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Abstract

In this paper, we study the adaptive mixed finite element methods
and variational discretization for optimal control problems governed by
nonlinear elliptic equations. The state and the co-state are discretized
by the lowest order Raviart-Thomas mixed finite element spaces and the
control is not discretized. Then we derive a posteriori error estimates
both for the coupled state and the control approximation. Finally, we
introduce an adaptive algorithm to guide the mesh refinement.
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1 Introduction

Optimal control problems are very important models in scientific computa-
tions and engineering applications. Good numerical methods are the key to
successful applications of optimal control problems. Among these numerical
methods, the finite element method seems to be the most widely used method
in computing optimal control problems, and the relevant literature is huge.
For example, there have been extensive theoretical studies for finite element
approximation of various optimal control problems, see, Falk [1] and Geveci
[2]. Systematic introduction of the finite element method for optimal control
problems can be found in [3, 4, 5, 6, 7].

Adaptive finite element methods for optimal control problems have been
established in [8, 9]. Many researchers gain posteriori error estimates for the
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control problems by applying recovery techniques or residual estimation, see,
for example, [10]. The results have been found very useful in computing control
problems with the development of adaptive finite element approximation. At
the heart of adaptive finite element method is a posteriori error indicator,
which can make the finite element results be more accurate and guide the
mesh refinement process in the adaptive analysis, see, for example, [11].

In [12], the author first presents the variational discretization concept for
optimal control problems with control constraints, with implicitly utilizes the
first order optimality conditions and the discretization of the state and adjoint
equations for the discretization of the control instead of discretizing the space
of admissible controls.

In this paper, we study the adaptive mixed finite element methods and
variational discretization for optimal control problems governed by nonlinear
elliptic equation. The optimal control problems that we are interested in are
as follows:

min
u∈K⊂U

{1

2
‖�p − �pd‖2 +

1

2
‖y − yd‖2 +

1

2
‖u‖2

}
(1)

div�p + φ(y) = f + u, in Ω, (2)

�p = −A∇y, in Ω, (3)

y = 0, on ∂Ω, (4)

where the bounded open set Ω ⊂ R2, is a convex polygon with the boundary
∂Ω, f ∈ L2(Ω), and K is a closed convex set in U = L2(Ω). For all R > 0 the
function φ(·) ∈ W 1,∞(−R,R), φ′(y) ∈ L2(Ω) for all y ∈ H1(Ω), and φ′(y) ≥ 0.
Furthermore, we assume the coefficient matrix A ∈ (W 1,∞(Ω))2×2 is symmetric
and XtAX ≥ c‖X‖2

R2 for all X ∈ R2.

2 variational discretization and mixed finite

element methods

In this section, we study the variational discretization and mixed finite el-
ement approximation of the problem (1)-(4). Let �V = H(div; Ω) = {�v ∈
(L2(Ω))2, div�v ∈ L2(Ω)}, endowed with the norm given by ‖�v‖H(div;Ω) =
(‖�v‖2

0,Ω + ‖div�v‖2
0,Ω)1/2, and W = L2(Ω).

In order to consider the the variational discretization and mixed finite el-
ement approximation of the above optimal control problem, we recast (1)-(4)

as the following weak form: find (�p, y, u) ∈ �V × W × U such that

min
u∈K⊂L2(Ω)

{1

2
‖�p − �pd‖2 +

1

2
‖y − yd‖2 +

1

2
‖u‖2

}
(5)

(A−1�p,�v) − (y, div�v) = 0, ∀�v ∈ �V , (6)
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(div�p, w) + (φ(y), w) = (f + u, w), ∀w ∈ W. (7)

It is well known that the optimal control problem (5)-(7) has a solution
(�p∗, y∗, u∗), and that if a triplet (�p∗, y∗, u∗) is the solution of (5)-(7), then there

is a co-state (�q∗, z∗) ∈ �V ×W such that (�p∗, y∗, �q∗, z∗, u∗) satisfies the following
optimality conditions:

(A−1�p∗, �v) − (y∗, div�v) = 0, ∀�v ∈ �V , (8)

(div�p∗, w) + (φ(y∗), w) = (f + u∗, w), ∀w ∈ W, (9)

(A−1�q∗, �v) − (z∗, div�v) = −(�p∗ − �pd, �v), ∀�v ∈ �V , (10)

(div�q∗, w) + (φ′(y∗)z∗, w) = (y∗ − yd, w), ∀w ∈ W, (11)

(z∗ + u∗, ũ − u∗)U ≥ 0, ∀ũ ∈ K, (12)

where (·, ·)U is the inner product of U .
For ease of exposition we will assume that Ω is polygon. Let Th be reg-

ular triangulation of Ω, respectively. They are assumed to satisfy the angle
condition which means that there is a positive constant C such that for all
T ∈ Th

C−1h2
T ≤ |T | ≤ Ch2

T ,

where |T | is the area of T and hT is the diameter of T . Let h = maxhT .

Let �Vh × Wh ⊂ �V × W denotes the order k Raviart-Thomas mixed finite
elements, namely, Vk(T ) = P 2

k + x · Pk, Wk(T ) = Pk, where Pk denotes the
space of polynomials of total degree at most k, x = (x1, x2) which treated as
a vector, and we define

�Vh := {�vh ∈ �V : ∀T ∈ Th, �vh|T ∈ �Vk(T )},
Wh := {wh ∈ W : ∀T ∈ Th, wh|T ∈ Wk(T )}.

Then the mixed finite element approximation of the problem (5)-(7) is as

follows: compute (�ph, yh, uh) ∈ �Vh × Wh × K such that

min
uh∈K

{1

2
‖�ph − �pd‖2 +

1

2
‖yh − yd‖2 +

1

2
‖uh‖2

}
(13)

(A−1�ph, �vh) − (yh, div�vh) = 0, ∀�vh ∈ �Vh, (14)

(div�ph, wh) + (φ(yh), wh) = (f + uh, wh), ∀wh ∈ Wh. (15)

It is well known that the optimal control problem (13)-(15) again has a solution
(�p∗h, y

∗
h, u

∗
h), and that if a triplet (�p∗h, y

∗
h, u

∗
h) is the solution of (13)-(15), then

there is a co-state (�q∗h, z
∗
h) ∈ �Vh × Wh such that (�p∗h, y

∗
h, �q

∗
h, z

∗
h, u

∗
h) satisfies the

following optimality conditions:

(A−1�p∗h, �vh) − (y∗
h, div�vh) = 0, ∀�vh ∈ �Vh, (16)
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(div�p∗h, wh) + (φ(y∗
h), wh) = (f + u∗

h, wh), ∀wh ∈ Wh, (17)

(A−1�q∗h, �vh) − (z∗h, div�vh) = −(�p∗h − �pd, �vh), ∀�vh ∈ �Vh, (18)

(div�q∗h, wh) + (φ′(y∗
h)z

∗
h, wh) = (y∗

h − yd, wh), ∀wh ∈ Wh, (19)

(z∗h + u∗
h, ũh − u∗

h) ≥ 0, ∀ũh ∈ K. (20)

3 A posteriori error estimates

Using the argument similar to the Proof of Theorem 4.1 in [12], we can derive
the following results.
Lemma 1 Let u∗ and u∗

h be the solutions of (5) and (13), respectively. Then
we have

‖u∗ − u∗
h‖2

U ≤ C‖z(u∗
h) − z∗h‖2

L2(Ω).

Lemma 2 For the order k Raviart-Thomas elements, there is a positive constant
C which only depends on A, Ω, and the shape of the elements and their
maximal polynomial degree k, such that

‖�p(u∗
h) − �p∗h‖H(div;Ω) + ‖y(u∗

h) − y∗
h‖L2(Ω) ≤ Cη1,

where

η1 =

[ ∑
T∈Th

(
‖f + u∗

h − div�p∗h − φ(y∗h)‖2
0,T + h2

T · min
wh∈Wh

‖h · (∇hwh − A−1�p∗h)‖2
0,T

+h2
T · ‖curlh(A−1�p∗h)‖2

0,T + ‖h1/2
E J (A−1�p∗h · τ)‖2

0,∂T

)]1/2

,

where J (v)|E represents the jump of the function v across the edge E.
Lemma 3 For the order k Raviart-Thomas elements, there is a positive constant
C which only depends on A, Ω, and the shape of the elements and their maximal
polynomial degree k, such that

‖�q(u∗
h) − �q∗h‖H(div;Ω) + ‖z(u∗

h) − z∗h‖L2(Ω) ≤ C(η1 + η2),

where

η2 =

[ ∑
T∈Γh

(
‖y∗h − div�q∗h − φ′(y∗h)z∗h − yd‖2

0,T + h2
T · ‖curlh(A−1�q∗h)‖2

0,T

+h2
T min

wh∈Wh

‖∇hwh − A−1�q∗h‖2
0,T + ‖h1/2

E J (A−1�q∗h · τ)‖2
0,∂T

)]1/2

.

Using the Lemmas 1-3, we can derive the following results:
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Theorem 1 Let u∗ and u∗
h be the solutions of (5) and (13), respectively. Then for the

order k Raviart-Thomas elements, there is a positive constant C which only depends
on A, Ω, and the shape of the elements and their maximal polynomial degree k, such
that

‖u∗ − u∗
h‖U + ‖�p(u∗

h) − �p∗h‖H(div;Ω) + ‖y(u∗
h) − y∗h‖L2(Ω)

+‖�q(u∗
h) − �q∗h‖H(div;Ω) + ‖z(u∗

h) − z∗h‖L2(Ω) ≤ C(η1 + η2),

where η1 and η2 are defined in Lemma 2 and Lemma 3, respectively.

4 An adaptive algorithm

Now, we discuss the adaptive mesh refinement strategy. The general idea is to
refine the mesh such that the error indicator like η is equally distributed over the
computational mesh. Assume that an a posteriori error estimator η has the form of
η2 =

∑
Ti

η2
Ti

, where Ti is the finite elements. At each iteration, an average quantity of

all η2
Ti

is calculated, and each η2
Ti

is then compared with this quantity. The element
Ti is to be refined if η2

Ti
is larger than this quantity. As η2

Ti
represents the total

approximation error over Ti, this strategy makes sure that higher density of nodes
is distributed over the area where the error is higher.

Based on this principle, we define an adaptive algorithm of the optimal control
problems (1)-(4) as follows:

Starting from initial triangulations Th0 of Ω, we construct a sequence of refined
triangulation Thj

as follows. Given Thj
, we compute the solutions (�p∗h, y∗h, �q∗h, z∗h, u∗

h)
of the systems (16)-(20) and their error estimator

η2
T = ‖f + u∗

h − div�p∗h − φ(y∗h)‖2
0,T + h2

T · ‖curlh(A−1�p∗h)‖2
0,T

+h2
T · min

wh∈Wh

‖∇hwh − A−1�p∗h‖2
0,T + ‖h1/2

E J (A−1�p∗h · τ)‖2
0,∂T

+‖y∗h − div�q∗h − φ′(y∗h)z∗h − yd‖2
0,T + h2

T · ‖curlh(A−1�q∗h)‖2
0,T

+h2
T · min

wh∈Wh

‖∇hwh − A−1�q∗h‖2
0,T + ‖h1/2

E J (A−1�q∗h · τ)‖2
0,∂T .

Ej =
∑

T∈Th

η2
T .

Then we adopt the following mesh refinement strategy: All the triangles T ∈ Thj

satisfying η2
T ≥ αEj/n are divided into four new triangles in Thj+1

by joining the
midpoints of the edges, where n is the numbers of the elements of Thj

, α is a
given constant. In order to maintain the new triangulation Thj+1

to be regular and
conformal, some additional triangles need to be divided into two or four new triangles
depending on whether they have one or more neighbor which have refined. Then
we obtain the new mesh Thj+1

. The above procedure will continue until Ej ≤ tol,
where tol is a given tolerance error.
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