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Abstract

A relatively complete and subjective attitude towards the axiomatic
set theory which was achieved by mathematician, such as Cantor-Zermelo
and Fraenkel resulted in the presentation of ten Zermelo-Fraenkel ax-
ioms and proposed Cantor and Russell,s paradoxes. In this paper we
have tried to remove some proposed paradoxes by defining an exclusive
set which we call universal set.
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1 Introduction

The main reference to Cantor,s work is [3]. Another source of references to
the early research in set theory is Hausdorff,s book [7]. Cantor started his
investigations in [1], where he proved that the set of all real numbers is un-
countable, while the set of all algebraic reals is countable. In [2] he gave the
first formulation of the celebrated Continuum Hypothesis. The axioms for set
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theory (except Replacement and Regularity) are due to Zermelo [11]. The
Replacement Schema is due to Fraenkel [5] and Skolem (see [10], pp. 137-152).

In the discussion on the set theory, which based on two axiomatic and
intuitive attitudes and on which the Zermelo-Fraenkel axioms were founded,
the existence or design of a set as the universal set including total objects was
avoided due to passage through Cantor,s paradox. On the other hand, by
considering a specific set referred to as Russell,s set defined as R = {x/x /∈ x}
well face another inconsistency called Russell,s paradox, which questions the
power and philosophy of axiomatic set theory.

Although it is well known that the large number of axioms with an ax-
iomatic system reduce its beauty, attraction and elegance, but the philosophy
of invention of axiomatic system has apparent and side beauty and elegance.
The small number of axioms which can not meet the needs related to the sub-
ject and dos not express all dimensions and characteristics of the object, not
only is not considered as an advantage, but also has made the beauty and
attraction meaningless and hurts its own existence and philosophy. Therefore,
in this paper by adding two axioms, namely universal axiom and lack of an-
archy axiom to the ten axioms of Zermelo-Fraenkel, we have tried to remove
above two paradoxes and eliminate in some extent the doubts from the beau-
tiful world of the set theory. In second section, we will bring about the ten
axioms of Zermelo-Fraenkel and discuss the paradoxes propounded within this
axiomatic system. In section 3 we will compile the alternative twelve axioms
and review the Cantor,s theorem, and study the absence of above paradoxes.
Finally in section 4, we will introduce the universal cardinal number and pro-
pose its related calculus.

2 Zermelo-Fraenkel axioms

2.1

The system of axiomatic set theory achieved by Zermelo and Fraenkel has
primitive notion such as set and membership and contains ten axioms which
established as follow [4]

(1) Extensionality axiom
∀A∀B[∀x(x ∈ A ⇔ x ∈ B) ⇒ A = B]
(2) Empty set axiom
∃B∀x/x /∈ B
(3) Pairing axiom
∀u∀v∃B∀x(x ∈ B ⇔ x = u or x = v)
(4) Union axiom
∀A∃B∀x(x ∈ B ⇔ (∃b ∈ A/x ∈ b))
(5) Power set axiom
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∀a∃B∀x(x ∈ B ⇔ x ⊆ a)

(6) Subset axioms

For each formula ϕ not containing B, the following is an axiom :

∀t1 · · · ∀tk∀c∃B∀x(x ∈ B ⇔ x ∈ c ∧ ϕ)

(7) Infinity axiom

∃A[∅ ∈ A ∧ (∀a ∈ A)a+ ∈ A]

(8) Choice axiom

For all relation R there exists a function F such that F ⊆ R and dom(F) =
dom(R)

(9) Replacement axioms

For any formula ϕ(x, y) not containing the letter B, the following is an
axiom:

∀t1 · · · ∀tk∀A[(∀x ∈ A)∀y1∀y2(ϕ(x, y1) ∧ ϕ(x, y2) ⇒ y1 = y2) ⇒ ∃B∀y(y ∈
B ⇔ (∃x ∈ A)ϕ(x, y))]

(10) Regularity axiom

(∀A 
= ∅)(∃m ∈ A)m
⋂

A = ∅
Notice that we read ”as for all sets x” rather than ”for all things x” this

is due to our decision to eliminate atoms form our theory. A result of this
elimination is that every thing we consider is a set, for example every member
of a set is a set by itself[4].

2.2 Cantor,s paradox

In this section we first state the Cantor,s theorem and then the related para-
dox.

Theorem 2.1 [Cantor,s theorem (see [9] and [6] )]: If X is a set then
cardX < cardP (X)

Cantor,s paradox ( see [8] p.222): Let U be the set of all objects. Then
every subset of U is an element of U . Therefore P (U) ⊆ U and by Theorem2.1
we have

card(P (U)) ≤ card(U) < card(P (U))

which is a contradiction, called the Cantor paradox.

Russell,s paradox (see [8] p.222): Let R be the set defined as

R = {x/x /∈ x}

called Russell,s set. Then by obtaining R /∈ R ⇔ R ∈ R, we will face another
inconsistency called Russell,s paradox.
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3 The universal and lack of anarchy axioms

3.1

As we know from the number of elements of sets when studying the finite
cardinal numbers and their calculus, we will face the innate theory of natural
numbers calculus and see dominant and efficient the relevant intuitive laws.
But when stepping beyond and entering the world of infinite sets we often
find thus above laws as transformed and face strange cardinal numbers and
wonderful non familiar areas. One should confess that the axioms of set theory
is not an exception, and therefore we have decided to accept the existence of
a sacred set called the universal set, whose existence has been assumed within
the universal axiom, and naturally, the wonderful properties of the universal
set differ from other non universal sets. On the other hand to passage through
the Russell,s paradox design the lack of anarchy axiom makes the removing of
such paradox possible.

3.2 The system of twelve axiom of set theory (extended
system of set theory)

In this system the primitive notions are set, object and belonging relation and
the axioms as follows.

(1) Extensionality axiom

∀A∀B[∀x(x ∈ A ⇔ x ∈ B) ⇒ A = B]

(2) Empty set axiom

∃B∀x/x /∈ B

(3) Pairing axiom

∀u∀v∃B∀x(x ∈ B ⇔ x = u or x = v)

(4) Union axiom

∀A∃B∀x(x ∈ B ⇔ (∃b ∈ A/x ∈ b))

(5) Power set axiom

∀a∃B∀x(x ∈ B ⇔ x ⊆ a)

(6) Subset axioms

For each formula ϕ not containing B, the following is an axiom :

∀t1 · · · ∀tk∀c∃B∀x(x ∈ B ⇔ x ∈ c ∧ ϕ)

(7) Infinity axiom

∃A[∅ ∈ A ∧ (∀a ∈ A)a+ ∈ A]

(8) Choice axiom

For all relation R there exists a function F such that F ⊆ R and dom(F) =
dom(R)

(9) Replacement axioms
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For any formula ϕ(x, y) not containing the letter B, the following is an
axiom:

∀t1 · · · ∀tk∀A[(∀x ∈ A)∀y1∀y2(ϕ(x, y1) ∧ ϕ(x, y2) ⇒ y1 = y2) ⇒ ∃B∀y(y ∈
B ⇔ (∃x ∈ A)ϕ(x, y))]

(10) Universal axiom
There exists a unique object called universal set (universal object) which

is denoted by U such that for all object such as x even U itself the sentences
x ∈ U and x ⊆ U is true, and for a set x, x = P (x) if and only if x ∼ P (x) if
and only if x = U .

(11) Lack of anarchy axiom
For every non universal object (set) such as x the statements x ∈ x, x /∈ x

is not sentence. This means, the statement x ∈ x is true only for x = U .
(12) Regularity axiom
(∀A 
= ∅)(∃m ∈ A)m

⋂
A = ∅

3.3 The improvement form of the Cantor,s theorem

Theorem 3.1 (see [9], p.24]) If X is a non universal set then

cardX < cardP (X)

3.4 Discussions on Russell,s set and related paradox

As the Russell,s paradox has stated the Russell,s set has considered as R =
{x/x /∈ x} now by the lack of anarchy axiom the expression x /∈ x is not a
statement and so the Russell,s set R = {x/x /∈ x} is not a set, so obtaining
the inconsistency in Russell,s paradox dose not arise.

4 The extended cardinal numbers

Definition 4.1 Assign a unique cardinal number to the universal set U
which we show by ℵ∗ and contain such as universal set wonderful and exclusive
properties. In addition ℵ∗ to the set of cardinal numbers we obtain a greater
set which we called extended set of cardinal numbers which has ℵ∗ as a greatest
element.

Theorem 4.2 The set A is universal set if and only if it has ℵ∗ as a cardinal
number.

proof It suffices to show that every set A with cardinal number ℵ∗ is universal
set. Let card A = ℵ∗ so by the definition of cardinal numbers for sets we have
A ∼ U . Then P (A) ∼ P (U) and since P (U) = U therefore A ∼ U = P (U) ∼
P (A) which implies that A ∼ P (A) and by the universal axiom A = U .�
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Corollary 4.3 If A is a non universal set then cardA < ℵ∗

4.0.1 The extended cardinal number calculus

As we see in definition 4.1 by adding ℵ∗ to the set of cardinal numbers we
obtain extended set of cardinal numbers which has ℵ∗ as greatest element
such that the preceding calculus of cardinal numbers are holds and the new
exclusive properties can be shown as follows. Let υ be an arbitrary cardinal
number then we have:

(a) ℵ∗ + υ = ℵ∗

(b) ℵ∗υ = ℵ∗

(c) ℵ∗υ = ℵ∗

(d) ℵ∗ℵ∗
= ℵ∗
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