
Int. J. Contemp. Math. Sciences, Vol. 6, 2011, no. 24, 1187 - 1194

On the Growth of Composition of Entire Functions

with Respect to Minimum Modulus

Sanjib Kumar Datta

Department of Mathematics, University of Kalyani
P.O.-Kalyani, Dist-Nadia, Pin-741235

West Bengal, India
Former Address:

(Department of Mathematics, University of North Bengal
P.O.-North Bengal University, Raja Rammohunpur

Dist-Darjeeling, Pin-734013
West Bengal, India)

sanjib kr datta@yahoo.co.in
s kr datta ku@yahoo.co.in
sk datta nbu@yahoo.co.in

Meghlal Mallik

Panighta U.D.M. High School
P.O.-Paglachandi, Dist Nadia, Pin-741181

West Bengal, India
megh lal 1982@yahoo.com
meghlal mallik@yahoo.com

Abstract

In the paper we study the growth properties of composite entire and
meromorphic functions using (p, q)th order which improve some earlier
results, where p, q are positive integers and p > q.Some results in the
form of remarks based upon minimum modulus of entire functions have
also been stated in this paper.
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1 Introduction, Definitions and Notations.

We denote by C the set of all finite complex numbers. Let f be a
meromorphic function and g be an entire function defined on C. We use the
standard notations and definitions in the theory of entire and meromorphic
functions which are available in [7] and [3]. In the sequel we use the following
notation:

log[k] x = log(log[k−1] x) for k = 1, 2, 3, ...and log[0] x = x.

Ther following definition is well known.
Definition 1. The order ρf and lower order λf of a meromorphic function

f are defined as

ρf = lim sup
r→∞

log T (r, f)

log r
and λf = lim inf

r→∞
log T (r, f)

log r
.

If f is entire then

ρf = lim sup
r→∞

log[2] M(r, f)

log r
and λf = lim inf

r→∞
log[2] M(r, f)

log r
.

Juneja, Kapoor and Bajpai [5] defined the (p, q)th order and (p, q)th lower
order of an entire function f respectively as follows:

ρf(p, q) = lim sup
r→∞

log[p+1] M(r, f)

log[q] r
and λf (p, q) = lim inf

r→∞
log[p+1] M(r, f)

log[q] r
.

When f is meromorphic, one can easily verify that

ρf(p, q) = lim sup
r→∞

log[p] T (r, f)

log[q] r
and λf (p, q) = lim inf

r→∞
log[p] T (r, f)

log[q] r
,

where p, q are positive integers and p > q.
In this paper we intend to establish some results relating to the growth

properties of composite entire and meromorphic functions on the basis of
(p, q)th order and minimum modulus of integral (entire) functions improving
some previous results where p, q are positive integers and p > q.

2 Lemmas.

In this section we present some lemmas which will be needed in the
sequel.

Lemma 1. [2] If f and g are two entire functions, then for all sufficiently
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large values of r

M(
1

8
M(

r

2
, g) − |g(0)| , f) ≤ M(r, fog) ≤ M(M(r, g), f).

Lemma 2. [6] Let f be entire and g be a transcendental entire function
of finite lower order. Then for any δ > 0,

M(r1+δ, fog) ≥ M(M(r, g), f) (r ≥ r0).

Lemma 3 {[1], [4]}. Let f(z) be an entire function such that

lim sup
r→∞

log M(r, f)

(log r)2
≤ c <

1

4e
.

If 0 < 4ec < δ < 1 then outside a set of upper logarithmic density at most δ,

m(r, f)

M(r, f)
> k(δ, c) =

1 − 2.2τ

1 + 2.2τ
where τ = exp{−δ/(4ec)}.

If in particular c = 0 then

m(r, f)

M(r, f)
→ 1 as r → ∞

on a set of logarithmic density 1, where

m(r, f) = inf
|z|=r

|f(z)| , the minimum modulus of f.

3 Theorems.

In this section we present the main results of the paper.
Theorem 1. Let f be entire and g be transcendental entire with λg <

∞.Then
ρf (p, m) λg(m, q) ≤ ρfog(p, q) ≤ ρf(p, m)ρg(m, q),

where p, q, m, n are positive integers such that p > m > q.
Proof. In view of Lemma 2

ρfog(p, q) = lim sup
r→∞

log[p] M(r1+δ, fog)

log[q] r1+δ

≥ lim sup
r→∞

log[p] M(M(r, g), f)

log[m] M(r, g)
. lim inf

r→∞
log[m] M(r, g)

log[q] r
= ρf (p, m).λg(m, q).
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Again by Lemma 1, ρfog(p, q) = lim sup
r→∞

log[p] M(r, fog)

log[q] r

≤ lim sup
r→∞

log[p] M(M(r, g), f)

log[m] M(r, g)
. lim sup

r→∞

log[m] M(r, g)

log[q] r
= ρf(p, m)ρg(m, q).

From the above two inequalities we get that

ρf (p, m)λg(m, q) ≤ ρfog(p, q) ≤ ρf (p, m)ρg(m, q).

This proves the theorem.
Corollary 1. Under the same conditions of Theorem 1,

ρfog(p, q) ≥ λf(p, m)ρg(m, q).

Proof. By Lemma 2,

ρfog(p, q) = lim sup
r→∞

log[p] M(r1+δ, fog)

log[q] r1+δ

≥ lim inf
r→∞

log[p] M(M(r, g), f)

log[m] M(r, g)
. lim sup

r→∞

log[m] M(r, g)

log[q] r
= λf(p, m).ρg(m, q).

Thus the corollary is established.
Theorem 2. If f is an entire function and g be transcendental entire with

λg(m, q) < ∞. Then

λfog(p, q) ≥ λf (p, m)λg(m, q), where p, q, m, n are positive integers such that p > q > m.

Proof. By Lemma 2

λfog(p, q) = lim inf
r→∞

log[p] M(r1+δ, fog)

log[q] r1+δ

≥ lim inf
r→∞

log[p] M(M(r, g), f)

log[m] M(r, g)
. lim inf

r→∞
log[m] M(r, g)

log[q] r
= λf(p, m)λg(m, q).

This proves the theorem.
Remark 1. Under the same hypothesis respectively stated in theorem 1,

Corollary 1 and Theorem 2 the conclusions of the theorems can
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also be drawn by using Lemma 3 on a set of logarithmic density 1.
Remark 2. The second part of Theorem 1 is also valid under the same

conditions for meromorphic f and entire g.

Theorem 3. Let f be meromorphic and g be entire such that

0 < λfog(p, q) ≤ ρfog(p, q) < ∞ and 0 < λg(m, q) ≤ ρg(m, q) < ∞. Then

λfog(p, q)

ρg(m, q)
≤ lim inf

r→∞
log[p] T (r, fog)

log[m] T (rA, g(k))
≤ λfog(p, q)

λg(m, q)

≤ lim sup
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q)

λg(m, q)

where p, q, m are positive integers such that p > q > m and k = 0, 1, 2, ......
Proof. From the definition of (p, q)th order and (p, q)th lower order we

have for arbitrary positive ε and for all large values of r,

log[p] T (r, fog) ≥ (λfog(p, q) − ε) log[q] r. (1)

and log[m] T (rA, g(k)) ≤ (ρg(m, q) + ε) log[q] r. (2)

Now from (1) and (2) it follows for all large values of r,

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ λfog(p, q) − ε

(ρg(m, q) + ε)
. (3)

As ε(> 0) is arbitrary, we obtain that

lim inf
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ λfog(p, q)

ρg(m, q)
.

Again for a sequence of values of r tending to infinity,

log[p] T (r, fog) ≤ (λfog(p, q) + ε) log[q] r (4)

and for all large values of r,

log[m] T (rA, g(k)) ≥ (λg(m, q) − ε) log[q] r. (5)

So combining (4) and (5) we get for a sequence of values of r tending to
infinity,

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ λfog(p, q) + ε

(λg(m, q) − ε)
.
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Since ε(> 0) is arbitrary it follows that

lim inf
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ λfog(p, q)

λg(m, q)
. (6)

Also for a sequence of values of r tending to infinity,

log[m] T (rA, g(k)) ≤ (λg(m, q) + ε) log[q] r. (7)

Now from (1) and (7) we obtain for a sequence of values of r tending to
infinity,

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ λfog(p, q) − ε

(λg(m, q) + ε)
.

Choosing ε → 0 we get that

lim sup
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ λfog(p, q)

λg(m, q)
. (8)

Also for all large values of r,

log[p] T (r, fog) ≤ (ρfog(p, q) + ε) log[q] r. (9)

So from (5) and (9) it follows for all large values of r,

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q) + ε

A(λg(m, q) − ε)

As ε(> 0) is arbitrary we obtain that

lim sup
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q)

Aλg(m, q)
. (10)

Thus the theorem follows from (3), (6), (8) and (10).
Theorem 4. Let f be meromorphic and g be entire such that

0 < λfog(p, q) ≤ ρfog(p, q) < ∞ and 0 < ρg(m, q) < ∞. Then

lim inf
r→∞

log[p] T (r, fog)

log[m] T (r, g(k))
≤ ρfog(p, q)

ρg(m, q)
≤ lim sup

r→∞

log[p] T (r, fog)

log[m] T (r, g(k))

where p, q, m are positive integers such that p > q > m and k = 0, 1, 2, ...

Proof. From the definition of (p, q)th order we get for a sequence of values
of r tending to infinity,



Growth of composition of entire functions 1193

log[m] T (rA, g(k)) ≥ (ρg(m, q) − ε) log[q] r. (11)

Now from (9) and (11) it follows for a sequence of values of r tending to
infinity,

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q) + ε

A(ρg(m, q) − ε)
.

As ε(> 0) is arbitrary we obtain that

lim inf
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q)

Aρg(m, q)
. (12)

Again for a sequence of values of r tending to infinity,

log[p] T (r, fog) ≥ (ρfog(p, q) − ε) log[q] r. (13)

So combining (2) and (13) we get for a sequence of values of r tending to
infinity,

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ ρfog(p, q) − ε

A(ρg(m, q) + ε)
.

Since ε(> 0) is arbitrary it follows that

lim sup
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≥ ρfog(p, q)

Aρg(m, q)
. (14)

Thus the theorem follows from (12) and (14).
In view of Theorem 1, Theorem 2 and Theorem 3 we may state the following

theorem without proof.
Theorem 5. Let f be meromorphic and g be entire such that

0 < λfog(p, q) ≤ ρfog(p, q) < ∞ and 0 < λg(m, q) ≤ ρg(m, q) < ∞.

Then for any positive number A,

λf(p, m)λg(m, q)

Aρg(m, q)
≤ λfog(p, q)

Aρg(m, q)
≤ lim inf

r→∞
log[p] T (r, fog)

log[m] T (rA, g(k))
≤ λfog(p, q)

Aλg(m, q)

≤ lim sup
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ ρfog(p, q)

Aλg(m, q)
≤ ρf(p, m)ρg(m, q)

Aλg(m, q)
,

where p, q, m are positive integers such that p > q > m and k = 0, 1, 2, ...
The following theorem is a natural consequence of Theorem 3 and Theorem

4.
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Theorem 6. Let f be meromorphic and g be entire such that

0 < λfog(p, q) ≤ ρfog(p, q) < ∞ and 0 < λg(m, q) ≤ ρg(m, q) < ∞.

Then for any positive number A,

lim inf
r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
≤ min { λfog(p, q)

Aλg(m, q)
,

ρfog(p, q)

Aρg(m, q)
}

≤ max { λfog(p, q)

Aλg(m, q)
,

ρfog(p, q)

Aρg(m, q)
} ≤ lim sup

r→∞

log[p] T (r, fog)

log[m] T (rA, g(k))
,

where p, q, m are positive integers such that p > q > m and k = 0, 1, 2, ...
The proof is omitted.
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