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Abstract

For 0 < a < 1, let Q, be the class of functions f which are normalised
analytic and univalent in D = {z : |z]| < 1} satisfying the condition

(21" | (f(2)
Re{ I P }>°’

where ¢ is a normalised convex function. For f € Q,, sharp bounds are
obtained for the Feketo-Szegé functional |asz — pua3| when p is real.

Mathematics Subject Classification: Primary 30C45
Keywords: Quasi-convex functions, Fekete-Szego functional

1. Introduction

Let S denote the class of normalised analytic univalent functions f of the form

f(z)=z+ ianz” (1)
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where z € D = {z: |z| < 1}. We also denote by §*,C and K the subclasses of
S consisting of functions which are, respectively, starlike, convex and close-to-
convex in D.

A classical result of Feketo and Szegd [2] determines the maximum value of
lag — pa3l, as a function of the real parameter p, for functions belonging to
S. There are now several results of this type in the literature, each of them
dealing with |as — pa3| for various classes of functions (see, e.g., [1,4]).

Denote by Q(/3) the class of strongly quasi-convex functions of order 3(3 > 0).
Thus f € Q(0) if and only if there exists f € C such that for z € D,

oy (LY

< .
g'(2) 2
In particular, @ = Q(1) is the class of quasi-convex functions introduced by
Noor [7]. We also note that every quasi-convex function is close-to-convex and

hence univalent in D. For functions belonging to the class Q(/3), sharp upper
bounds for the functional |a3 — pa3| have been obtained by Nak Eun Cho [6].

In this paper, we give an estimate for the same functional for the class Q,
defined as follows:

Definition 1 Let f be given by (1) and 0 < o < 1. Then f € Q,, if and only
if there exist g € C such that for z € D,
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Here, C denotes the class of convex functions; that is g € C if and only if g is

analytic in D and
zg”(z) }
Re <1+ >0 3
{ e @)

(2)

for z € D.

We note that by using a lemma due to Miller and Mocanu [5], it can easily be
shown that Q, C Q for 0 < a < 1 and hence f € Q, means f is univalent.

We first state some preliminary lemmas, required for proving our result.

2. Preliminary Results

Lemma 1 (/8]) Let h be analytic in D with Re h(z) > 0 and be given by
h(z) =1+ 12+ cz* + ... for z € D, then
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Lemma 2 (/3]) Let g € C with g(2) = z + byz* + b32® + ... Then, for p real
9 1
s — pi] < maz {5,011},
Lemma 3 Let f € Q, and be given by (1) then

(a+1)]as] <1

and
(2cc + 1)|ag| < 1.

Proof.
Since g € C, it follows from (3) that

9'(2) +29"(2) = g'(2)p(2) (4)

for 2 € D, with Re p(z) > 0 given by p(2) = 1+ p12+p222+p32® +... Equating
coefficients, we obtain

202 = p1 (5)
and
6b3 = P2 + 2b2p1. (6)
It also follows from (2) that
a(2f"(2)) + (2f'(2)) = g'(2)h(2) (7)

where Re h(z) > 0. Writing h(z) = 1+ c¢12+ 2% +... and equating coefficients
in (7) gives
4(0& + 1)&2 =C + 2b2 (8)

and
9(20& + 1)&3 =+ 2b2€1 + 3b3 (9)

The result now follows on using classical inequalities |p;| < 2, |p2| < 2, |¢1| <
2, |ea] < 2 and the inequalities |bs| < 1 and |b3| < 1 which follow from (5) and

(6).
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3. Main Result

Theorem.  Let f be given by (1) and belongs to the class Q.. Then, for
0<ax<l,
9(2a + 1)(a + 1)?|ag — pa3l

9+ 1) —92a+ 1)u, if pu< ggg;jf),
5(%(1%))22;(2% i o A(at1)? 8(at1)?
< - 36(204—&-10)111 ; if 9(3a+1) Sps 9(ga+1)7
Ba+1)?, i S <0< S
—9(a+1)?4+92a+1)u, if > 353;23)

Inequalities are sharp for all cases.
Proof.
From (5),(7),(8) and (9), it is easily established that

92 + 1)(az — pa3)

. {b3 B Mbg} . {62 . <8(a +1)2-9(2a+ 1) 63}

4(a+1)2 16(a + 1) 2
92a + 1)
1— 10
+{ 8(a + 1)? } 11 (10)
First, consider the case ggg:ﬂj <u< Sgg:i)s

Equation (10) gives

92 + 1)|az — pa3| <3 fb - 2ai11)2“b2‘ + ‘02 - %cﬂ + 1 a+1 ————[8(a + 1)% —
9(2a + pfler |2

e 8+ 1)7 = 920+ Dplled |1

9(2a+1
< (3 - 4(((14-1))2#) + (2 - %101‘2) + 16(a1+1)2 (8(a+1)*—
9(2a + Dp)ler|?

T (8 1) — 920 + e
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= (), say, with x = |¢q],

where we have used Lemma 1 and Lemma 2 and the inequality |p;| < 2.
Elementary calculation indicates that the function ¢ attains its maximum

(8(a+91();a fl()g 5 1 and thus establishing

value at x, =
9(2a + 1)(a + 1)?|az — pal] < o(z,)

92a+1p  Bla+1)2—9(2a + 1)u)?

=5 1)2 —
(a+1) 4 36(2a + 1)1

4(a+1)?
9(2a+1)

Next, since |z,| < 2, thus we have pu > and hence completing the proof

4(a+1)? 8(a+1)
9@atD) = M = gaarD

for the case

Letng , = e

that the result is sharp.

=p; = py = 2 and by = by = 1 in (10) shows

Secondly, we consider the case u < E;‘;j)l)
Write
4(a +1)? 4(a +1)?
R N G LIV a1 2
s =0 g ) T\ ey H) ™
Since |ag| < it follows that

=g

a 2
9(2a + 1)(a + 1)*|az — pa3] < 9(2a + 1)(a + 1)? ’ag — 352:31)(15’

Aat1)? 1)?
+92a+ 1)(a+1)? (9(2a+1) - ”) (a—ﬂ)
<9(a+1)?—-92a+ 1)u.
4(a+1)?

9(20+1)
choosing ¢; = ¢ = p; = ps = 2 and by = by = 1 in (10).

Here, we use the result already proven for u = Equality is attained on

Next, assume that 38‘;1)2 <u< Aat1)®

First, we deal with the case u = ggg;’i)f) It follows from (4),(5),(6) and (10)
that

9(2a + 1)(a +1)?|as — sietthal] < B(a+ 1)2 — “EE(|ey| — [pa])2,

= ¢(‘61’, ’p1’>7 say.
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A straightforward calculation shows that the ¢ attains maximum value when
le1| = |p1] and so

92a + 1) (a + 1)?|ag — paj] < 3(a+1)%

Next, write

92 + 1)y — 8(ar + 1)? Ao+ 1)?
ag—uagz ( L ( ) <3_ ( )a§>

4(a+1)2 3(2ac+1)

3(4(a+1)* = 3(2a+ 1)p) 8(a+1)* ,
N A(a + 1) < 57 9(2a + 1)“2>

and the result follows at once by using results already established for u =

Sgg;jf) and p = ggg;’i)f) above. The result is sharp for py = co = 2,p; = ¢; =

0,bo = 0 and b = 3 in (10).

Finally, consider p > ggg‘;&)j
e s Aat1? o, (at1?
as — pa; = az — ——————a —— —qula
T s Ty )2 T \32a ) ™
and thus

9(2a + 1)(a+ 1)*laz — pa3] < 9(2a + 1)(a + 1)? ‘ag — ggg‘;i)f)a%‘

a 2
+ 920+ 1)(a +1)? (1 — 5655 ) s,

< —9(a+1)*+92a + 1),

4(a+1)?
3(2a+1)
By choosing ¢; = p1 = 2i,¢c0 = po = —2,by = 7 and b3

is obtained.
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have been used.

where results for u = —ail

and the inequality |as| <
= —1 in (10), equality
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