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Abstract. In this paper, we have tried to develop a school schedule 
which can be applied to practical uses. While constructing a schedule, 
conflicts usually arise as to the availability of teachers, classes and 
classrooms. In a school schedule network, teachers, students and 
classrooms must be combined in such a way as to avoid conflicts and 
meet other restraints. When a conflict occurs in the heuristic procedure, 
exchange facilities are provided for the “dead ends” with the aid of 
certain “alternating subgraphs”. The main procedure is followed by a 
program that analyses the result and uses the exchange routine for an 
improvement within certain limits. The schedule should be simple 
enough to admit effective solution methods; on the other hand it must 
be complex enough to meet real school situations. An approach is 
described which utilizes graph theory and optimization concepts. 
 
Keywords: graph coloring, augmenting subgraph, cardinality, 
compatibility. 

 
 
1.1  Introduction   
 
In order to construct school timetables with the aid of computers, we started out 
with a rather simplified school model[7]. From this model the school timetable 
program was slowly developed in order to adapt it to the situation of real schools. 
However, with this approach, many ideas which we had thought useful and many 
improvement ideas from the schools which experimented with our program could 
not be integrated into the program. From these experiences, the program had to be 
redesigned. 
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1.2  Statement of the Problem 
 
 Our basic concepts are the set U ′  of the “basic teaching units” (BTU)[6] on the 
one hand and a time-pattern H on the other. A   4-tuple (t, c, r, s) describes a BTU 
in which teacher t teaches class c in room r in subject s. The number of lessons 
per week p(u) of subject u is given. We assume a time-pattern of 36 periods 
divided into 6 days of six periods each (as usual in most of the schools).  

In a very simplified case, the problem consists of associating with each 
BTU u a set ( ) ,H u H⊂  with  ( ) ( ),H u p u=  such that for two BTUs u, v with a 
common teacher, room or class we have ( ) ( )H u H v φ∩ = . Of course, a timetable 
has to satisfy many more requirements before being acceptable. These demands 
stem from organizational and other necessities, and also partly from personal 
preferences, which are often hard to define in a programmable way or from 
didactic demands.  

Of course, not all occurring wishes can be satisfied. With the cooperation 
of interested teachers we restricted the description of the school situation to the 
following list. This list proved to describe the needs of a primary school pretty 
well. 
1.2.1    General conditions 
(1)  The uniqueness condition must be satisfied, i.e. schedules for pairs of BTUs  
       with common class, room or teacher may not overlap.        
(2)  Teachers (classes, rooms) may be available only at certain periods of H.               
(3)  There may be (disjoint) subsets 1,...... ,kU U of U ′  such that all BTUs out of  
       the same jU  must be taught simultaneously; e.g. when different classes or  
       sections of different classes are assembled for a lecture on the same subject.  
       Such a set jU  is called “coupling”.                                                                                   
(4) There may be BTUs whose schedule is fixed from the beginning.                                 
1.2.2    Typical situation:     

In a school one requires the teaching for one class to have no gaps, and 
one subject to be taught in one class generally only once a day. From this derive:                              
(1)  Free periods for classes must not lie in the middle of a day.                                       
(2)  There may be BTUs which may only be given in periods which are “outer”  
        periods for the participating class, i.e. periods which are either not preceded  
        or not succeeded by a teaching period of the same day (e.g. if only a part of  
        a class is participating). 
(3)  One BTU may be given only once a day the only exception being that two  
       succeeding periods (block periods) are requested. 
1.2.3    Pedagogical considerations lead to the following 
(1)  The lessons of one BTU should be equally distributed over the week.                               
(2)  The lessons of one BTU should not always be given in the late periods (fifth  
       and sixth period of a day).                                                                                                     
(3)  It should be possible to avoid the accumulation of subjects of certain groups  
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       on a single day.                                                                                                                          
(4)  Certain subjects should never be given in the late periods. 
1.2.4    Wishes of the staff 
(1) “Windows” for teachers (i.e. free periods in between teaching periods) should  
       be avoided.  
(2) Teachers’ desires to teach (or not to teach) at certain periods should be  
       fulfilled. 
1.2.5    Organizational requirements 
(1)  The data should be easy to prepare.                                                                                  
(2)  The data should be checked thoroughly for formal and logical errors.                  
(3)  It should be possible to assign a BTU to a set of rooms which are equally  
       suited for the subject in question (Usually schools are short of special rooms  
       such as gyms, labs and so on; therefore an early restriction to one room could  
       cause unnecessary difficulties, if there are several rooms of the same type). 

In our program the requirements for a timetable which derive from 1.2.1 
and 1.2.2 are treated as indispensable. Requirements stemming from 1.2.3 or 
1.2.4 are only treated as optional. The quality of a timetable can be measured to 
an extent by how well these wishes are met. We want to emphasize here that the 
wishes are in general contradictory and hence cannot be satisfied in one timetable 
(e.g. in most cases there cannot be a timetable without windows for teachers). 
Obviously 1.2.1-1.2.4 represent only a small part of all imaginable requirements 
of a timetable. In our practical work most of the occurring additional wishes 
could be met by fixing periods for certain BTUs. 
 
 
1.3     Formulation of the Problem 

 
To facilitate formulation, condition 1.2.5(3) and the concept of block 

periods and outer periods, as mentioned in 1.2.2(2) and 1.2.2(3) is omitted though 
they are realized in the program. For the same reason, other concepts will be 
described more simply that they are realized. Now for u U ′∈ , let c(u) be the 
class, r(u) the room and t(u) the teacher associated  with u. Then we extend our 
concept as follows: 
1.3.1    We introduce disjoint subsets 1,...... ,kU U of U ′ representing the couplings, 
i.e. for j=1,…..,k  all  ju U∈  have to be given simultaneously. It is assumed that 
for j=1,…..,k  and  , ju v U∈ , p(u)= p(v). 
1.3.2     For any class c, a dummy BTU fc = “free period in c” is introduced. fc has 
no room and a dummy teacher  tc, who appears nowhere else and is available at 
most in the first and sixth periods of a day. p(fc ) is the number of free periods in 
class c. fc does not appear in couplings. 
1.3.3     The set U of “teaching units” (TU) is introduced as follows:                             
(a)  Any coupling is a teaching unit.                                                                               
(b)  For any u U ′∈ not contained in a coupling, the one element set {u} is a  
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       teaching unit. For v U∈ , let ( ) ( ),  ( ),  ( )

u v
c v c u r v t v

∈
=U  being defined in an  

       analogous manner. Let p(v) be the number of periods for v. 
1.3.4   The availability matrix is the Boolean matrix ( ),( , )uhA u h U Hα= ∈ ×  with              

" "   if  all elements of  ( ) ( ) ( ) are available in period h
" " else                                                                                          uh

true c u r u t u
false

α
∪ ∪⎧

= ⎨
⎩

 ,                          

1.3.5     The conflict matrix is the Boolean matrix ( ),( , )uvK u v U Uκ= ∈ ×              
" "     if    [ ( ) ( ) ( )]  [ ( ) ( ) ( )]
" "   else                                                                       uv

true c u r u t u c v r v t v
false

φ
κ

∪ ∪ ∩ ∪ ∪ ≠⎧
= ⎨
⎩

      , 

1.3.6   For any period h H∈ , let d(h) be the corresponding day. This leads to 
1.3.7   Definition:  A partial schedule for u U∈ is a set ( )s u H⊂  with                                                    

(a)     1 ( ) ( )s u p u≤ ≤ ,                                                                                                                

(b)     " "  for all  ( ),uh true h s uα = ∈                                                                                               
(c)      If 1 2, ( ),h h s u∈   1 2,h h≠  then  1 2( ) ( ).d h d h≠    
 A schedule for u is a partial schedule s(u) with ( ) ( )s u p u= . For u U∈ , 

let S(u) be the set of schedules of u. This definition deals with requirements a 
priori. In order to handle relations between schedules of different TUs, we need 
1.3.8 Definition: Let , ,   ( ),   ( )u u U s u s u′ ′ ′∈  partial schedules of u, u′  
respectively. If  , , ( )  ( )u u s u and s u′ ′ ′  are compatible, either if  uuκ ′= “false” or if  

uuκ ′= “true” and ( ) ( )s u s u φ′ ′∩ = . If u u′= ,  s(u)  and ( )s u′ ′  are not compatible. 
Now we define a feasible timetable:                                                                                                           
1.3.9 Definition:  A feasible partial timetable for  U U⊂  is a mapping 

: ( )T U P H→  where P(H) is the set of all subsets of  H, with (a) for any  u U∈ ,  
T(u) is a partial schedule (b) for  ,u v U∈ , u v≠  , T(u)  and T(v)  are compatible.  

A feasible timetable for  U U⊂  is a partial timetable such that T(u) is a 
schedule for all u U∈ .Apparently, a feasible timetable for U fulfills all requested 
indispensable demands. In view of 1.2.3 and 1.2.4, we introduce some additional 
subsets of  U ′ :  
1.3.10    For any teacher   ,   ( ) :   { U/ ( )}.t U t u t t u′ ′ ′= ∈ ⊂                                                                  
1.3.11    For any class    ,  ( ) :   { U/ ( )}.c U c u c c u′ ′ ′= ∈ ⊂                                                                         
1.3.12   M is the subset of U ′ consisting of all u U ′∈ which should be given in the 
early periods of a day.                                                                                                        
1.3.13   For any class c′  we distinguish a subset ( )N c′  of ( )U c′  whose members 
should not be accumulating in one day. Let ( )

c
N N c=U .                                          

Now the problem can be formulated as follows: 
(P)  Construct a feasible timetable T for U, such that for certain well defined 
subsets X of  ( )

u X
U T u

∈U  has additional properties with respect to 1.2.3 and 
1.2.4.  
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These subsets are:   
(a)      Any one-element subset of U.                                                                               
(b)      Any one-element subset of M.                                                                              
(c)      For any class c′ , the set ( )N c′ .                                                                              
(d)      For any class c′ , the set ( )U c′ .                                                                           
(e)      For any teacher t ′ , the set ( )U t′ . 
 
 

1.4     Relation to Graph Theory 
  
1.4.1 Connections with graph coloring[4] : consider the graph G1 with vertex 
set U and adjacency matrix K. Assume for the moment that p(u) = 1 for all u. 
Then a vertex-colouring of G1, with not more than H  colors corresponds to a 
feasible timetable of G1, provided there are no availability restrictions. Since in 
general the chromatic number of G1, satisfies 1( )G Hχ ≥ , the problem is to 
colour G1, with a minimal number of colours, for which no efficient method is 
known. One could apply the heuristic graph colouring algorithm of Welsh[3], but 
it colours G1 in general with more than H colors; hence the time pattern would 
have to be extended. A second disadvantage is that there is no simple extension 
of algorithms of this kind to problems with availability conditions and 
requirements like 1.2.3 and 1.2.4. 
1.4.2 Consider the graph G2 = (V2, E2), its vertex set V2, being the set of all pairs  
(u, s) with u U∈ , ( )s S u∈ . Two vertices (u, s), ( , )u s′ ′  are connected by an edge 
of E2, if s and s′  are not compatible. There is a simple correspondence between 
feasible timetables for subsets of U and independent (stable) sets of G2 (A stable 
set of G2 is a subset 2V V′ ⊂ , such that no two points of V ′are adjacent in G2) 
1.4.2.1  For a feasible timetable T of {u1, . . , uk} the set {( u1, T(u1)),..,(uk, T(uk))} 
is a stable set of G2. For a stable set {(u1, s1), . . . , (ui, si)} of G2, the mapping T  
with  T(ui)= si  ,  i= 1,…,l  is a feasible timetable of {u1,….,ul}.  

Let 2( )Gα be the maximum cardinality of a stable set of G2, then 
apparently 2( )G Uα ≤ . Since a feasible timetable of U corresponds to a stable set 

of cardinality U , the problem is reduced to that of finding a stable set of 
maximum cardinality (maximum stable set). An interesting concept in this 
connection is that of an alternating subgraph[2]. 
1.4.2.2    Definition:  An alternating subgraph of a graph G = (V, E) relative to a 
stable set X of G is a bipartite graph ( , )G V E′ ′ ′= , V V′ ⊂ , E′  consisting of all 
edges of E which join vertices of  V ′ , with the additional properties:  
(a)   Edges of E′  join only vertices in X to vertices not in X. 
(b)   If v V ′∈ , w V V ′∈ −  are adjacent, then w X∉ .(See figure 1(a) and (b),  
        where, the marked vertices belong to X.) 
 



 

2252                                                                                A. Sharma and R. Pandey 
 
 

                           
(a)                                                                (b) 

 
Figure 1:  The mark vertices belong to X 

 
 

1.4.2.3   Definition: Let ( , )G V E′ ′ ′=  be an alternating subgraph of G relative to 
a stable set X, let 1W V X′= ∩  , 2W V X′= − . G′  is called balanced (augmenting, 
reducing), if  1 2W W=  1 2 1 2( ,     respectively )W W W W< > .  

Thus, the graph G′  in figure 1(a) is reducing, that in figure1(b) 
augmenting. If ( , )G V E′ ′ ′=  is an alternating subgraph of relative to a stable set X 
then ( ) ( )X X V V X′ ′ ′= − ∪ −  is also a stable set. Then, the change from X to X ′  
is called transformation of X relative toG′ , and we have                  
1.4.2.  X X′ <  if is G′ reducing, X X′ = if is balanced and X X′ > if G′  is 
augmenting, thus the transformation of a stable set X relative to an augmenting 
subgraph G′  yields a stable set X ′  of greater cardinality[8].    
1.4.2.5   Theorem:   A stable set X of G is a maximum stable set, if and only if G 
has no augmenting subgraph relative to X. 

Then, 1.4.2.4 together with 1.4.2.5 suggests constructing a maximum 
stable set V of 2G  by a sequence of exchanges relative to augmenting subgraphs. 
Then, V  corresponds by 1.4.2.1 to a feasible timetable of a set U U⊂  with 
U V= . If U U= we have constructed a feasible timetable of U, if  U U< , it 
follows from 1.4.2.5 and 1.4.2.1 that there exists no feasible timetable for U.  

Now, let 1X , 2X  be two maximum stable sets of G. One can verify that 
the maximal subgraph G  of G generated by the vertex set 

1 2 2 1:  ( ) ( )V X X X X= − ∪ −  is an alternating subgraph of G relative to both 1X , 
and 2X . In view of theorem 1.4.2.5 G must be balanced for both 1X , and 2X . 
Thus we have                                                                               
1.4.2.6  Theorem:   If 1X , 2X  are maximum stable sets of G, 1X , can be 
changed into 2X  by a  transformation of  1X , relative to a balanced subgraph.       

Thus, the balanced subgraphs relative to a maximum stable set of 2G  are 
useful tools for an optimization of a timetable. Of course, the graph 2G  has far 
too many vertices to apply 1.4.2.5 and 1.4.2.6 directly. But it will be shown how 
to use them for partial problems. 
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1.5    Conflict Situations  

 
Now, the concepts of 1.4.2 shall be applied to conflict situations in 

practical cases. Without loss of generality we may assume that the problem of 
constructing a feasible timetable is posed as follows: 
1.5.1    p(u) = 1 for all u U∈ . Then for all u U∈ , a schedule consists of a single  
period h.                                                                                                                              
1.5.2  There are certain disjoint subsets 1 2, ,.....τ τ  of U, such that two different 
TUs out of the same jτ  should not be given on the same day.                                               
1.5.3  Construct a feasible timetable T of U which satisfies the following 
condition:   
(I)      For  j= 1,2,...   and   , ju v τ∈  , u v≠  , ( ( ) ( ( )d T u d T v≠ .  

Consider the following conflict situation:                                                                                       
(II)     Let T be a feasible timetable for U U⊂ satisfying (I). Let u U∉ be a TU, 
such that there exists no schedule of u compatible with T. Construct a feasible 
timetable for : { }V U u= ∪ which satisfies (I).  

The graph 3 3 3( , )G V E=  is defined from V in the same way as 2G  from U. 
Since p(v) = 1 for all v, 3V , consists of all pairs ( , )v h V H∈ × with "true"vhα = . 
By 1.4.2.1 T corresponds to a stable set X of 3G with X V 1= − .Our problem is 

to construct a stable set X ′  with VX ′ = , thus a maximum stable set. In view 

of 1.4.2.4 we try to find an augmenting subgraph G′  of 3G  relative to X. By a 
transformation of  X  relative to such a G′  we obtain a maximum stable set 

( , )X X X G′ ′ ′=  of  3G  and a feasible timetable ( , )T T T G′ ′ ′=  of  V. Apparently, 
G′  must contain for some h  a vertex (u, h). Since there exists no schedule of u 
compatible with T, for any h H∈  with uhα = “true” there exist TUs 1,..., ku u with 

( ) { }iT u h=  and 
iu uκ = “true”. Then 1( , ),..., ( , )ku k u h are vertices of X adjacent to      

(u, h) in 3G .  
One readily verifies that any augmenting subgraph G′  of 3G  can be 

brought into the form shown in figure 2 (marked vertices belong to X), where 
1,... kH H  are pairwise vertex disjoint bipartite graphs with the following 

properties: 
1.   For i=1,…, k , iH  contains all edges joining vertices of iH .                                     
2.   For i=1,…, k  ,  i iH X H X∩ = − .                                                                         

3.  If there is an edge (x, y) with ix H∈ , jy H∈  for i j≠  , then either x X∈  or   
    y X∈ .   
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Figure 2: Augmenting subgraph G′  of 3G      Figure 3: The subgraph iH satisfy the conditions 
 

               
                (a)                                      (b)                                                    (c)       

 
Figure 4:  Subgraphs    

 
 

If there are no edges connecting a vertex of iH  to a vertex of jH , i j≠ , 

any iH  is a balanced subgraph relative to X. Thus, an augmenting subgraph can 
be searched for in the following way: If 1,..., ku u  are the TUs assigned to period h 
which are conflicting with u, we successively search for subgraphs 1,... kH H , 
satisfying the above conditions. From a computational point of view, it is an 
advantage if the successive steps are independent from each other; therefore we 
restrict ourselves to what we call (u, h)-subgraphs, i.e. subgraphs of the form 
shown in figure 3, where the iH  satisfy the above conditions and additionally:                                        
4.  If there is an edge (x, y) with ix H∈ ,  1 ..... iy H H∉ ∪ ∪ , then y X∉ . 

The simplest subgraphs iH consist either of a single edge or a 4-circuit as 
in figure 4(a) and (b). A (u, h)-subgraph with 1,... kH H  being of one of these 
types is called (u, h)-subgraph of the first kind (figure 4(c)). Subgraph (4a) 
mainly occur if V << U , subgraph (4b) if each TU of some class belongs to V.  

As an example, consider the augmenting subgraph in figure 4(c). It could 
be caused by the following situation: Teaching unit 0 0 0 0( , , , )u t c r s= can not be 
entered into period h since  1 0 1 1 1( , , , )u t c r s= and 2 2 0 2 2( , , , )u t c r s= are assigned to 

h. Room 0r  is available and not occupied in period h. Teacher 0t , class 1c  and  
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room 1r are available and not occupied in period 1h ; teacher 2t , and class 0c  are 

available and not occupied in 2h , whereas room 2r  is occupied in 2h by 

2 3 1 2 3( , , , )v t c r s= .Teacher 3t  is available and not occupied in period h. The edge 

connecting 1( , )u h  and 1( , )v h stems from the fact that 1c  belongs to both 1u  and 

2v . We must have 1 2h h≠ , otherwise there would be an edge connecting 1 1( , )u h
and 2 2( , )v h . With this edge added (4c) would not be a (u, h)-subgraph. This     
(u, h)-subgraph is found by the program in the following way:                  
1.  The assignments of 1u and 2u to h are cancelled.                                                         
2.   u is assigned to h.                                                                                                      
3.The program searches for some period which 1u can be assigned to and finds 1h  
4. 1u  is assigned to 1h .                                                                                                   
5. The program searches for some period which 2u can be assigned to and finds  
     none  
6.  The program searches for a period h  such that                                                

(a) there is only one TU v  assigned to h which is conflicting with 2u .                          
(b) v can be assigned to h and finds 2 2( , )v h . 

                     
                              (a)                                                                       (b) 

Figure 5 
 

7.   2 2( , )v h  is cancelled, 2v is entered into h, 2u  is entered into 2h . 
A (u, h)-subgraph relative to X is of the second kind if any iH is either a 

graph as in figure 4(a) and (b) or has a shape as in figure 5(a), iF  being a                
( , )i iu h -subgraph of the first kind (for instance the (u, h)-subgraph in figure 5(b) 
is of the second kind). In a similar way, (u, h)-subgraph of the nth kind could be 
defined for   n >2. Then, we deal with (II) by 
Algorithm A1 
begin 
for  i : = 1, 2  do                                                                                                               
for   h H∈  do 
    begin 
       if uha  and  there exists a (u, h)-subgraph G ′  of the ith kind relative to X  then 
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           begin  
                compute ( , )T T T G′ ′ ′=  
                if T′  satisfies (I) then  go to exit 
           end 
    end    
exit:  end 
              Algorithm A1 is implemented in our program with some modifications 
concerning special conflict situations. Until now we have made timetables for 
more than 4 schools from more than 6 different data sets. These experiments 
showed: 
1. More than 95 per cent of the conflicting situations could be resolved by A1.  
2. About 30 per cent of those conflict situations which could not be resolved by  
    algorithm A1 could be proved to derive from inconsistent data. 
3. About 90 per cent of the conflict situations resolved by algorithm A1 could be  
    resolved without constructing  (u, h)-subgraphs of the second kind.       
           Since the computing time for constructing (u, h)-subgraphs of higher order 
increases rapidly, we restricted ourselves to exchange steps as provided in A1. 
 
 
1.6    Constructing a Time Table 
 
  We consider a algorithm A2 to construct a time table  
Step 1.  Let : ,     :Y U U X U U= ⊂ = − ,  T  be a feasible partial timetable of  Y. 
Step 2.  If  X =φ ,  terminate. 
Step 3.  Select u X∈  according to a selection rule R1(X, T). 
Step 4.  Determine d, the maximum size of a partial schedule for u compatible  

  with T . Select a partial schedule s of u with s d=  according to a     

  selection rule 2R (u, X, T ) . 
Step 5.   Let : { },    : { },    ( ) : .Y Y u X X u T u s= ∪ = − =  
Step 6.  If d = p(u),  go to Step 2. 
Step 7.   We have a conflict (II). Then: 
                  For   i= 1,….., p(u)-d    do  
                  If  by A1 from T a feasible partial timetable  T′  of  Y  can be derived  

   with ( ) ( )      { }      ( ) ( ) 1T v T v for all v V u and T v T v′ ′= ∈ − = + ,                                 
                  then  T: = T′ .  
Step 8.  Go to Step 2.  

This is an outline of the algorithm used in our program. In the beginning 
we thought of subdividing the weekly problem into daily ones, but decided 
against it, because exchange steps usually involve periods of more than 1 day[5].  

Since conflicts are time-consuming in most cases and can not be solved in 
some cases, 1R  and 2R aim at a conflict free performance of the algorithm mainly.  
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Hence, 1R  (X, T) favours TUs of X which have only few schedules 

compatible with T. By 2R  (u, X, T) we try to avoid the following situation:                                              
(III)   There is a period h such that for some class c′  neither a v Y∈  with 

( )c c v′∈ and ( )h T v∈ does exist nor a v X′∈  with ( )c v c′ ′= and v hα ′ = “true”. 
Apparently, (III) leads to a conflict (II) in a later phase of A2. For  u X∈ ,  

let ( , )u Tδ  be the number of schedules compatible with the timetable T. Let
min ( , )X v X

v Tδ δ
∈

= . For Xδ = 0 we have a conflict (II). Therefore, selecting by 

1( , )R X T   a  u X∈ with ( , )u Tδ  = Xδ , would be reasonable. Since the search for 
such an u is rather time consuming, we replaced Xδ  by 

( )
: min ( , )X

Z T
v Tδ δ=  where, 

δ  is an estimate for δ  which can be determined more easily, and Z(T) is a subset 
of X with ( )Z T << X . When determining Z(T), we make use of the fact that 
there are subsets of U whose members are tending to conflicts (e.g. couplings) 
and regard that in a previous step a situation may have been recognized by 2R , 
which could lead to a conflict (III). Besides that, Z(T) contains in most cases only 
TUs v with  "true"vuκ = , u  being the TU selected by 1R in the preceding step.  

 
Exchanging in a complete timetable is a rather difficult and time-

consuming task. Therefore, we try to construct a “good” timetable from the 
beginning. For this purpose, we use the free choices which usually remain in 2R , 
after problems concerning (III) have been dealt with. For obvious reasons, we 
restrict ourselves to treating in R, only such requirements of (P) where the 
corresponding subsets of U are considered in 2R  in view of (III). 

 
Experiments with other selection rules proved 1R  to be rather satisfying in 

view of both computing time and conflict-free performance. The computing time 
for algorithm A2 increases almost linear with the number of classes; as to 
conflicts, during computing timetables for real schools, with few exceptions more 
than 95 per cent of the entries into the class-hour-timetable could be made 
without conflicts. An analysis showed that the exceptions were caused mainly by 
unrealistic availability requests and by schedules fixed from the beginning. In 
about 40 per cent of the cases treated all entries could be made by algorithm A2, 
in other 40 per cent up to three entries lacked in the final timetable. The results of 

2R  can be described by the statement that the resulting timetables were “good in 
the mean”, but had weak points in the fulfillment of single requirements. 
Therefore, the optimization routine was designed to deal with those points 
mainly. 
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1.7    The Optimization Approach 
 
1.7.1 The situation shall be illustrated by means of requirement 1.2.4.1: 
“Windows for teachers should be avoided”. In general it is impossible to avoid 
windows at all. It seems to be reasonable to replace 1.2.4.1 by 
1.7.1.1  For any teacher t, the number of windows should not exceed a given limit 
w(t).  

One could think of adding 1.7.1.1 to the definition of a feasible timetable. 
There are three reasons against it: 
1. A period h H∈   turns out to be a window for some teacher t only after 
termination of algorithm A2.                                                                                                                       
2. Conflict situations could not be defined clearly, if 1.7.1.1 is treated as 
“dispensable in certain situations”.                                                                                                            
3. Unnecessary conflict situations would arise from treating 1.7.1.1 as 
indispensable. 

Let T be a feasible timetable. The attempt of constructing directly from T 
a timetable T′  satisfying 1.7.1 .l seems to be hopeless. Therefore, for any teacher 
t, let f(T,U(t)) be the number of windows for t in T. The difference f(T, U(t)) –s(t) 
measures how good 1.7.1.1 is fulfilled for teacher t in timetable T.  

Let 1,....., mt t , be the teachers. Then, starting from T = 0T , we could try to 
construct a sequence 0 1, ,...., mT T T  of feasible timetables, such that 

(( , ( )) ( )   for all  i j jf T U t w t j i≤ ≤ . Obviously, teachers with low numbers are 
favoured by this proceeding. Therefore, the teachers should be arranged in an 
order according to how good 1.7.1.1 is fulfilled i.e. 

1 2(( , ( )) (( , ( )) .......f T U t f T U t≥ ≥  
1.7.2   Since the other requirements stemming from 1.2.3 and 1.2.4 can be treated 
in a similar way, we define a “demand” as follows: 

A demand is a triple (W, f, s) with 0,   W U s N⊂ ∈ , and  f  assigning to 
any feasible timetable T  a non-negative integer f(T, W) which measures the 
quality of T with respect to W. A timetable T satisfies (W, f, s), if ( , )f T W s≤ . 

Now, the “additional properties” occurring in problem (P) may be 
formulated in terms of demands. In view of the subdivision considered in 
problem ((P)(a) - (c)), we introduce corresponding groups 1,.... kG G  of demands.  

Then, if demands ( ( , , )i i i iW f sΔ = ,  i  = 1,. . ., r  and a feasible timetable 

0T are given, our problem is:                           

(OP)    Construct from  0T  a feasible timetable  T′  which satisfies  1,...., rΔ Δ . 
The considerations of 1.7.1 suggest dealing first with the following 

problem:        
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(OPl)   Let T be a feasible timetable for U satisfying demands 1,...., kΔ Δ . Let           
Δ  = (W, f, s) be a demand with f(T, W) > s. Construct a timetable T′ satisfying  

1,...., kΔ Δ  and                                                   
1.7.2.1     f(T′ , W) < f(T , W).  

Since condition (I) can be formulated in terms of demands, we may 
restrict ourselves to the case that p(u) = 1 for all u U∈ . 
1.7.3   Then a graph 4 4 4( , )G V E=  can be defined from U in the same way as in 
1.5. 3G  has been defined from V. Now, (OPl) corresponds to the problem of 

deriving from a maximum stable set X of 4G , a maximum stable set X ′ , which 
has in common with X  properties corresponding to 1,...., kΔ Δ  and satisfies one 
additional condition corresponding to 1.7.2.1. 

Theorem 1.4.2.6 suggests the use of balanced subgraphs. Of course, a 
balanced subgraph relative to X, improving T with respect to W, must involve at 
least for one u W∈  both a vertex (u, h), h H∈ , belonging to X, and a vertex 
( , )u h′ , h H′∈ not in X. The simplest types of balanced subgraphs relative to X 
which can occur in 4G  are shown in figure 6(a) and (b) ( 1,  ,  h h h′  must be 
different).  

They are called ( , )h h′ -subgraphs of the first kind of u (Marked vertices 
belong to X). A ( , )h h′ -subgraph of u of the second kind consists of two ( , )h h′ -
subgraphs of U of the first kind which have in common exactly the vertices (u, h), 
( , )u h′ and the edge joining them. The search for a ( , )h h′ -subgraph of some 
u W∈  which improves the timetable of W in the sense of problem (OPl) can be 
realized by an algorithm A2 analogous to A1.                                       
1.7.4    Since the relative importance of the groups 1,...., kG G  may be different in 
different schools, we assign to any jG  a priority jπ [1].  

Then we deal with problem (OP) by Algorithm A3                                                                       
Step 1.  For  j = l,..., k   do for  all  jGΔ∈  do  ( ) : jα πΔ = .          
                    

              
    

                                            (a)                                                      (b)               
  

Figure 6 
Step 2.   For  j = l,..., r   do  ( ) : ( , )f j jf T W sβ Δ = − .                                                               
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Step 3.   Arrange the demands iΔ  in a sequence 1 2{ , ,....., }r′ ′ ′Δ Δ Δ  with 

              1 1 2 2( ({ ), ( )) ( ( ), ( )) ......α β α β′ ′ ′ ′Δ Δ ≥ Δ Δ ≥ .           
Step 4.   For  j = l,..., r   do                                                                                                       
               (a)   By means of algorithm A2 try to derive from 1iT − , a feasible  
                       timetable T′  which satisfies 1,....., j′ ′Δ Δ .                                                                               
               (b)   If such a T′  can be found, :jT T ′= , else omit j′Δ  and 1:j jT T −= . 

This proceeding turned out to be advantageous for two reasons, firstly, 0T  
is a good timetable, which means that a good deal of the demands is satisfied 
from the outset and secondly, the balanced subgraphs used involve only a small 
number of TUs. This entails that only a small number of demands must be 
regarded during constructing 1iT +  from iT .  
 
1.8    Conclusion 
 

By a “timetable problem” is meant a schedule problem in which things, in 
the present case teachers, students and classrooms, must be combined in such a 
way as to avoid conflicts and meet other restraints. For constructing a timetable 
with the aid of a computer, heuristic techniques are used. In general, there arises a 
conflict in developing a timetable model. In order to avoid that conflict we have 
developed a model that is simple enough to admit effective solution methods. In 
this way, all the timetables to which algorithm A3 has been applied, could be 
improved considerably. Since the quality of a time table can hardly be expressed 
by numbers, we are satisfied with the result, that most school used our timetable 
after significant modifications. 
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