 1, is bounded from L∞(Sn−1

β ) into

Hλ(Sn−1
β ).

Proof. From Lemma 1 we have

∣∣Iλ
βf(x) − Iλ

βf(y)
∣∣ ≤ M ‖f‖∞ M |x − y|β

∫
Sn−1

β

dσ

|x − σ|n−1−λ
β

.

Then the application of Lemma 2 completes the proof.
Corollary: Iλ

β (C(Sn−1
β )) → Hλ(Sn−1

β ) and Iλ
β (C(Sn−1

β )) �= Hλ(Sn−1
β ),

0 < λ < 1.
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