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1. Introduction 
 
The set δ (delta) has been introduced in topological space by C. Chattopadhyay and 
U.K. Roy in [2]. In [2] and [1] C. Chattopadhyay  have discussed the properties of 
this set in detail. Another concept on topological space is ideal. K. Kuratowski[9] is 
the pioneer of this field. From 1930 to till date so many mathematicians like 
Vaidyanathaswamy in [14] and [15], Natkaniec in [12], Hamlett and Jankovic in [5] 
and [8], Dontchev in [4], Hayashi in [7], Hatir and Noiri in [6] and  Modak and 
Bandyopadhyay[11] have studied on this field and have correlated this with another 
properties of topological spaces. The study of two set operators, ( )* and ψ  are 
important in the field of ideal. An ideal  I  on X and a topology τ on X is denoted as 
(X,τ, I) and it is called ideal topological space[4]. 
Here we shall introduce a space by replacing  τ  by  τδ  of  (X,τ, I). In this space we 
shall introduce two operators as like similar of the operators  ( )* and ψ . After that we 
shall discuss various properties of these two new operators in detail, and ultimate we 
get a kuratowski closure operator. 
Let  (X,τ)  be a topological space and  A ⊂ X. We denote closure of  A  and interior 
of  A  by  clA  and   intA  respectively. 
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2. Preliminaries 
 
In this section we  are discussing some definitions and results which are relevant for 
this paper. 
 
Definition2.1.[9]. A nonempty collection  I  of subsets of a given  set  X  is said to be 
an ideal on  X  if  (i).  A∈I  and  B ⊂ A implies  B ∈I (heredity) and (ii).  A∈I  and B 
∈I implies  A∪B ∈I (finite additivity).  
If  (X,τ)  is a topological space and  I is an ideal on  X, then (X, τ, I) is called ideal 
topological space[4]. 
 
Let ℘(X) denote the power set of  X. 
 
Definition2.2.[9], [15]. Let (X, τ, I) be an ideal topological space. A set operator  ( )* 
: ℘(X) → ℘(X),  is called the local function of  I  on  X  with respect to τ,  is defined 
as:  (A)* (I, τ) = {x ∈ X:  Ox ∩A ∉ I,  for every open set Ox  containing x}, for every 
A∈℘(X).   
This is simply  called local function and simply denoted as  A* . 
 
Definition2.3.[12]. Let (X, τ, I) be an ideal topological space. An operator  ψ : ℘(X) 
→ τ  is defined as: ψ(A) = {x ∈ X:  there exists an open set  Ox containing x  such 
that  Ox – A ∈ I }, for every A∈℘(X).  
Its equivalent definition is; ψ(A) = X – (X – A)*.  
We shall discuss a few words about δ-set: 
 
Definition2.4.[2].  A subset  A  of a topological space  (X, τ)  is called a δ-set if  
intclA ⊂ clintA. 
The collection of all δ-sets in a topological space (X, τ)  is denoted as τδ. This 
collection does not form a topology because arbitrary union of δ-sets may not be a δ-
set in general[2]. Furthermore, it is interesting that the finite union (intersection) of  δ-
sets is again a δ-set[1]. As τ ⊂ τδ,  then intersection of an open set with a δ-set is a δ-
set. In[1], C. Chattopadhyay has also shown that the complement of δ-set is a δ-set. 
For this, the definition of  δ-closed set is worthless as like semi-closed[3] set and pre-
closed set[10]. But closure of this set is meaningful and its definition is:  
 
Definition2.5.[1]. Let  A be a subset of a topological space  (X, τ). The δ-closure of A 
is denoted as  δ-clA  and defined as intersection of all δ-sets containing  A. 
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As a consequences of this definition, δ-clA  consists of all points  x  such that every  
δ-set  containing  x  intersects  A. In this context  δ-clA  may not be a δ-set in general 
but following hold: 
 
Result2.1.[1].Let A be a subset of a topological space (X, τ).If A∈τδ, then  δ-clA = A. 
 
Definition2.6.[13]. A set A in a topological space (X,τ) is called  α-set  if A⊂ 
intclintA.  
The set of all α-sets in a topological space (X,τ) is denoted as  τα.   

 
 

3. The Operator  ( )*δ 

 
In this section we shall introduce Ideal Delta Space and ( )*δ  operator and discuss 
various properties of this operator. 
Let (X,τ)  be a topological space and  I  be an ideal on X, then  (X, τδ, I) is called 
ideal delta space. Now we shall define the operator  ( )*δ . 
 
Definition3.1.  Let (X, τδ, I) be a ideal delta space. A set operator  ( )*δ  : ℘(X) → 
℘(X),  is called the δ-local function of  I  on  X  with respect to τδ, is defined as:  
(A)*δ(I, τδ) = {x ∈ X:  Ux∩A ∉ I,  for every δ-set  Ux  containing x}, for every A∈ 
℘(X).   
This is simply called δ-local function and simply denoted as  A*δ. 
Properties of  ( )*δ  operator: 
 
Theorem3.1.Let (X, τδ , I ) be a  ideal delta space, and let A, B be subsets of  X. Then                     
                            (i).     φ*δ  = φ             
                            (ii).    A ⊂ B implies A*δ  ⊂ B*δ. 
                            (iii).    for another ideal  J ⊇ I on X, A*δ(J) ⊂ A*δ(I). 
                            (iv).    A*δ  ⊂ A*. 
                             (v).    A*δ ⊂  δ-clA. 
                            (vi).    A*δ ⊂ δ-clA ⊂ clA.  
                            (vii).   A*δ ⊂ A* ⊂ clA 
                            (viii).  (A*)*δ ⊂ A*. 
                            (ix).    (A*δ)* ⊂ A*.  
                             (x).    (A*δ)*δ ⊂ A*. 
                             (xi).   (A*δ)*δ ⊂ A*δ ⊂ A, if  A∈τδ. 
                            (xii).    A*δ ∪B*δ = (A∪B)*δ .  
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                            (xiii).   (A∩B)*δ ⊂ A*δ ∩B*δ. 
                            (xiv).   for δ-set  V,  V∩A*δ = V∩(V∩A)*δ ⊂ (V∩A)*δ. 
                            (xv).   for α-set  O,  O∩A*δ = O∩(O∩A)*δ ⊂ (O∩A)*δ. 
                            (xvi).    for open set  O,  O∩A*δ = O∩(O∩A)*δ ⊂ (O∩A)*δ. 
                            (xvii).   for I∈I,  (A∪I)*δ = A*δ = (A – I)*δ. 
 
Proof.  (i).  Proof is obvious from the definition of δ-local function. 
(ii).  Let  x ∈ A*δ. Then for every  δ-set Ux  containing x,  Ux∩A∉I. Since Ux∩A⊂    
Ux∩B, then Ux∩B∉I. This implies that x ∈ B*δ . 
(iii). Let  x ∈ A*δ(J). Then for every  δ-set Ux (containing x),  Ux∩A∉J . This implies 
that  Ux∩A∉I , so x ∈ A*δ(I).  Hence  A*δ(J) ⊂ A*δ(I).  
(iv).  Let  x ∈ A*δ .  We claim that  x ∈ A*. If not, then there is an open set  Ox 
(containing x),  Ox∩A∈I.  Let  Ux be the  δ-set containing x. Now  Ox∩ Ux ∩A⊂ 
Ox∩A∈I, a contraction to the fact that Ox∩Ux  is a  δ-set containing  x. So,  A*δ ⊂ A*. 
(v).  Let  x ∈ A*δ. Then for every  δ-set  Ux  containing x,  Ux∩A∉I. This implies that  
Ux∩A ≠ φ.  Hence x ∈ δ-clA. 
(vi).  We know  δ-clA ⊂ clA, since  τ ⊂ τδ . Then from result (v),  A*δ ⊂ δ-clA ⊂ clA. 
(vii).  We know  A* ⊂ clA[8], and from result (iv),  A*δ ⊂ A* ⊂ clA  holds. 
(viii).From(iv), we get (A*)*δ⊂(A*)*, and we know that (A*)*⊂A*[8]. Hence the result. 
(ix). From (iv),  A*δ ⊂ A*. Then (A*δ)* ⊂ (A*)* ⊂ A*[8]. 
(x).  Proof is obvious from (iv) and (viii). 
(xi).  From (v),  A*δ ⊂ δ-clA . Then (A*δ)*δ ⊂ (δ-clA)*δ  =  A*δ (using Result2.1.), 
hence the result.    
(xii). We know that  A ⊂ (A∪B)  and  B ⊂ (A∪B). Then from (ii), A*δ ⊂ (A∪B)*δ 

and  B*δ ⊂ (A∪B)*δ.  Hence   
                               A*δ ∪ B*δ ⊂ (A∪B)*δ

  ------------------(i). 
For reverse inclusion, let  x∉A*δ . Then there exists a δ-set  Ux containing  x,  A∩Ux 
∈ I.  Similarly, if  x∉ B*δ . Then there exists a δ-set  Vx containing  x,  A∩Vx ∈ I. 
Then by hereditary property of ideal,  A∩Ux∩Vx ∈ I  and  B∩Ux∩Vx ∈ I. Again by 
finite additivity  condition of ideal,    (A∪B)∩Ux∩Vx ∈ I. Hence  x∉(A∪B)*δ

 . So, 
                             (A∪B)*δ

 ⊂ A*δ ∪ B*δ --------------------(ii). 
From  (i) and (ii) we get,  A*δ ∪ B*δ = (A ∪ B)*δ .   
(xiii). We know that  A∩B⊂A and  A∩B⊂B, then from (ii), (A∩B)*δ⊂A*δ and  
(A∩B)*δ ⊂ B*δ.  Hence (A∩B)*δ ⊂A*δ ∩ B*δ.                  
(xiv). Let x∈V∩A*δ. Let  Ux be a δ-set containing x,  then Ux∩V∩A ∉I, since x∈A*δ  

and  Ux∩V is a δ-set containing x.  Hence  x∈(V∩A)*δ. So  V∩A*δ ⊂ (V∩A)*δ. 
Therefore  
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                                  V∩A*δ ⊂ V∩(V∩A)*δ -------------(i). 
Again for  V∩A ⊂ A, (V∩A)*δ ⊂ A*δ.  So  
                                 V∩(V∩A)*δ ⊂ V∩A*δ --------------(ii). 
From (i) and (ii), we have  V∩A*δ = V∩(V∩A)*δ. 
Hence the result. 
(xv).  Proof is obvious from  τα ⊂ τδ [1]. 
(xvi).  Proof is obvious from  τ ⊂ τα[13]. 
(xvii).  Since  A ⊂ (A∪I), then  
                                            A*δ ⊂ (A∪I)*δ ----------------(i). 
Let x∈(A∪I)*δ. Then for every δ-set Ux containing x,  Ux∩(A∪I) ∉I. This implies 
that  Ux∩A∉I ( If possible suppose that  Ux∩A∈I. Again Ux∩I ⊂ I implies  Ux∩I∈I  
and hence  Ux∩(A∪I) ∈I , a contradiction). Hence x∈A*δ  and  
                                           (A∪I)*δ ⊂ A*δ -------------------(ii). 
From (i) and (ii) we have 
                                            (A∪I)*δ = A*δ -------------------(iii). 
Since  (A - I) ⊂ A,  then 
                                            (A - I)*δ ⊂ A*δ -------------------(iv). 
For reverse inclusion, let  x∈A*δ. We claim that x∈(A - I) *δ, if not, then  there is a δ-
set Ux containing x, Ux∩(A - I)∈I.Given that I∈I, then I∪(Ux∩(A - I))∈I. This 
implies that I∪(Ux∩A)∈I. So, Ux∩A∈I, a contradiction to the fact that x∈A*δ. Hence 
                                             A*δ ⊂ (A - I)*δ --------------------(v). 
From (iv) and (v) we have 
                                               A*δ = (A - I)*δ -------------------(vi). 
Again from (iii) and (vi), we get  (A∪I)*δ = A*δ = (A – I)*δ. 
In ideal delta space a closure operator will be obtained by following:  
 
Remark3.1. Let (X, τδ, I) be a ideal delta space and A ∈τδ . Then from  
Theorem3.1(i), (xi) and (xii),  Cl*δ(A) = A∪A*δ  is a Kuratowski closure operator.  

 
 

4. The Operator  ψδ
 

 
In this section we have introduced another operator ψδ in ideal delta space. The 
famous result, intA = X – cl(X – A)[9] is our motivation of introducing the operator 
ψδ .   
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Definition4.1. Let (X, τδ, I ) be a ideal delta space. An operator  ψδ : ℘(X) →℘(X) 
is defined as: ψδ(A) = {x ∈ X:  there exists a δ-set  Ux containing x  such that  Ux – A 
∈ I }, for every A∈℘(X). 
The operator  ψδ can be written as: 
 
Theorem4.1. Let (X, τδ, I ) be a ideal delta space. Then for A∈℘(X),  ψδ(A) = X – 
(X – A)*δ . 
Proof.  Let  x ∈ ψδ(A). Then there exists a δ-set  Ux containing x  such that  Ux – A ∈ 
I. Then  X∩(Ux – A)∈ I,  implies that  Ux∩(X – A )∈ I. So  x ∉ (X – A)*δ  and hence 
x ∈  X – (X – A)*δ . Therefore  
                                       ψδ(A) ⊂ X – (X – A)*δ -------------(i). 
For reverse inclusion, consider  x ∈ X – (X – A)*δ .  Then  x ∉ (X – A)*δ  .  Therefore 
there exists a δ-set  Ux containing x  such that  Ux∩(X – A) ∈ I. This implies that  Ux 
– A ∈ I . Hence x ∈ ψδ(A).  So   
                                      X – (X – A)*δ ⊂ ψδ(A) --------------(ii). 
From (i) and (ii) we get,  ψδ(A) = X – (X – A)*δ .   
Actually the relation, ψδ(A) = X – (X – A)*δ is the equivalent definition of the 
operator ψδ . 
Properties of the operator  ψδ: 
 
Theorem4.2.  Let (X, τδ , I ) be a ideal delta space. 
                 (i).  If A⊆B, then ψδ(A) ⊆ ψδ(B). 
                 (ii).  If A, B∈℘(X),  then ψδ(A)∪ψδ(B) ⊂ ψδ(A∪B). 
                (iii).  If A, B∈℘(X),  then ψδ(A∩B) = ψδ(A)∩ψδ(B). 
                (iv).  If A⊆X, then  ψδ(A) ⊃ ψ(A).  
                (v).  If  A⊆X,  I∈I,  then  ψδ(A – I) = ψδ(A). 
                (vi).  If  A⊆X,  I∈I,  then  ψδ(A∪I) = ψδ(A). 
                (vii). If  (A – B) ∪(B – A)∈I,  then ψδ(A) = ψδ(B). 
 
Proof(i).  Given that A⊆B, then  (X – A) ⊇ (X – B). Then from Theorem3.1(ii), (X – 
A)*δ ⊇ (X – B)*δ and hence  ψδ(A) ⊆ ψδ(B). 
(ii).  Proof is obvious from above property. 
(iii).   ψδ(A∩B) = X – (X - A∩B)*δ = X – ((X – A)∪(X - B))*δ. This implies that  
ψδ(A∩B) = X – ((X – A)*δ ∪(X - B)*δ), from Theorem3.1.(xii). Therefore  ψδ(A∩B) 
= (X – (X – A)*δ) ∩ (X - (X - B)*δ), and hence  ψδ(A∩B) = ψδ(A)∩ψδ(B). 
(iv). From Theorem3.1.(iv), we have that  (X – A)*δ ⊂ (X – A)*. This implies that  X - 
(X – A)*δ ⊃ X - (X – A)* and hence  ψδ(A) ⊃ ψ(A).    
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(v). We know that  X- (X – (A – I))*δ = X – ((X – A)∪I)*δ = X – (X – A)*δ (from 
Theorem3.1.(xvii)).  So ψδ(A - I) = ψδ(A). 
(vi). We know that  X – (X - A∪I)*δ = X – ((X – A) – I)*δ = X – (X – A)*δ (using the 
Theorem3.1.(xvii)). Thus  ψδ(A∪I) = ψδ(A). 
(vii). Given that (A – B)∪(B – A) ∈I,  and let  A – B = I1,  B – A = I2. We observe 
that  I1  and  I2 ∈I  by heredity.  Also observe that  B = (A – I1)∪I2.  Thus  ψδ(A) = 
ψδ(A – I1) = ψδ((A – I1) ∪I2 ) = ψδ(B).  
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