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Abstract

Wavelet is a currently developed mathematical tool for many prob-
lems wavelet also can be applied in numerical analysis and estimation.
In this paper, we apply Haar wavelet methods to solve differential equa-
tion of spring in three different cases with initial conditions known based
on the Chen−Hsiao method. Some examples are solved. The result are
compared with the exact solution.
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1 Introduction

A wavelet ψ is a function in Hilbert space L2(R) or in a bigger space L2(Rn)
or even in a separable Hilbert space H that there are some unitary operators
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on that space such that image under these operators consists an orthonormal
basis. Actually, Wavelet is a non-trigonometric Fourier bases. There are very
similarity between Fourier analysis and wavelet theory.

The first wavelet was introduced by Haar over in 1909, although he didn’t
call his function a Wavelet. The concept lay dormant until the early 1980,s,
when Grossman, Morlet and some others began using the concept of a wavelet
in doing geological research. Then in 1988, Ingrid Daubechies published her
landmark paper ”Orthonormal Bases of compactly supported wavelet ”which
gave an algorithm for numerically efficient methods for applying wavelets to
real problems. Indeed, Daubechies’ algorithms play the same role for wavelet
analysis as the Fast Fourier transform plays for Fourier analysis. Since the pub-
lication of Daubechies’ paper, both the theory and the applications of wavelet
analysis has flourished. In particular, recently there has been an explosion in
the numerical analysis. Most problems in physics have been face by differen-
tial equations. Varity methods have been proposed for numerical solution of
differential equations. One of these methods is using of wavelet. There are
some methods for solutions of differential equations by the wavelet [1, 6, 7, 12,
13, 16, 17, 18], as Galerkin and collocations methods, the filter bank methods
[18], and the Kalman filters. In most papers the Daubechies wavelets are used,
the Gaussian wavelet is applied in [17, 13]. Numerical difficulties appear in the
treatment of nonlinearities, where integrals of products of wavelet and their
derivatives must be computed.

This can be done by introducing the connection coefficients [1,14], but this
method is applicable only for a narrow class of equations. An adaptive method
for computing such integrals is also proposed [1]. Clearly try to simplify the
wavelet method for solving differential equations are very important. One
possibility for this is to make use of the Haar wavelet family. After that Haar
introduced his function, various generalization and definitions were proposed
[15]. In 1980s it turned out that the Haar is in fact the Daubechies wavelet of
order 1. This enables to in introduce the Haar wavelet, which is the simplest
orthonormal wavelet with compact support. It should be mentioned that the
Haar wavelet has an essential shortcoming, it is not continuous. In the points
of discontinuity the derivatives do not exist, therefore it is not possible to
apply the Haar wavelet directly for solving differential equations. There are
some possibilities to come out from this impasse. First the piecewise constant
Haar function can be regularized with interpolation spines, this technique has
been applied in several papers by Cattani [2, 3].

The second possibility is to make use of the integral method, by which the
highest derivation appearing in the differential equation is expanded into the
Haar series. This approximation is integrated while the boundary conditions
are incorporated by using integration constant [2]. This approach has been
realized for the Haar Wavelet by Chen and Hsiao [4, 5]. The main idea of this
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technique is to convert a differential equation into an algebraic accordingly.
Later on this method was successfully applied for solving singular, bilinear
and stiff systems [10, 11].

Cattani observed that computational complexity can be reduced if the in-
terval of integration is derived into some segments [3]; this method has called
the reduced Haar transform. The number of collocation points in each segment
is considerably smaller as in the case of Chen and Hsiao method.

Further simplifying of the solution can be obtained if in each segment only
one collocation point is taken. It is assumed that the highest derivative is
constant in each segment, therefore this method is called piecewise constant
approximation (PCA). This method has been applied by Goedecker and Ivanov
[9] and also by Hsiao and Wang [11]. One of the differential equations which
have a special important in physics is homogeneous and inhomogeneous har-
monic differential equation.
These differentials equations can be laid in three sets:
(i) Simple harmonic equation whose differential equation is

u′′(t) + ω2
0u(t) = 0 (1)

where ω0 =
√

k
m

anger frequency, u harmonic function and t time variable.
(ii) Damping harmonic equation whose differential equation is

u′′(t) + 2γu′(t) + ω2
0u(t) = 0 (2)

where γ is damping coefficient.
(iii) In homogeneous harmonic equation whose differential equation is

u′′(t) + 2γu′(t) + ω2
0u(t) = f(t) (3)

where f(t) is a harmonic function by frequency ω. In this paper, we attempt
to solve these three kinds of differential equation by using Haar wavelet and
compare results by exact solution.

2 Wavelet and Haar Wavelet

In this section we present some definition of wavelet theory. We define Haar
wavelet and verify its properties.

Definition 2.1 Let f ∈ L2(R). For n ∈ Z let Tn : L2(R) → L2(R) be
given by (Tnf)(x) = f(x− n) and D : L2(R)→ L2(R) be given by (Df)(x) =√

2f(2x) operators Tn and D are called translation and dilation operator.

Definition 2.2 : A function ψ ∈ L2(R) is called an orthonormal wavelet

for L2(R) if {DkTnψ : k, n ∈ Z} = {2 k
2ψ(2Kk − n) : k, n ∈ Z} is an orthonor-

mal basis for L2(R).
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Central to the theory and application of wavelet is the concept of Multireso-
lution Analysis, abbreviated MRA, which is defined in the following.

Definition 2.3 : A set of closed subspaces {Vj : j ∈ Z} of L2(R) is called
a Multiresolution Analysis (MRA) if the following four properties hold:
(1) Vj ⊆ Vj+1, for all j ∈ Z;
(2) D(Vj) = D(Vj+1), for all j ∈ Z;
(3) ∪j∈Z Vj = L2(R),and ∩j∈ZVj = 0;
(4) There is a scaling function ϕ for V0.

By a scaling function for V0 we mean that there exists a function ϕ ∈ V0 such
that {Tnϕ : n ∈ Z} is an orthonormal basis for V0. If we think of the core
subspaces V0 as a specified level of resolution then moving to amounts to ”
Zooming in ” and increasing resolution by one level, on the other hand, V−1

represents one lower level of resolution, resulting from ” Zooming out”.

Definition 2.4 : Haar wavelet is defined as follow:

ψ(x) =



1 x ∈ [0, 1
2
)

−1 x ∈ [1
2
, 1]

0 otherwise

. (4)

A proof that ψ is an orthonormal wavelet can be found in [8]. Thus the func-
tions family which is defined as follow is an orthogonal basis.

hi(x) = ψ(2jx− k) =



1 k
2j ≤ x < k+0.5

2j

−1 k+0.5
2j ≤ x ≤ k+1

2j

0 otherwise

. (5)

Let J be the level of the resolution. Integer m = 2j(j = 0, 1, ..., J) indicates the
level of the wavelet; k = 0, 1, ...,m− 1 is the translation parameter. The index
i is calculated according the formula i = m + k + 1, in the case of minimal
values m = 1, k = 0 we have i = 2, maximal value of i is i = 2M = 2j+1. It is
assumed for i = 1 we have hi ≡ 1 on [0, 1] and zero elsewhere.

3 Method of solution by Haar Wavelet

Let us define coefficient matrix representation

H2m(i, l) = hi(tl).
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That tl = (l−0.5)
2m

, l = 1, 2, ..., 2m, which has the dimension 2M × 2M . For
instance, if M = 2 and M = 4 we find

H4 =


1 1 1 1
1 1 −1 −1
1 −1 0 0
0 0 1 −1

 (6)

and

H8 =



1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 0 0 0 0
0 0 0 0 1 1 −1 −1
1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1


. (7)

The next operational matrix of integration, which is a square matrix, is defined
by the equation

(PH)il =
∫ tl

0
hi(t)dt. (8)

For instance, if M = 2 and M = 4 we find

P4 =
1

16


8 −4 −2 −2
4 0 −2 2
1 1 0 0
1 −1 0 0

 (9)

and

P8 =
1

64



32 −16 −8 −8 −4 −4 −4 −4
16 0 −8 8 −4 −4 4 4
4 4 0 0 −4 −4 0 0
4 −4 0 0 0 0 4 −4
1 1 2 0 0 0 0 0
1 1 −2 0 0 0 0 0
1 1 0 2 0 0 0 0
1 1 0 −2 0 0 0 0


. (10)

Chen and Hsiao [4] showed that the following matrix equation for calculat-
ing the matrix equation for calculating the matrix P of order 2M holds

P2m =

 Pm
−1
4m
Hm

1
4m
H−1
m 0

 . (11)
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Also we consider

Pi,1 =
∫ t

0
hi(t)dt.

and

Pi,ν =
∫ t

0
Pi,ν−1(t)dt, ν = 2, 3, ...

Thus

Pi,1(t) =



t− k
m

t ∈ [ k
m
, k+0.5

m
]

k+1
m
− t t ∈ [k+0.5

m
, k+1
m

]

0 otherwise

(12)

and

Pi,2(t) =



0 t ∈ [0, k
m

]

1
2
(t− k

m
)2 t ∈ [ k

m
, k+0.5

m
]

1
4m2 − 1

2
(t− k+1

m
)2 t ∈ [k+0.5

m
, k+1
m

]

1
4m2 t ∈ [k+1

m
, 1]

. (13)

It is necessary to evaluate these calculations only once, after that they will
applicable for solving whatever differential equation. Now, consider differential
equation with second order

u′′(t) + 2γu′(t) + ω2
0u(t) = f(t) (14)

where t ∈ [A,B] and initial u′(A) conditions u(A) and are known. We follow
the word by consider ∆x = B−A

m
where m = 2J+1.Now for solution of equation

of (14) let

u′′(t) =
m∑
i=1

aihi

where ai is the wavelet coefficients that is unknown. Take

u′(t) =
m∑
i=1

aiP1,i + u′(A)

and

u(t) =
m∑
i=1

aiP2,i + u(A) + (t− A)u′(A).
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Then by replacement u′′(t), u′(t) and u(t) in equation (14), we obtain

m∑
i=1

aihi + 2γ(
m∑
i=1

aiP1,i + u′(A)) + ω2
0(

m∑
i=1

aiP2,i + u(A) + (t− A)u′(A)) = f(t)

By calculate the Wavelet coefficients and using of equation (14), u(t) was
obtained.

4 The numerical solution of homogeneous and

inhomogeneous harmonic differential equa-

tion

By last method three examples are solved. All the calculation is done by using
J = 3 for levels for resolution.

Example 4.1 : Let simple harmonic equation u′′(t) + 1
4
u(t) = 0 where

t ∈ [0, 1] , u(0) = 1 , u′(0) = 0ω0 = 1
2

and f(t) = γ = 0.
Hence differential equation get

16∑
i=1

ai(hi(t) +
1

4
P2,i(t)) +

1

4

and u(t) = P2,16A. But the exact solution is u(t) = cos(t/2).

Numerical solution for Example 4.1
t/32 Numerical solution Exact solution

1 0.9999 0.9999
3 0.9989 0.9989
5 0.9970 0.9969
7 09940 0.9940
9 09901 0.9901
11 09953 0.9953
13 0.9795 0.9794
15 0.9727 0.9727
17 0.9651 0.9649
19 0.9664 0.9563
21 0.9468 0.9466
23 0.9363 0.9361
25 0.9249 0.9247
27 0.9125 0.9123
29 0.8993 0.8991
31 0.8852 0.8850
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Table 1: Numerical solution for Example 4.1.

Example 4.2 : Let damping harmonic equation u′′(t)+2γu′(t)+ω2
0u(t) =

0, where t ∈ [0, 1] , u(0) = 1 , u′(0) = 0ω0 = 1
2

and γ = 1.

This equation has the exact solution u(t) = c1 expq1t +c2 expq2t, where q1 =

−1−
√

3
2

, q2 = −1 +
√

3
2

, c1 = −1−
√

3
2

, c2 = −1 +
√

3
2

.

Numerical solution for Example 4.2
t/32 Numerical solution Exact solution

1 0.9999 0.9999
3 0.9990 0.9990
5 0.9973 0.9972
7 09949 0.9948
9 09923 0.9917
11 09886 0.9881
13 0.9846 0.9840
15 0.9801 0.9795
17 0.9779 0.9746
19 0.9727 0.9694
21 0.9673 0.9639
23 0.9615 0.9582
25 0.9557 0.9523
27 0.9496 0.9462
29 0.9434 0.9399
31 0.9370 0.9335

Table 2: Numerical solution for Example 4.2.

Example 4.3 : Let inhomogeneous harmonic equation u′′(t) + 2γu′(t) +
ω2

0u(t) = f0 cosωt, where t ∈ [0, 1] , u(0) = 1 , u′(0) = 0ω0 = 1
2
ω = 1, ω =

1γ = 1 and f0 = 1.

This equation has the exact solution u(t) = c1 expq1t +c2 expq2t +12
55

cos t +
32
55

sin t, where q1 = −1−
√

3
2

, q2 = −1 +
√

3
2

, c1 = 0.2754 , c2 = 0.5064.
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Numerical solution for Example 4.3
t/32 Numerical solution Exact solution

1 1.0003 1.0003
3 1.0031 1.0030
5 1.0080 1.0077
7 1.0152 1.0141
9 1.0229 1.0217
11 1.0334 1.0301
13 1.0451 1.0390
15 1.0580 1.0479
17 1.0616 1.0567
19 1.0758 1.0650
21 1.0903 1.0726
23 1.1051 1.0792
25 1.1191 1.0848
27 1.1337 1.0890
29 1.1480 1.0918
31 1.1618 1.0930

Table 3: Numerical solution for Example 4.3.
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