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Abstract

In this paper, we studied the boundedness of the f—spherical Riesz
potential generated by the f—distance from Loo(Sg_l) into H)‘(Sg_l).
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1 Introduction

It is well known that classical Riesz Potentials I, = @x|z|*™™ are bounded op-
erators from L, (R") to L,(R") for é = ]% -2 0 < a < n,
1 <p<q<oo][l]. S.G. Samko and B.G. Vakulov have compared different
approaches to function spaces of fractional smoothness on the unite sphere,
constructed on the base of the space C'(S"1), n > 2, the spaces C*(S"!) and
the Holder type spaces H*(S™™!), A > 0 were considered[2]. In this article
we have defined the J—spherical Riesz potential generated by the g—distance
and studied boundedness of this potential from Ly (S5 ") into H A(Sg’l).
Suppose that Sg_l is the unite S—sphere of R" (n > 2) equipped with
normalized Lebesque measure do = do(.).
The ([—distance between x = (z1,...,x,) and y = (yi,...,yn) points is
defined by the following formula given in [3];

1 1 a8l
[z = ylg = (|21 — 1|77 + |z — 2l P2 + o+ |0 — Y| Pr) 7

where ﬂ = (ﬁlaﬁ% "'7Bn)a ﬂk > 07 k = 1727 ey T ‘6’ = ﬂl + ﬂQ + o+ ﬂn
Note that this distance has the following equality for any positive ¢,

18]
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(}tﬂlxl}ﬁ% +.+ }tﬁnxnﬁ> =t |z)y, t>0.
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This equality give us that non-isotropic f—distance is the order of a homoge-
neous function @ So the non-isotropic #-distance has the following properties:

1 Jzl;=0&2=0

181
2. |tPa], = [t |,

(1 ) 12
3. |x+y|,@ <2 (|x|ﬁ+|y|,@)

Here we consider J—spherical coordinates by the following formulas :

z1 = (pcos6)*, ..., x, = (psinbysinb,...sin 6,_,)*"".

For this we have |z|g = p%. It can be seen that the Jacobian J3(p,#) of this
transformation is Jy(p, 0) = p?/PI=104(6), where 4(6) is the bounded function
which only depend on angles 61,605, ....0,,_1. It is clear that if 3, = F, = ... =
Bn = %, then the -distance is the Euclidean distance.

We will define the f—spherical Riesz potential genrated by the f—distance
as follow

I f(z) = / |z — c7|gfn+1 flo)do, 0<A<1
syt

where z € Sg_l. For a positive r and any z € R™ we define the open F—ball
Bg(z,r) with radius r and a center x as

Bg(x,r)={o: |z —a|g<r }.

Definition. Let 0 < A\ < 1. The space H* = H*([a, b]) is defined as the
space of continuous functions on [a, b], such that

|f(x+h) = f(z)] < M|n]}

for all z, x + h € [a, b].
Lemma 1. Let 0 < A < 1. Then,

jz— o} — o — 237" < Mrjz—ofy"

where 0 € R™ — Bg(x,2r) and M is a constant independing on z and o.
Proof. Let r = |z — 2|5, [z — 0|y =a, |0 — z|g=band a # 0, b# 0 Then

we have 0 < a —r < b < a+r. Now we consider f(t) = ;= where t € [a,b]

lor t € [b,a]], n—A =7 > 0. Then function f(¢) has continuous and continuity
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derivatives in [a,b] [or [b,a]]. Therefore, there is the following equality from
Lagrange Theorem

) = (@) = £ ©|Ib—al €€ lab] for &€ ball.

In this case |b — a| < r we have the following inequality

1 1 1

b—T—E:—TgTJrl ’b—&|§7'ﬁ7".
If a < £ < b, then we have

11 1 A—n—1

T o STaT+1r§M7“|x—y|ﬁ :

Ifb<é<a, £€(a—ra),{=a—0r 0<6<1,then we have

1 1

b™ a7

1 A—n—1
:Ti(g_gr)rHTSMﬂx_mﬁ :

The proof is completed.
Lemma 2. The integral

A
(le = aly+ 1y = o)
J27u7y($7 y) = f | — |H | — |1/ do’

where z,y € ngl and 0 <pu<n—1, 0<v<n-—1 X € R admits the
estimate

e —yly’ , 6>0
Iy (y) € M{ I 5=0

|‘T*y|5

1 , 0 <0

where § = @(,u +v—A)+ 3 —nand M is a constant independing on x and y.

Proof. In the proof of this Lemma, we follow Sobolev[4], where a similar
statement was proved for regions in R". If we do the change of variables
sz—t|x—y|g , then we have

A
(1l + [t = el )
B B di

A

A v -0
Jﬁu (z,y) = ]m—y\ﬁ f

S(L,—
lz—y|5 lz—y|
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where e = ( y|5, ‘—) into two parts

|
S1 = Bs(0, 2)ﬂS(| - ‘5,| )and Sy = S( L ‘5)\51 where Bg(0,2) is

o=yl Jo—
the g—Dball of the radlus 2 centered at the orlgm In the represantation

Sa

Ty (@) = |Jf—y|§5 (f dt + fdt>
= \x—y!? (J5+J3)

the integral Jé is bounded since the integrand is bounded beyond the singular
points ¢ = 0 and ¢t = e at which the singularities are weak. In the integral Jg

the integrand is equivanlent to |t|’\ H7"  so that

A—p—v
J; < Msf|t|ﬁ“ dt.

Hence, after the inverse change of variables t = —2—

we obtain
e—ylf \a:— Je—yl5

do

5
Jé < M\x—ylﬂf |p+l/)\

S5 |z —
where S3(z,y) = {a Coly=1 |z —olg > 2|z — y]ﬁ} . The inequality is valid:

r—yls , a<n-—1
do | y‘,@'

2 —
S | — ’ 1 , a>n-—1

Theorem 1: The operator [é\ , 0 < A <1, is bounded from Loo(Sg’l) into
H S57).
Proof. From Lemma 1 we have

do

’nl)\

13 f(x) = I3f(y)| < M|flloMlz—yly [ P
syt

Then the application of Lemma 2 completes the proof.
Corollary: I;(C(S;™') — HX(S;™') and [/é\(C(Sg*l)) # HMSE),
0< A<,
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