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Abstract

The correlation relationship between two point processes is stud-
ied. when the point process is Poisson, a single coefficient is enough to
describe the correlation relationship.However, for renewal processes,the
correlation coefficient is a increasing function of time binsize. So we in-
troduce the correlation coefficient curve to characterize the correlation
relationship.The conclusions should be useful for the design of neural
networks.
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1 Introduction

In most neural systems,neurons communicate via sequences of action poten-
tials.Contemporary models assume that the action potentials times of occur-
rence rather than their waveforms convey information.The mathematical tool
for describing sequences of events occurring in time is the theory of point
processes.Correlations between synapses have been observed and exactly cal-
culated from experimental data[1].It is not difficult to imagine that due to
the large number of afferent synapses,a tiny change of the correlation between
synapses can result in a dramatic change in the model behavior.There are
many theoretical and experimental papers[1,2,3]dealing with the correlation
coefficients between two point processes in the literature.a single number-the
correlation coefficient with a given binsize-is usually employed to describe the
correlation relationship between two point processes.However,We point out
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when the point process is Poisson processes, a single coefficient is enough to
describe the correlation relationship. For renewal processes, The correlation
coefficient is a increasing function of time binsize. So we introduce the corre-
lation coefficient curve to characterize the correlation relationship.

2 Correlation coefficient between Poisson pro-

cesses

Let T1, T2, T3, ..., be series of the time between events, and which are indepen-
dently and identically distributed random variables, using T denoting them,T
follows an exponential distribution, f(t) is the probability density function of
random variable T . Let {Nt : t ≥ 0} be the corresponding Poisson process.

Theorem 2.1 Let {Nt : t ≥ 0} be the Poisson process. The expected num-
ber and variance of events in (0, t] are

E(Nt) = λt V (Nt) = λt.

where λ is the rate of Poisson process.

Proof: let pk ≡ P (k events in (0, t]), {Nt : t ≥ 0} is the Poisson process with
rate λ.We have

pk = e−λt (λt)k

k!
,

so
so we have

E(Nt) = λt V (Nt) = λt.

Let N1(b) and N2(b) are two point processes,ρ(b) denoting the correlation
coefficients between N1(b) and N2(b),and

{
N1(b) = N̄1(b) + N(b)
N2(b) = N̄2(b) + N(b).

(1)

where N̄1(b), N̄2(b) and N(b) are independent Poisson processes with rate λ1, λ2

and λ. So we have

Theorem 2.2 Let N1(b) and N2(b) are two Poisson processes,Thus the cor-
relation coefficients between N1(b) and N2(b) is

ρ(b) =
λ√

(λ1 + λ)(λ2 + λ)
. (2)
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Proof: By properties of Poisson processes, N1(b) is Poisson processes with
rateλ1 + λ, N2(b) is Poisson processes with rate λ2 + λ.

ρ(b) =
cov(N1(b), N2(b))√
V (N1(b))V (N1(b))

=
cov(N̄1(b) + N(b), N̄2(b) + N(b))√
V (N̄1(b) + N(b))V (N̄2(b) + N(b))

=
λt√

(λ1 + λ)(λ2 + λ)t
=

λ√
(λ1 + λ)(λ2 + λ)

.

Thus,Correlation coefficient between Poisson processes has nothing to do with
binsize.a single coefficient is enough to describe the correlation relationship.

3 Correlation coefficient curves between Re-

newal processes

Let T1, T2, T3, ..., be series of the time between events, and which are indepen-
dently and identically distributed random variables, using T denoting them,T
follows a Gamma distribution, f(t) is the probability density function of ran-
dom variable T . Let {Nt : t ≥ 0} be the corresponding Renewal process.
We assume that the mean, variance and third central moment of T exist and
denote them by λ, α2 and λ3 respectively.

Now we fix a positive number δ(usually small) and construct a new point
process {N δ

t : t ≥ 0}. N δ
t is a copy of N except that the arriving time of each

event delays with a time-lag δ. We have

Nt = Σ∝
n=1I{Σn

i=1Ti≤t},

and

N δ
t =

{
Σ∝

n=1I{δ+Σn
i=1Ti≤t} = Σ∝

n=1I{Σn
i=1Ti≤t−δ} ≡ Nt−δ t > δ

0 t < δ.

The expected number and variance of events in (0, t][4] are

μ(t) ≡< Nt >=
t

λ
, V (t) = σ2(t) ≡< N2

t > − < Nt >2 .

Denote by Ci(τ) the covariance between the counts of the renewal process
in two intervals of length τ and separated by i-1 τ intervals.We refer to
μ(t), σ2(t), C1(t) as the mean-time curve,variance-time curve and covariance-
time curve.The following relationships are easily verified

C1(nτ) = Σn
k=1kCk(τ) + Σ2n

k=n+1(2n − k)Ck(τ), (3)
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and

V (nτ) = nV (τ) + 2Σn−1
k=1Σ

k
i=1Ci(τ) = nV (τ) + 2Σn−1

k=1(n − k)Ck(τ). (4)

So we have

Theorem 3.1

C1(t) =
σ2(2t)

2
− σ2(t).

Proof: By (4),we have

V (nτ) = nV (τ)+2Σn−1
k=1(n−k)Ck(τ), V (2nτ) = 2nV (τ)+2Σ2n−1

k=1 (2n−k)Ck(τ).

thus

V (2nτ)

2
− V (nτ) = Σ2n−1

k=1 (2n − k)Ck(τ) − 2Σn−1
k=1(n − k)Ck(τ)

= Σn
k=1kCk(τ) + Σ2n

k=n+1(2n − k)Ck(τ) = C1(nτ).

Let nτ = t,so

C1(t) =
σ2(2t)

2
− σ2(t).

A useful general result for stationary processes is[4,5]

V (t) =
λ2

λ3
1

t+(
1

6
+

λ2
2

2λ4
1

− λ3

3λ3
1

)+ o(1) =
λ2

λ3
1

[t+(
λ3

1

6λ2

+
λ2

2λ1

− λ3

3λ2

)]+ o(1). (5)

For points processes Nt and N δ
t ,We can now calculate the covariance cov(Nt, N

δ
t ).

for a fixed δ,Let ΔNt = Nt+δ − Nt be the number of events in(t, t + δ].When
t ≤ δ, N δ

t and cov(Nt, N
δ
t ) is not properly defined.However,without loss of gen-

erality,we can define
cov(Nt, N

δ
t ) ≡ 0 t ≤ δ.

For the simplicity of notation,we consider the case of t = nδ(n is a positive
integer number). Since

Nnδ = ΔN0 + ΔNδ + ΔN2δ + ... + ΔN(n−1)δ,

So

cov(Nnδ, ΔN(n−1)δ) = cov(ΔN0 + ΔNδ + ΔN2δ + ... + ΔN(n−1)δ, ΔN(n−1)δ)

= Cn−1(δ) + Cn−2(δ) + ... + C1(δ) + C0(δ).



A novel description of two correlate point processes 489

where C0(δ) = V (δ) Since Nt is stationary point processes .

cov(Nnδ, N
δ
nδ) = V (nδ) − [Cn−1(δ) + Cn−2(δ) + ... + C1(δ) + C0(δ)]. (6)

On the other hand,if we set

xk = Ck(δ) + Ck−1(δ) + ... + C1(δ),

bk =
1

2
[(V (k + 1)δ) − (k + 1)V (δ)](k = 1, 2, ...), b0 = 0,

then (4) becomes

x1 + x2 + ... + xk = bk, k = 1, 2, ...

Hence xn = bn − bn−1(n = 1, 2, ...). Thus,by(10) and the results above,we have

cov(Nnδ, N
δ
nδ) =

1

2
[V (nδ) + V ((n − 1)δ)] − 1

2
V (nδ).

Now we use ρδ(b) to denote Correlation coefficient curves between N(b)
and N δ(b).So

ρδ(b) =
cov(N(b), N δ(b))√
V (N(b))V (N δ(b))

=
1
2
[V (b) + V (b − δ)] − 1

2
V (δ)√

V (b)V (b − δ)
+ o(1).

For Renewal processes, by (5), we have

α =
λ2

λ3
1

, β = (
1

6
+

λ2
2

2λ4
1

− λ3

3λ3
1

).

Thus,we have

Theorem 3.2 Let N(b) and N δ(b) are two Renewal processes,Thus the cor-
relation coefficients between N(b) and N δ(b) is

ρδ(b) =
α(b − δ) + 0.5β√

(αb + β)(α(b − δ) + β)
+ o(1). (7)

where δ > 0(usually very small).
Thus,Correlation coefficient between Renewal processes has something to

do with binsize.a single coefficient is not enough to describe the correlation re-
lationship,The correlation coefficient is a function of time binsize,we introduce
the correlation coefficient curve to characterize the correlation relationship.
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4 Numerical Results

To actually carry out numerical simulations, we have to further confine our-
selves to the case that T is distributed according to a Gamma distribution,
the corresponding density function is

f(t) = (
1

μ
)κ tκ−1e−(t/μ)

Γ(κ)
.

We employ the following parameters in our numerical simulations in matlab7.0:κ =
2, μ = 0.1, δ = 0, 2, 5, 10.
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For renewal processes, Correlation coefficient curves between Renewal pro-
cesses is a increasing function of time binsize.
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