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Abstract. In this paper, a new method to obtain the integration matrices using 
monic Chebyshev expansion is introduced. This monic Chebyshev integration 
scheme are used to approximate the integration included in integral problems. 
This approach generates approximations to the lower order derivatives of the 
function through successive integrations of the monic Chebyshev polynomials 
to the highest order derivatives. Then, the approximated problem for integral 
and integro-differential equations leads to algebraic systems. Numerical 
examples are given to demonstrate the proposed idea and robustness of the 
method. 

   
 Keywords: Monic Chebyshev polynomials, integral and integro-differential equations 
 
 
1. Introduction 
 
       Integral and integro-differential equations play an important role in many branches of 
linear and nonlinear functional analysis and their applications in the theory of engineering, 
mechanics, physics, chemistry, astronomy, biology, economics, potential theory and 
electrostatics [3, 6]. In recent years there has been a growing interest in the integro- 
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differential equations which are a combination of differential and Fredholm-Volterra 
integral equations. The mentioned integro-differential equations are usually difficult to 
solve analytically [14]; so many numerical methods are used to obtain the solution of the 
linear and nonlinear integro-differential equations such as the methods use a specially 
constructed parametrix (Levi function) [1], Homotopy perturbation method [7, 16], a direct 
method using block-pulse functions [12], Haar Wavelet [13] and Tau methods [8]. 
In the usual spectral methods [2], the basic idea consists of replacing the exact solution  
by means of a truncated series expansion, and to compute spatial derivatives of  by 
analytic differentiation of the series. The pseudospectral method using expansion in 
orthogonal polynomials such as Chebyshev or Legendre polynomials have proven 
successful in the numerical approximation of many types of differential equations. The 
problem of finding the best approximate for integrals is considerable practical and 
theoretical interest. The basic idea of the Chebyshev pseudospectral integration matrix 
approach was first introduced in [5]. The author presented a spectral successive integration 
matrix where it can be used to construct a Chebyshev expansion method for the solution of 
integral and integro-differential equations.  
   In this paper, we will consider the linear Fredholm-Volterra integro-differential equations 
in the form: 
 , , ′ , , ′ ,        (1.1) 
where  , , and the initial conditions are:    ;    0,1, … , 1.  
The functions , , , , ,  and  are defined on an interval , , 
and , , ,  and  are given constants. 
    The aim of this work is to present a new spectral successive integration matrix and 
suggest well-conditioned spectral method for solving equation (1.1). This method generates 
approximations to the lower order derivatives of the function through successive 
integrations of the monic Chebyshev approximation to highest order derivative. The main 
advantage of this method is to avoid a large quantity of accumulative rounding of error 
through the approximation processes which are used in Refs. [1] and [9].  Moreover, the 
monic Chebyshev polynomials have the advantage that they provide the best approximation 
in the minimax sense to arbitrary, continuous linear functions with integral and integro-
differential problems in any given finite intervals. On the other hand, by applying the 
suggested method, the numerical solutions of the integral and integro-differential equations 
are obtained accurately.  
The remainder of this paper is organized as follows: In section 2, the definitions of monic 
Chebyshev polynomials and some of their properties are introduced.  In section 3, monic 
Chebyshev spectral approximations for a given function and spectral integration matrices  
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are presented. In section 4, an error bound of the monic Chebyshev approximation and 
integration matrices are estimated. Section 5 gives some numerical results exhibiting the 
accuracy and efficiency of our proposed numerical method. We end the paper with few 
concluding remarks in Section 6. 
 
 
2. Some properties of monic Chebyshev polynomials 
 

Consider the Chebyshev polynomials of the first kind of degree n is denoted by  and 
is given by cos , 1 1 and |  | 1. The recursive formulae 
of Chebyshev polynomials are given by:  

  2  , 1,2,3, …  

with starting values  1 and    . 

The integral of Chebyshev polynomials of the first kind is given by   

 

2 1
 

2 1
1

1
,      2,

1
2

1  ,                                                    1,
 1,                                                              0.

                   2.1  

Let  be a weight function in 1,1 , . We shall use the weighted 
Sobolev interpolation spaces 0,1,2, … ,whose inner products and norms are 
denoted by  . , . ,  and  . ,   , respectively. In particular, the inner product and norm of  

 are denoted by . , .  and .   respectively. The monic Chebyshev 
polynomials of degree n 2 are defined by the formula 2  . Let N 1 
be an integer and let   ,   , … ,   be a set of points in    , where: 

   1         1.   

These points are considered throughout this work as Chebyshev Gauss-Lobatto (CGL) 
points     . It is easy to show that  , 1 and this formula 

has size   on  , and this becomes smaller as the degree n increases. Then the degree of 
 monic polynomial with the smallest maximum on  is the modified Chebyshev  
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polynomial , and its maximum value on  is . This result is used in devising 
applications of Chebyshev polynomials and we applied it to obtain an improved 
interpolation scheme.  
The monic Chebyshev polynomials 2  form a complete orthogonal set on 
the interval  with respect to the weighting function 

√
 as the following [11]:  

,
√

0,                     ,   

2 ,      0,

,                 0,

            (2.2) 

for continuous orthogonality and, 

    , , ,

0,               ,
2 ,      0,

,              0,
                                     2.3   

for discrete orthogonality, where ,    , 0,1, … , 1 are the  zeros of 
. The recursive formulae of monic Chebyshev polynomials are given by: 

                                           ,         (2.4) 

                       with:     1,      and      

If  is integrable in , then the approximate operator  is defined as: 

                                       ,                                                             2.5   

where     1  for n 0,1, … , 1 and    . 

1
 ,     , 

where  , 1 for 1,2, … , 1. 

Theorem 2.1   The monic Chebyshev polynomials can be rewritten in the form:  
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                                                        lower degree terms. 

Now, the integrals of the monic Chebyshev polynomials are expressed as follows: 

  ,     2,

1  ,                                                         1,
1 ,                                                                 0.

                (2.6) 

 

3. Setup Monic Chebyshev integration matrix 
 

The approximation of the integrals of a function  is given by interpolating the integrant 
function with a polynomial   at (CGL) points. The author in [5] gives a procedure 
for the numerical integration of a non-singular function  defined on  by expanding the 
function in series of monic Chebyshev polynomials and integrating this series term by term. 
That is:  

,       , 0,1, … , ;                           3.1  

where , , …  is a vector consisting of values of (CGL) points and 

, ,  , 0,1, …  are the elements of the monic Chebyshev pseudospectral 
integration matrix. The integral  is then approximated by: 

                     1 2 1       .         3.2  

From (2.5), we get  
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1
   ,                             n 0,                                         

2
   ,                              n 1,                               3.3     

1
2     ,            n 2, … , N,                      

       

 

from (3.2) and (3.3) the entries of  ,  are: 

 , 1 1  2  

2 1
 

2 1
1

1 , 

, 0,1, … , . 

The operation matrix of the successive integration is given as follows 

…  …   , 

where  ,
 

! ,  , , 0,1, … , . 

We may notice that , , , this will lead us to the following formula: 

  ,                ,

 ,     ,

 

where 1   0,1,2, … , 1 and    . 
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4. Error bounds 
 

In this section, an error bound of the approximated function  is investigated. Moreover, 
an error bound of the monic Chebyshev integration method is also estimated.  

Theorem 4.1(Cauchy interpolation error formula) 

Let ∞ 1,1  be approximated by 

    ,                                                                   4.1  

then there exists a number 1,1  with 

         , 1 !   ,                                 4.2  

and  

                                 , Max
1

2 1 ! . 

Proof 

Consider the function    . Choose  such that   
has a root  satisfying   0,then  

                                
 

  
  .                                                                             4.3  

Since ∞ 1,1 ,    1,1  and    1,1  it follows 
that  has more than 1  roots. This ensure that  has at least one root, then 
there exist  in 1,1  such that, 

   0. 

By using theorem (3.1) we get:    1 ! , then              
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1 !  .                                                                              4.4      

From 4.3  and (4.4) we have  

 1 !   
, 

,
1 !   . 

This error is bounded as follows: 

,
1

1 !      

                                                                              Max
1

2 1 ! .                      

Theorem 4.2 

Let  be approximated by (4.1), then there exists a number 1,1  such that   

,  , , 0,1, … , .                                            4.5  

 where 

,
2 1 !

  

2
 2 1

2
.                      4.6  

Proof: 

Let    is approximated by (4.1), and then using (4.2) we have 

1
   

2
    

1
      

1
2     1 !   . 
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The integral of  can be approximated as: 
  1

   1
1

   1  

1
      2

 

2 1
 

2 1
1

1
  

1 !
 2  

2
 2 1

2
. 

Thus, we have 

,  , , 

where ,  is as defined by (4.6). 

 

5. Numerical results 
 
     In this section four examples are considered for the numerical illustrations of the method 
developed. A comparison between monic Chebyshev approximations and other methods 
are presented here. 
Example (1): Consider the following Fredholm integral equation: 

         ,        0 1,                                                      5.1  

with exact solution sin . The monic Chebyshev approximations are used to solve 
this example, the obtained results as shown in Fig.(1) which confirms that the  monic 
Chebyshev method gives almost the same solution as the analytic method.  
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Example (2): Consider the following first-order integro-differential equation: 

1 2 1 2 ,     0 , 1 

With the initial condition  0 1,  the exact solution is . 

       Let y , we have the following approximation process of y : 

,  1,    0, … , ,     0 1. 

The presented monic Chebyshev method and Tau method [8] are used to solve this 
problem, the results are shown in Fig.(2). Table (1-a) shows that our method has better 
accuracy compared with the Tau method developed in [8]. Table (1-b) exhibits a 
comparison between the maximum absolute error obtained by using the monic Chebyshev 
method with the methods that was applied by the authors in [10] and [15].  
 
 

Table (2-a): maximum absolute errors of example 2 compared with Tau method  

N  monic Chebyshev method Tau method [8] 
10  1.19E‐08  1.61E-03 
15  3.12E‐13  2.78E-05 
20  6.82E‐14  2.73E-08 
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Table (2-b): comparison between the different methods in example2  

N  monic Chebyshev method Legendre[15] Chebyshev[15] Makroglou[10] 
10  1.19E‐08  5.69E‐04  2.28E‐03  2.75E‐06 

 
Example (3): Consider the following second-order integro-differential equation: 

                 , 

with the initial conditions 0 0, 0 0 with exact solution . 

Let  and by applying monic Chebyshev integration matrix, we get 

,   , 1 0  , 0, … , . 

The proposed method is used to solve this problem and compared with results in [4] as 
shown in Fig. (4). The maximum absolute error at 10  by using Monic Chebyshev 
approximations was 5.00 10  , whenever it was  2.64 10  in Ref. [4]. 
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Now, consider the following general singularly perturbed integro-differential equation 

, ,     , , 

  . 
 
Where 0 1 is the perturbation parameter, 0, ,  and 

, , , ,  are sufficiently smooth functions and   is a given constant. 
In the next, we show that our method can be extended to such kind of problems with a 
sufficient accuracy with the system stability. By using the monic Chebyshev 
approximations, we got the following systems of equations:  

,  , ,  0 ,    

              , 0, … , ..                               

 

Example (4): Consider the singularly perturbed Volterra integro-differential equations: 
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2 9 11 10 5 10 2. 
 
 

Table (10): The maximum absolute error for different values of N and  
ε  4N =  6N =  8N =  10N =  12N =  

0.1 6.14E-01 6.32E-02 3.40E-03 1.31E-04 3.88E-06 
0.2 1.20E-01 2.81E-03 4.19E-05 4.45E-07 3.52E-09 

0.01 3.23E-02 2.01E-04 2.16E-06 3.04E-08 1.44E-11 
0.08 4.77E-02 3.03E-05 2.31E-07 3.30E-10 6.04E-12 

0.049 2.13E-03 0.88E-05 3.85E-08 9.21E-11 6.31E-13 
0.007 3.63E-03 1.73E-06 8.64E-09 2.22E-11 3.43E-14 

with the initial conditions 0 10. The exact solution:  10 10
10 .  In Table (10), we present the maximum absolute error obtained from the present 
method for different values of N andε . 

 

6. Conclusions  
 
      Some practical problems solve the integral, integro-differential and perturbation 
integro–differential equations. These types of equations are usually difficult to solve 
analytically. In many cases, it is required to obtain the approximate solutions. For this 
purpose, monic Chebyshev approximations and collocation method are developed and 
applied in this paper. The efficiency of this technique has been shown in the numerical 
examples. For future works, we will try to apply this technique to partial differential 
equations, second kind Volterra-Fredholm integral equations and singular integral 
equations. 
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