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1 Introduction, Definitions and Notations.

We denote complex and real n-space by Cn and Rn respectively and indicate

the point (z1, · · · , zn), (m1, · · · , mn) of Cn or In by their corresponding unsuf-

fixed symbols z, m respectively where I denotes the set of non-negative inte-

gers. The modulus of z, denoted by |z|, is defined as |z| = (|z1|2 + · · · + |zn|2)
1
2 .

If the coordinates of the vector m are non-negative integers, then zm will de-

note zm1
1 · · · zmn

n and ‖ m ‖= m1 + · · ·+ mn.

Let D ⊂ Cn be an arbitrary bounded complete n-circular domain with

center at the origin of coordinates. Then for the analytic function f and

R > 0, Mf,D(R) = sup
z∈DR

|f(z)|, where a point z ∈ DR if and only if z
R
∈ D.

Mondal and Roy [1] introduced the following definition :

Definition 1. [1] Let f and g be two entire functions of n variables and D be

a bounded complete n-circular domain with centre at the origin in Cn. Then

the relative G-order ρg,D(f) of f with respect to g and the domain D is defined

by ρg,D(f) = inf {μ > 0 : Mf,D(R) < Mg,D(Rµ), for all R > R0(μ) > 0} .

If f is a non-constant entire function, then Mf,D(R) is a strictly increasing

and continuous function of R and its inverse function M−1
f,D : (|f(0)|,∞) →

(0,∞) exists. It easily follows that

ρg,D(f) = lim sup
R→∞

log M−1
g,D (Mf,D(R))

log R
.

Similarly, the relative lower order λg,D(f) of f with respect to g and the

domain D is defined by

λg,D(f) = lim inf
R→∞

log M−1
g,D (Mf,D(R))

log R
.

Following Definition 1 we may state

Definition 2. Let f and g be two entire functions of n variables and D be

a bounded complete n-circular domain with centre at origin in Cn. Then the

relative hyper Gol’dberg order ρ̄g,D(f) of f with respect to g and the domain D

is defined as

ρ̄g,D(f) ≡ ρ̄f
g,D = lim sup

R→∞

log[2] M−1
g,D(Mf,D(R))

log R
.



Comparative growth properties 2077

Similarly the relative hyper lower order λ̄g,D(f) of f with respect to g and

the domain D is defined by

λ̄g,D(f) ≡ λ̄
f
g,D = lim inf

R→∞
log[2] M−1

g,D(Mf,D(R))

log R
.

Throughout this paper we shall measure the comparative growth of entire

functions relative to another entire function and D will represent a bounded

complete n-circular domain. Unless otherwise stated all the entire functions

under consideration will be transcendental. We do not explain the standard

definitions in the theory of entire functions as those are available in [2].

2 Theorems.

In this section we present the main results of the paper.

Theorem 1. Let f, g and h be three entire functions of n variables and D be

a bounded complete n-circular domain with centre at origin in Cn. Also let

0 < ρg,D(f) < ∞ and 0 < ρh,D(f) < ∞. Then

lim inf
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ ρh,D(f)

ρg,D(f)
≤ lim sup

R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

.

Proof. From the definition of relative Gol’dberg order of an entire function

with respect to another entire function we get for a sequence of values of R

tending to infinity,

log M−1
h,D(Mf,D(R)) ≥ (ρh,D(f) − ε) log R (1)

and for all sufficiently large values of R

log M−1
h,D(Mf,D(R)) ≤ (ρh,D(f) + ε) log R. (2)

Also for all large values of R,

log M−1
g,D(Mf,D(R)) ≤ (ρg,D(f) + ε) log R. (3)

Again for a sequence of values of R tending to infinity,

log M−1
g,D(Mf,D(R)) ≥ (ρg,D(f) − ε) log R. (4)
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Now from (1) and (3) it follows for a sequence of values of R tending to infinity

that

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≥ ρh,D(f) − ε

ρg,D(f) + ε
.

As ε(> 0) is arbitrary we get from above that

lim sup
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≥ ρh,D(f)

ρg,D(f)
. (5)

Again combining (2) and (4) we get for a sequence of values of r tending to

infinity,

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ ρh,D(f) + ε

ρg,D(f) − ε

Since ε(> 0) is arbitrary it follows from above that

lim inf
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ ρh,D(f)

ρg,D(f)
. (6)

Thus the theorem follows from (5) and (6).

Theorem 2. Let f, g and h be three entire functions of n variables and D be

a bounded complete n-circular domain with centre at origin in Cn. Also let

0 < λg,D(f) < ∞ and 0 < λh,D(f) < ∞. Then

lim inf
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ λh,D(f)

λg,D(f)
≤ lim sup

R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

.

Proof. From the definition of relative lower Gol’dberg order of an entire func-

tion with respect to another entire function we get for all sufficiently large

values of R,

log M−1
h,D(Mf,D(R)) ≥ (λh,D(f) − ε) log R (7)

and for a sequence of values of R tending to infinity,

log M−1
h,D(Mf,D(R)) ≤ (λh,D(f) + ε) log R. (8)

Also for a sequence of values of R tending to infinity,

log M−1
g,D(Mf,D(R)) ≤ (λg,D(f) + ε) log R. (9)
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Again for all sufficiently large values of R,

log M−1
g,D(Mf,D(R)) ≥ (λg,D(f) − ε) log R. (10)

Now from (7) and (9) it follows for a sequence of values of r tending to infinity

that

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≥ λh,D(f) − ε

λg,D(f) + ε
.

As ε(> 0) is arbitrary we get from above that

lim sup
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≥ λh,D(f)

λg,D(f)
. (11)

Again combining (8) and (10) we get for a sequence of values of r tending to

infinity,

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ λh,D(f) + ε

λg,D(f) − ε
.

Since ε(> 0) is arbitrary it follows from above that

lim inf
R→∞

log M−1
h,D(Mf,D(R))

log M−1
g,D(Mf,D(R))

≤ λh,D(f)

λg,D(f)
. (12)

Thus the theorem follows from (11) and (12).

Analogous theorems can also be proved for relative hyper Gol’dberg order

and hyper lower Gol’dberg order.

Theorem 3. Let f, g and h be three entire functions of n variables and D be

a bounded complete n-circular domain with centre at origin in Cn. Also let

0 < ρ̄g,D(f) < ∞ and 0 < ρ̄h,D(f) < ∞. Then

lim inf
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ ρ̄h,D(f)

ρ̄g,D(f)
≤ lim sup

R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

.

Proof. From the definition of relative hyper Gol’dberg order of an entire func-

tion with respect to another entire function we get for a sequence of values of

R tending to infinity,

log[2] M−1
h,D(Mf,D(R)) ≥ (ρ̄h,D(f) − ε) log R (13)
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and for all sufficiently large values of R

log[2] M−1
h,D(Mf,D(R)) ≤ (ρ̄h,D(f) + ε) log R. (14)

Also for all large values of R,

log[2] M−1
g,D(Mf,D(R)) ≤ (ρ̄g,D(f) + ε) log R. (15)

Again for a sequence of values of R tending to infinity,

log[2] M−1
g,D(Mf,D(R)) ≥ (ρ̄g,D(f) − ε) log R. (16)

Now from (13) and (15) it follows for a sequence of values of R tending to

infinity that

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≥ ρ̄h,D(f) − ε

ρ̄g,D(f) + ε
.

As ε(> 0) is arbitrary we get from above that

lim sup
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≥ ρ̄h,D(f)

ρ̄g,D(f)
. (17)

Again combining (14) and (16) we get for a sequence of values of R tending to

infinity,

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ ρ̄h,D(f) + ε

ρ̄g,D(f) − ε
.

Since ε(> 0) is arbitrary it follows from above that

lim inf
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ ρ̄h,D(f)

ρ̄g,D(f)
. (18)

Thus the theorem follows from (17) and (18).

Theorem 4. Let f, g and h be three entire functions of n variables and D be

a bounded complete n-circular domain with centre at origin in Cn. Also let

0 < λ̄g,D(f) < ∞ and 0 < λ̄h,D(f) < ∞. Then

lim inf
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ λ̄h,D(f)

λ̄g,D(f)
≤ lim sup

R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

.
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Proof. From the definition of relative hyper lower Gol’dberg order of an entire

function with respect to another entire function we get for all sufficiently large

values of R,

log[2] M−1
h,D(Mf,D(R)) ≥ (λ̄h,D(f) − ε) log R (19)

and for a sequence of values of R tending to infinity,

log[2] M−1
h,D(Mf,D(R)) ≤ (λ̄h,D(f) + ε) log R. (20)

Also for a sequence of values of R tending to infinity,

log[2] M−1
g,D(Mf,D(R)) ≤ (λ̄g,D(f) + ε) log R. (21)

Again for all sufficiently large values of R,

log[2] M−1
g,D(Mf,D(R)) ≥ (λ̄g,D(f) − ε) log R. (22)

Now from (19) and (21) it follows for a sequence of values of R tending to

infinity that

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≥ λ̄h,D(f) − ε

λ̄g,D(f) + ε
.

As ε(> 0) is arbitrary we get from above that

lim sup
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≥ λ̄h,D(f)

λ̄g,D(f)
. (23)

Again combining (20) and (22) we get for a sequence of values of r tending to

infinity,

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ λ̄h,D(f) + ε

λ̄g,D(f) − ε

Since ε(> 0) is arbitrary it follows from above that

lim inf
R→∞

log[2] M−1
h,D(Mf,D(R))

log[2] M−1
g,D(Mf,D(R))

≤ λ̄h,D(f)

λ̄g,D(f)
. (24)

Thus the theorem follows from (23) and (24).
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