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Abstract

A subgroup A of a group G is said to be completely conditionally

semipermutable ( or in brevity, completely c-semipermutable )in G if A

has a minimal supplement T in G such that for every subgroup T1 of T

there exists an element x ∈ T ∩ 〈A,T1〉 such that AT x
1 = T x

1 A. In this

paper, we use completely c-semipermutable subgroups to study some

new criteria of supersolubility for products of finite groups.
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1. Introduction

Throughout this paper, all groups considered are finite and G denotes a

group. The terminology and notation are standard, as in [1] and [2].

1Research is supported by NNSF Grant of China(grant:11071229)and Project supported
by the Natural Science Foundation of the Jiangsu Higher Education Institutions of China
(Grant No.10KJD110004).
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Recall that a subgroup A of a group G is called permutable with a subgroup

B if AB = BA. If A is permutable with all subgroups of G, then A is called a

permutable subgroup or a quasinormal subgroup of G [1, 8]. The permutable

subgroups have many interesting properties. For example, Ore [9] proved that

every permutable subgroup of a finite group is subnormal. Ito and Szép [8]

have already proved that if a subgroup H is quasinormal in G, then H/HG is

nilpotent.

However, in general, two subgroups H and T of G may not be permutable,

but G may contain an element x such that HT x = T xH . Recently, Guo,

Shum and Skiba[4] introduced the concept of conditionally permutable sub-

group (generally, the concept of H-permutable subgroup). Using this new

concept, Guo, Shum and Skiba have obtained some new elegant results on the

structure of finite groups [3-5].

As a development of the results above, we introduced the concept of com-

pletely c-semipermutable subgroups and have used it to determine the struc-

ture of some finite groups [6-7].

Definition 1.1 [6]. A subgroup A of a group G is said to be completely condi-

tionally semipermutable (or in brevity, completely c-semipermutable)in G if A

has a minimal supplement T in G such that for every subgroup T1 of T there

exists an element x ∈ T ∩ 〈A, T1〉 such that AT x
1 = T x

1 A.

In this paper, we apply completely c-semipermutable subgroups to study

some new criteria of supersolubility for products of finite groups.

2. Preliminary results

For the reader’s convenience, we cite some known results which are useful

in the sequel.

Lemma 2.1 [6, Lemma 2.3]. Let G be a group, N � G and A ≤ G. Then the

following statements hold:

(1) If A is completely c-semipermutable in G, then AN/N is completely

c-semipermutable in G/N .

(2) If A/N is completely c-semipermutable in G/N , then A is completely

c-semipermutable in G.

(3) If A is completely c-semipermutable in G and A ≤ H ≤ G, then A is

completely c-semipermutable in H.
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(4) If T ∈ Tc(A), then T x ∈ Tc(A) for all x ∈ G.

Lemma 2.2 [7]. A group G is supersoluble if all Sylow subgroups of G are

completely c-semipermutable in G.

3. Main results

Theorem 3.1. Let G = AB be the product of subgroups A and B and

(|A|, |B|) = 1. If every Sylow subgroup of A and B is completely c-semipermutable

in G, then G is supersoluble.

Proof. Assume that the theorem is false and let G be a counterexample of

minimal order. Then:

(1) G/N is supersoluble for every non-identity normal subgroup N of G.

Let 1 �= N � G. Then G/N = (AN/N)(BN/N) and AN/N � A/(A ∩N),

BN/N � B/(B ∩ N). Since (|A|, |B|) = 1, (|AN/N |, |BN/N |) = 1. Let

r be an arbitrary prime divisor of |AN/N | and T/N be a Sylow r-subgroup

of AN/N . Then there exists a Sylow r-subgroup R of A such that T =

RN . By hypothesis and Lemma 2.1(1), we have that T/N is completely c-

semipermutable in G/N . By the same discussion, every Sylow subgroup of

BN/N is completely c-semipermutable in G/N . Therefore, G/N satisfies the

hypothesis. By the choice of G, G/N is supersoluble.

(2) G is soluble.

By Lemma 2.1(3) and Lemma 2.2, both A and B are supersoluble. Let p be

the largest prime divisor of |G|. Since (|A|, |B|) = 1, without loss of generality,

we can suppose that p ∈ π(A). Assume that P is a Sylow p-subgroup of A.

Then P � A. Obviously, P is also a Sylow p-subgroup of G.

By hypothesis, P is completely c-semipermutable in G. So there is a min-

imal supplement T in G such that G = PT . Let q be any prime divisor of G

with q �= p. Then there exists a Sylow q-subgroup Q of G such that PQ = QP .

Assume that q ∈ π(B). We can see that B has a Sylow q-subgroup Q1 such

that Qt
1 = Q, where t ∈ G. Hence PQt

1 = Qt
1P . Since t ∈ G and G = AB,

t = ab, where a ∈ A, b ∈ B. It follows that PQab
1 = Qab

1 P and so PQb
1 = Qb

1P .

Hence, PQb
1 satisfies the hypothesis. If G = PQb

1, then G is soluble. Assume

that PQb
1 < G. By the choice of G, PQb

1 is supersoluble and so Qb
1 ≤ NG(P ).

By the arbitrary choice of q, we have that P � G. In view of (1), G is soluble.
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(3) G has the unique minimal normal subgroup N and N = Op(G) =

F (G) = CG(N), for some prime p.

Since the class of all supersoluble groups is a saturated formation, G has

the unique minimal normal subgroup N . It is easy to see that N = Op(G) =

F (G) = CG(N) for G is soluble.

(4) Final contradiction.

Let Q be an arbitrary Sylow q-subgroup of A or B with q �= p. by hypothe-

sis, Q is completely c-semipermutable in G. So there is a minimal supplement

T in G such that G = QT . Let P be a Sylow p-subgroup of T . Then N ⊆ P .

Let 1 �= x ∈ N∩Z(P ). Then Qt〈x〉 = 〈x〉Qt, where t ∈ T∩〈Q, 〈x〉〉. Therefore,

〈x〉 = 〈x〉(Qt ∩ N) = 〈x〉Qt ∩ N � 〈x〉Qt. It follows that Qt ⊆ NG(〈x〉). By

Lemma 2.1(4), we have that every Sylow q-subgroup of A or B has a minimal

supplement T in G such that 〈x〉 ⊆ T . Hence, 〈x〉� G by the arbitrary choice

of q. Since N is the unique minimal normal subgroup of G, N = 〈x〉. By (1),

G is supersoluble. The contradiction completes the proof.

Theorem 3.2. Let G be a group and G = AB, where A and B are the

square-free subgroups of G. If every Sylow subgroup of A and B is completely

c-semipermutable in G, then G is supersoluble.

Proof. Assume that the theorem is false and let G be a counterexample of

minimal order. Then:

(1) G/N is supersoluble for every non-trivial normal subgroup N of G.

Obviously, G/N = (AN/N)(BN/N). Since AN/N � A/A ∩ N, BN/N �
B/B ∩ N , AN/N and BN/N are the square-free groups. Let T/N be any

Sylow p-subgroup of AN/N . Then there exists a Sylow p-subgroup P of A

such that T = PN . By hypothesis and Lemma 2.1(1), T/N is completely

c-semipermutable in G/N . By the same discussion, every Sylow subgroup

of BN/N is completely c-semipermutable in G/N . Hence G/N satisfies the

hypothesis. By the choice of G, G/N is supersoluble.

(2) G is soluble and G has the unique minimal normal subgroup N .

By [10, IX, Lemma 4.7], we have that G is soluble. Since the class of

all supersoluble groups is a saturated formation, G has the unique minimal

normal subgroup N .

(3) |N | = p2, where p is a prime divisor of |G|.
By hypothesis, |N | = p or |N | = p2, where p is a prime divisor of |G|.
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If |N | = p, then by (1), G is supersoluble. This contradiction shows that

|N | = p2 and consequently N is the Sylow p-subgroup of G.

(4) Final contradiction.

Let P = 〈x〉 be an arbitrary Sylow p-subgroup of A or B. obviously,

P ⊆ N . By hypothesis, P is completely c-semipermutable in G and so there

exists a minimal supplement T of G such that G = PT = 〈x〉T . For any prime

r �= p, there exists a Sylow r-subgroup R of G such that R〈x〉 = 〈x〉R. Since

〈x〉 = 〈x〉(R∩N) = 〈x〉R∩N � 〈x〉R, R ⊆ NG(〈x〉). On the other hand, since

N is abelian, we have that 〈x〉 � N . Hence, G = NG(〈x〉) and 〈x〉 � G. By

(1), G is supersoluble. This contradiction completes the proof.
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