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Abstract. A dominating set )(GVD ⊆  of a graph G is said to be a connected 
dominating set if the induced subgraph D  is connected. The minimum cardinality 
of a connected dominating set is the connected domination number )(Gcγ . In this 
paper we introduce connected co-independent domination number of a graph and 
study some properties and bounds on it. 
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1. Introduction 

 
The graphs considered here are nontrivial, simple, finite and undirected. For 

a graph ),( EVG = , V denotes its vertex set while E its edge set. Unless stated, the 
graph G has n vertices and e edges. If VD ⊆ then D  denotes the induced 

subgraph of G by the vertices of D. The cardinality of a set S denoted by S  is the 
number of elements S possesses.  
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A set of vertices in a graph are said to be independent if no two of them are 

adjacent. The cardinality of such a biggest independent set is called the 
independence number of the graph and is denoted by β .  
 The concept of domination was first studied by Ore [5] and C.Berge [6]. A 
set VD ⊆ is said to be a dominating set of G if every vertex in DV −  is adjacent to 
some vertex in D. The cardinality of a minimum dominating set D is called the 
domination number of G and is denoted by )(Gγ . 

The concept of connected domination (given in the abstract) was introduced 
by E. Sampathkumar and H.B. Walikar in [4]. The reader is referred to [1], [5] and 
[6] for survey or results on domination. Any undefined term in this paper may be 
found in any of the references [1], [2] or [3].  

 
The purpose of this paper is to introduce the concept of connected co-independent 
domination in connected graphs. 

 
 

2. Connected co-independent dominating set 
 
Definition 2.1  
  Let G be a connected graph. A dominating set VD ⊆  is called a connected 
co-independent dominating set of G if D is a connected dominating set of G and 

DV −  is an independent set. The cardinality of such a minimum set D is called the 
connected co-independent domination number of G denoted by )(, Gcoicγ . 
 We call a set of vertices a γ -set if it is a dominating set with cardinality 

)(Gγ . Similarly, a cγ -set and a coic,γ -set are defined. 
 
 
3. Results 
 
Proposition 3.1 
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Since a connected co-independent dominating set is necessarily a connected 

dominating set and a connected dominating set is necessarily a dominating set the 
following result is immediate. 

 
Proposition 3.2 
 For any connected graph G, )()()( , GGG coicc γγγ ≤≤  where )(Gcγ  is the 
connected domination number of G. 
 
 Remark 
 The converse of the above result need not be true as can be seen in the 
following example. 

In cycle 4C  any two adjacent vertices form a connected dominating set, but 
they are not connected co-independent dominating sets. 
 
  
 
 
 
 
 
 
 
Observation 
 No connected co-independent dominating set exists for disconnected graphs. 
 
Proposition 3.3 
 If H is a connected subgraph of G then )()( ,, GH coiccoic γγ ≤  
Proof  
 As the number of independent vertices may increase in any connected 
subgraph H of G we can still maximize the set DV −  which results in the decrease 
of the value coic,γ of G. 
 
Theorem 3.4 
 Every connected graph G has a connected co-independent dominating set 
and 1)(, −≤ nGcoicγ . 
Proof 

Consider a connected graph G of n vertices. Let uVD \=  where u is a 
pendant vertex with respect to some spanning tree of G. Then D is a connected co-
independent dominating set of G and  1)(, −≤ nGcoicγ . 
 Note that D is not obtained from V by removing any arbitrary vertex from it 
as it may disconnect the induced subgraph D . 
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Theorem 3.5  [4] 
 For any tree T with p pendant vertices, ,)( pnTc −=γ  )2( >n .  
 
Theorem 3.6 
 For any tree T with p pendant vertices, ,)(, pnTcoic −=γ )2( >n . 
Proof 

By theorem 3.5, for any tree T, )2(,)( >−= npnTcγ  and the set of all 
internal vertices of T corresponds to a cγ -set D. As the remaining pendent vertices 
of T  are independent, D is also a coic,γ -set of G. Hence we get the result. 
 
Lemma 3.7  [4] 
 For any connected graph G, with maximum degree Δ , 

neGn
c −≤≤⎥⎦

⎤
⎢⎣
⎡

+Δ
2)(

1
γ , and the lower bound is obtained if and only if G has a 

vertex of full degree and upper bound is attained if and only if G is a path. 
 
 The result is due to E. Sampathkumar et al., [4] and we use only lower 
bound in the following theorem. 
 
Theorem 3.8 
For any connected graph G, with maximum degreeΔ ,  

  1)(
1 , −≤≤⎥⎦
⎤

⎢⎣
⎡

+Δ
nGn

coicγ , 2≥n . 

The lower bound is obtained if and only if G is a star and the upper bound is 
attained if and only if G is either a cycle or a complete graph. 
 
 Proof  

By proposition (3.2), the lower bound in lemma (3.7) holds obviously. The 
fact that the graph must be a star to attain its lower bound is evident from the fact 
that D is only the vertex of full degree and DV −  is independent. The upper bound 
is already established in theorem (3.4). 
 We now claim that 1)(, −= nGcoicγ  if and only if G is either a complete 
graph or a cycle. 
 If G is either a cycle or a complete graph then by proposition (3.1), 

1)(, −= nGcoicγ . 
Conversely, assume 1)(, −= nGcoicγ .  

 We now classify G into two cases depending on its independent number β . 
Case 1: 1=β , In this case the graph is complete and there is nothing to prove.  
Case 2: 1>β , G is not a complete graph as 1>β . 
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If G is a cycle then there is nothing to prove. Suppose that G is not a cycle.  
As G is neither a cycle nor a complete graph there exists some spanning tree 

T of G with at least two pendent vertices say x and y that are independent in G so 
that },{\ yxT  and so },{\ yxG  remain connected. Now },{ yxVD −=  is a 
connected co-independent dominating set for G. Hence 2)(, −≤ nGcoicγ , a 
contradiction to our assumption. Hence G must be a cycle. 

 
 A better lower bound and a modified upper bound for )(, Gcoicγ  can be 
attained as below. 
 
Theorem 3.9 
 For any connected graph G,  eGn coic ≤≤− )(,γβ . 
Proof  
 As DV −  is independent in a connected co-independent dominating set D 
and sinceβ  is the independence number the lower bound is immediate and since 

1−≥ ne  for any connected graph G we get the upper bound. 
 
Theorem 3.10 
 For any connected graph G, )1()(, −+−≤ −SVcoic knG βγ   ---- (1) 
where β  is the independence number of G  and S  is the corresponding 
independent set of G, SVk −  is the number of components in SV − . 
Proof 

Consider the notations G, S, β  and SVk −  as given in the statement of the 
theorem. 
 We construct a cγ -set for G from S so that it also becomes a coic,γ -set. 

Let SVD −= . From [6] & [5] we infer the following :  
i.  S is a minimal dominating set as it is a maximal independent set.  
ii.   As S is a minimal dominating set SVD −=  is also a dominating set.  
We see that D is a coic,γ -set of G if D  is connected and βγ −= nGcoic )(,  

and 1=−SVk in this case. Hence the equality in (1) 

 If D  is not connected then it has two or more components ( )1>−SVk .  

Two adjacent components of D  can be connected by a vertex in S.  Let SSC ⊆  

be a minimum such set of vertices. Clearly, 1−≤ −SVC kS . Now ( ) CSSVD ∪−=  

is a coic,γ -set implying the result )1()(, −+−≤ −SVcoic knG βγ . 

If every vertex in CS  connects exactly two components in D  then 

1−= −SVC kS and hence the equality in (1). 
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Theorem 3.11 
 Every connected co-independent dominating set D of a separable graph G 
includes all the cut vertices of G. 
 
 
Proof  
 We know that every path between the blocks of a separable graph passes 
through the cut vertices and since D  has to be connected we get the result. 
 
 
Observations 
 
 1. We note that the above result holds for any connected dominating set. 
 2. In any tree T, every internal vertex is a cut vertex. Hence they are included 
in any connected co-independent dominating set D of T. 
 
 
Theorem 3.12 
 If a graph G of n vertices has k blocks then knGcoic −≤)(,γ  and the bound 
is sharp if and only if each block is either a cycle or a complete graph. 
 
 
Proof  
 We can obtain a connected co-independent dominating set from the set of 
vertices V of G by omitting at least one vertex in each block of G. Hence 

knGcoic −≤)(,γ  and the remaining part is clear from proposition (3.8). 
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