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Abstract

In this paper we show that application of adomian decomposition
method (ADM) to a class of partial differential equations. this method
provide us a straightforward, accurate and quite efficient technique in
comparision with the other usual classical methods. The results are also
verified on two examples discussed at the end of the study.
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1 Introduction

The Adomian Decomposition Method (ADM) has been applied to a wide class
of problems in physics, biology and chemical reactions. The method provides
the solution in rapid convergent series with computable terms.

This method was successfully applied to nonlinear diferential delay equa-
tions [4],a nonlinear dynamic systems[5], the heat equation[6, 7] the wave
eqaution[2], coupled nonlinear partial diferential equations[8, 9], linear and
nonlinear integrodifferential equations [11] and Airy’s equation[10], Diferent
modifcations of this method and their applications are given in[1, 15].

We Consider the follwing parabolic equation

∂u

∂t

(
u (x, t) − ∂2u (x, t)

∂x2

)
− ∂2u (x, t)

∂x2
= f (x, t) , x ∈ [0, 1] , t > 0, (1)

subject to the inittial condition

u (x, 0) = ϕ (x) , x ∈ [0, 1] , (2)
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and the nonlocal conditions{
u (0, t) =

∫ 1

0
g (x) u (x, t) dx + r (t) ,

u (0, t) =
∫ 1

0
h (x) u (x, t) dx + v (t) .

for t > 0, (3)

Where x and t are the spatial and time coordinates respectively, u is the
unknown function of x and t to be determined and f, ϕ, g, h, r, and v are
suitably prescribed. S.A.Dubey [16] study the same problem with the laplace
transform method. we propose a new technique easily, quickly, and elegantly
for obtain analytic solutions.

2 Analysis of the method(ADM)

Let us consider the parabolic equation defined by (1). we rewrite the equation
in the standard operator from

Lt (u − Lxx (u)) − Lxx (u) = f (x, t) , (4)

where Lt (.) = ∂
∂t

(.) , Lxx (.) = ∂2

∂x2 (.) . The inverse operator of the operator
Lt exists and it is defined as

L−1
t (.) =

∫ t

0

(.) dt. (5)

Thus, applying the inverse operator L−1
t on both the sides of (4) and using

the inicial condition yields

L−1
t Ltu = L−1

t LtLxx (u) + L−1
t Lxx (u) + L−1

t f (x, t) (6)

Therefore, it follows that

u (x, t) = ϕ (x) + Lxx (u (x, t)) − Lxx (u (x, t))|t=0 + L−1
t Lxx (u (x, t)) + L−1

t f (x, t)
(7)

Now, we decompose the unknown function u (x, t) a sum of components
defined by the series:

u (x, t) =
∞∑

n=0

un (x, t) (8)

The zeroth components is usually taken to be all terms arise from the initial
condition and the integration of the sourse term f (x, t) ,i.e.,

u0 (x, t) = ϕ (x) + L−1
t f (x, t) (9)
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The remaining components un (x, t) , n ≥ 1, can be completely determined
such that each term is computes by using the previous term. Since u0 is known,

un (x, t) = L−1
t Lxx (un−1 (x, t)) + Lxx (un−1 (x, t)) − Lxx (un−1 (x, t))|t=0 , n ≥ 1.

(10)

Finally an N−term approximate solution is given by

φN (x, t) =

N−1∑
n=0

un (x, t) , N ≥ 1, (11)

and the exact solution is u (x, t) = limn→∞ φN .

3 Numerical Examples

In this section, we apply the Adomian decomposition method in following
examples

Example 1 we consider the parabolic problem (1) − (3) with

f (x, t) =

(
x (x − 1) − 1

7

)
exp (−t) , ϕ (x) = x (1 − x) +

1

7
, (12)

g (x) = h (x) =
6

13
, r (t) = v (t) = 0.

We can rewrite the recursive formula is{
u0 (x, t) = ϕ (x) + L−1

t f (x, t) ,
un (x, t) = L−1

t Lxx (un−1 (x, t)) + Lxx (un−1 (x, t)) − Lxx (un−1 (x, t))|t=0 , n ≥ 1.

(13)

which gives

u0 (x, t) =

(
x (1 − x) +

1

7

)
exp (−t) (14)

un (x, t) = 0, n ≥ 1 (15)

The solution in the series form is given by

u (x, t) =
∞∑

n=0

un (x, t) , (16)
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or

u (x, t) = u0 (x, t) + un (x, t) , n ≥ 1 (17)

which gives the solution of (1)-(3) with (12) as

u (x, t) =

(
x (1 − x) +

1

7

)
exp (−t) . (18)

Example 2 we consider the parabolic problem (1) − (3) with

f (x, t) =
−2 (x2 + t + 1)

(t + 3)3 , ϕ (x) =
x2

9
, (19)

g (x) = h (x) = x, r (t) = − 1

4 (t + 3)2 , v (t) =
3

4 (t + 3)2 .

We can rewrite the recursive formula is{
u0 (x, t) = ϕ (x) + L−1

t f (x, t) ,
un (x, t) = L−1

t Lxx (un−1 (x, t)) + Lxx (un−1 (x, t)) − Lxx (un−1 (x, t))|t=0 , n ≥ 1.

(20)

which gives

u0 (x, t) =
x2 + 2t + 4

(t + 3)2
− 4

9
, (21)

u1 (x, t) =
−2t − 4

(t + 3)2
+

4

9
, (22)

un (x, t) = 0, n ≥ 2 (23)

The solution in the series form is given by

u (x, t) =
∞∑

n=0

un (x, t) , (24)

or

u (x, t) = u0 (x, t) + u1 (x, t) + un (x, t) , n ≥ 2 (25)

Hence the solution of (1) − (3) with (19) is given as

u (x, t) =
x2

(t + 3)2
. (26)
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