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Abstract

In this paper we study the para-compactness property on cone metric
spaces.
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1 Introduction and Preliminaries

In 2007, Long-Guang and Xian[3] replaced introduced cone metric spaces.

They replaced the set of real numbers by an ordered Banach space in the def-

inition of metric and generalized the notion of metric space. Recently, Ayse

Sönemaz [5] proved a cone metric space with a normal cone, of course it has

to be strongly minihedral, is paracompact. In this paper we omit the strongly

minihedral of cone. It is well-known that any metric space is paracompact

[4]. This result plays a crucial role in this note. We assign to any cone metric

a metric that their topology are homeomorphic and as we know to be para-

compact is a topological property. Hence we obtain our result. To set up our

results in the next section we recall some definitions and facts.

Let Y be a real Banach space. A nonempty subset P of Y is called cone if

cP ⊆ P for each nonnegative real number c.

A cone P is called pointed if P ∩ (−P ) = {0}. It is easy to see that the relation

x � y if and only if y − x ∈ P
1This research was partially supported by Islamic Azad University, Kermanshah branch.
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defines a partial ordering � in Y , where P is a closed convex pointed cone.

We shall write x � y to indicate that y − x ∈ int P .

The cone P is called normal if there is number K > 0 such that for all x, y ∈ Y ,

0 � x � y ⇒ ‖x‖ ≤ K‖y‖.
The least positive number satisfying above is called the normal constant of P .

The norm ‖.‖ of an ordered Banach space Y is said to be monotone if

0 � x � y ⇒ ‖x‖ ≤ ‖y‖.
P is called order complete [1], if every subset of Y which is bounded from

above has a supremum. Equivalently, P is order complete if every subset of

Y which is bounded from below has a infimum. By an ordered Banach space

we mean a real Banach space (Y,�, ‖.‖) which is ordered by a pointed closed

convex normal cone P with int P 
= ∅.

Definition 1.1 ([2]) Let X be a nonempty set and Y be an ordered Banach

space . Suppose that the mapping d : X × X → Y satisfies:

(i) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(ii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

Then (X, d) is called a cone metric space.

Let (X, d) be a cone metric space and A ⊆ X. b ∈ A is called an interior point

of A if there exists 0 � c such that

B(b, c) = {x ∈ X : d(x, b) � c} ⊆ A.

Also A ⊆ X is said to be open if every point of A is an interior point of A.

Hence cone metric d induces a topology on X which the family {B(x, c) : x ∈
X, 0 � c} is a basis for it ( see [6]). This topology is called cone topology .

One can see that this topology is first countable ( see [6]). Throughout this

paper, unless otherwise stated, we consider cone topology on cone metric space

(X, d). Then we can give the following definitions
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Definition 1.2 Let (X, d) be a cone metric space and {xn} be a sequence in

X with x ∈ X. We say that {xn} is :

(i) Cauchy if for every c ∈ Y with 0 � c, there exists N ∈ N such that, for

all m,n ≥ N , d(xm, xn) � c;

(ii) Convergent to x and is denoted by limn→∞ xn = x, if for every c ∈ Y

with 0 � c, there exists N ∈ N such that, for all n ≥ N , d(xn, x) � c.

The cone metric space (X, d) is called complete, if every Cauchy sequence in

X is convergent.

Lemma 1.3 ([3]) Let (X, d) be a cone metric space, P be a normal cone, and

{xn} be a sequence in X. Then

(i) {xn} converges to x if and only if limn→∞ d(xn, x) = 0. Moreover, the

limit of a convergent sequence is unique;

(ii) {xn} is a Cauchy sequence if and only if

lim
m,n→∞

d(xn, xm) = 0;

(iii) If limn→∞ xn = x and limn→∞ yn = y, then limn→∞ d(xn, yn) = d(x, y).

Let (X, d) be a cone metric space and A ⊆ X. It is clear from the cone

topology induced by cone metric d on X that A is closed if for each sequence

{xn} in A with xn → x we have x ∈ A.

The following theorem plays a key role in the sequel.

Theorem 1.4 ([1], Theorem 2.38) For an ordered Banach space Y the fol-

lowing statements are equivalent:

(i) The cone P is normal;

(ii) The Banach space Y admits an equivalent monotone norm |||.|||.
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2 Main results

In this section we first establish two lemmas and then by using them we prove

any (X, D) with a normal is paracompact.

Lemma 2.1 Let (Y,�, ‖.‖) be an ordered Banach space. Let P be a normal

cone and let |||.||| be an equivalent monotone norm. Then

x � y ⇒ |||x||| < |||y|||.

Proof. Let x � y. Then there exists r > 0 such that y − x + u ∈ int p for

‖u‖ ≤ r. Let N ∈ N be such that ‖−y
n
‖ ≤ r for n > N . Pick u = −y

n
and

n > N , then x � y + −y
n

= (1 − 1
n
)y. Because |||.||| is monotone then, we get

|||x||| ≤ (1 − 1

n
)|||y‖ < |||y|||.

This completes the proof.

Lemma 2.2 Let (X, d) be a cone metric spaces with a normal cone and let

|||.||| be an equivalent monotone norm. Define ρ : X×X → [0,∞) by ρ(x, y) =

|||d(x, y)|||. Then ρ is a metric on X and the following statements hold:

(i) (X, d) is complete if and only if (X, ρ) is complete;

(ii) The sequence {xn} in X is convergent in (X, d) if and only if {xn} is

convergent in (X, ρ).

Proof. It is easy to see that ρ is a metric on X. To prove (i), suppose that

(X, d) is complete and {xn} is a ρ-Cauchy sequence in X. Then from Lemma

1.2 (ii), we have (note that |||.||| and ‖.‖ are equivalent)

0 = lim
m,n→∞

ρ(xm, xn) = lim
m,n→∞

|||d(xm, xn)||| = lim
m,n→∞

||d(xm, xn)||.

Hence from Lemma 1.2 (ii), we get {xn} is Cauchy sequence in (X, d). Since

(X, d) is complete then there exists x ∈ X such that limn→∞ d(xn, x) = 0.

Hence

lim
n→∞

ρ(xn, x) = lim
n→∞

|||d(xn, x)||| = lim
n→∞

‖d(xn, x)‖ = 0.
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Therefore {xn} is convergent in (X, ρ). Similar argument shows that the com-

pleteness of (X, ρ) implies that (X, d) is complete. (ii) immediately follows

from the equivalence of |||.||| and ‖.‖. This completes the proof.

Remark that Lemma 2.2 is essential because it contains the fact that each

topological property on metric spaces transfer on cone topology and so as a

special case we have the following result which improves the corresponding

result ( that is Theorem 1 of [4]).

Theorem 2.3 Let (X, d) be a cone metric space with normal cone P. Then X

is a paracompact space.

Proof. We consider the identity mapping on X. Precisely,

I : (X, ρ) → (X, d) by I(x) = x,

where ρ is as defined in Lemma 2.2. From Lemma 2.2 (ii) and definition of

cone metric topology we deduce that I is a homeomorphism and so, note that

(X, ρ) is paracompact by [5], is paracompact and the result follows.
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