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Abstract

Creep response for isotropic axisymmetric rotating disc made of a
particle-reinforced FGM has been investigated in the present study. The
result obtained for non linear variation of particle distribution along the
radial distance of the disc are compared with that of discs containing
the same amount of particle distributed uniformly or linearly along the
radial distance. The disc under investigation is made of AlSiC partic-
ulate composite. Creep behavior of the disc is described by Sherby’s
model. The material parameters of creep vary along the radial distance
in the disc due to varying composition, and this variation has been es-
timated by regression fit of the available experimental data. It is found
that a functionally graded rotating disc with parabolic profile can be
more efficient than those with uniform distribution or linear variations
of particle.
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1 Introduction

Due to rapid growth in technology it is possible to synthesize materials for
components that exhibit a graded-variation in their properties. Functionally
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graded materials (FGMs) are advanced materials that possess continuously
graded properties and are characterized by spatially varying microstructures
created by both, non-uniform distributions of the reinforcement phase as well
as by interchanging the role of reinforcement and matrix materials in a contin-
uous manner. The smooth variation of properties may offer advantages such
as reduction of thermal stress and increased strength. A major advantage
of FGMs is the possibility of tailoring its gradation to maximize its perfor-
mance. In case of tailoring material properties, the objective is to determine
the material phase volume fraction of each point of the structure.

In recent years, functionally graded materials have gained considerable at-
tention in many engineering applications. FGMs are considered as a potential
structural material for future high-speed spacecraft and power generation in-
dustries. Metal-ceramic FGMs were first used in the thermal barrier coatings
in the fields of aviation and aerospace. Typically, under severe environments
such as high temperature or thermal gradients, the conventional materials,
metals or ceramics, alone may not survive. Thus, a new material concept of
FGMs emerged and led to the development of superior heat-resistant materials.
Such materials withstand severe thermo mechanical loadings. In an FGM, the
composition and structure gradually change over volume, resulting in corre-
sponding changes in the properties of the material. Ceramic-particle/whisker-
reinforced metal matrix composites have shown superior high-temperature
properties and are finding increasing application in the manufacture of com-
ponents exposed to high temperatures. By applying the many possibilities
inherent in the FGM concept, it is anticipated that materials will be improved
and new functions for them established. The ceramic in an FGM offers ther-
mal barrier effects and protects the metal from corrosion as well as oxidation
and the FGM is toughened and strengthened by the metallic composition. A
mixture of ceramic and metal with a continuously varying volume fraction can
be manufactured. This eliminates interface problems of composite materials
and thus the stress distributions are smooth. Mechanical properties of FGM
largely depend on the distribution of volume fraction of metal (or equally ce-
ramic) powder along the thickness of the layer. Extensive studies have been
carried out, both theoretically and numerically, on thermal stress distribution
and fracture in functionally gradient materials.

Taking into account the mechanical stress in functionally graded rotating
disks, Durodola and Attia [4] presented studies regarding stress distribution
of rotating disks for different gradation of material properties. Tutuncu and
Ozturk [16] provided closed-form solutions for stresses and displacements in
FG cylindrical vessels subjected to an internal pressure using the infinitesimal
theory of elasticity. They considered Poisson’s ratio as constant with material
stiffness varying through the wall thickness as power-law.

Mishra and Pandey [11] have proposed a power law relation between effec-
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tive strain rate and effective applied stress. It has been reported that steady
state creep in aluminium/aluminium alloy based composites can be described
in a better way by Sherby’s creep model compared to widely criticized Norton’s
creep model. Singh and Ray [13] estimated steady-state creep response us-
ing Norton’s power law in an isotropic FGM rotating disc of aluminum silicon
carbide particulate composites without thermal gradient assuming linearly de-
creasing variation of silicon carbide particles from the inner to the outer radius
of the disc.

Nieh [15]] has shown that an aluminum-based composite containing silicon
carbide whisker has better creep resistance compared to the base aluminum
alloy. Pandey et al. [1] studied the steady-state creep behavior of Al − SiCp

composites under uniaxial loading condition in the temperature range between
623 and 723 K for different combinations of particle size and volume fraction of
reinforcement and found that the composite with finer particle size has better
creep resistance than that containing coarser ones.

In the study of elastic solutions for axisymmetric rotating disks made of
functionally graded material with variable thickness Bayat et.al. [5] assumed
the material properties and disk thickness profile to vary according to two
power-law distributions and found that a functionally graded rotating disk with
parabolic or hyperbolic convergent thickness profile has smaller stresses and
displacements compared with that of uniform thickness. Noda and Jin [8, 9]
extended their work by including thermal load. The method they used is to
transfer the boundary problems into singular integral equations by Fourier
transformation. Anne et. al. [3] calculated the strength and residual stresses
of functionally graded Al2O3/ZrO2 discs by biaxial strength testing and re-
vealed that the strength of such discs, prepared by electrophoretic deposition,
was almost doubled from 288 MPa for pure Al2O3 to 513MPa for the graded
Al2O3/ZrO2 discs. They observed that the increase in strength was due to the
compressive surface residual thermal stresses in the Al2O3 surface layer caused
by the graded compositional profile.

Singh et.al. [12, 14] on rotating aluminum discs containing 20 vol.% silicon
carbide undergoing isothermal creep, shown that tangential stress is maximum
near the inner radius, and there it results in higher creep strain compared
to that at the outer radius. These results indicate that by incorporating a
relatively higher amount of particles near the inner radius as compared to that
near the outer radius, it may be possible to make the distribution of strain
rate more uniform across the disc, which may ultimately result in significantly
lower strain rate.

Stump et al. [2] in their paper presented the application of the Topology
optimization Method to tailor the material properties of a Functionally Graded
rotating disk with a constraint in the value of the p-norm of stress along the
structure and in order to avoid the stress singularity phenomena, a modified
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von Mises stress evaluation was proposed. Some numerical results were also
presented to show the potential of the method. Gupta et al. [17] studied
the creep behavior of a rotating functionally graded composite disc operating
under thermal gradient. Based on their study, concluded that the steady state
creep response of the FGM disc was significantly superior compared to that in
a disc with the same total particle content distributed uniformly.

Rattan et. al. [6, 7] investigated the effect of stress exponent on creep in an
isotropic rotating disc of AlSiCp using Sherby’s model and further investigated
creep in the presence of thermal residual stress.

The present study aims to investigate the steady-state creep response of
an isotropic FGM rotating disc of aluminum silicon carbide particulate com-
posites subjected to particle gradient and to investigate the effect of material
properties on the distributions of stress and strain through the radial direc-
tion of the annular disk. Sherby’s creep law, which is claimed to work better
than Norton’s creep law, has been used to describe the creep behavior of the
composite.

2 Creep Constants and Distribution of Dis-

persoid

Let us consider a functionally graded annular disk of inner radius a and outer
radius b. The distribution of silicon carbide particles has been assumed to be
non-linear (parabolic) from inner to outer radius; therefore, the density and
the creep constants will vary with radial distance. The material properties of
the annular disk are assumed to be functions of the volume fraction of the
constituent materials. The composition variation in terms of volume percent
of silicon carbide, along the radial distance, V(r), is given as:

V (r) = A−Br2, a ≤ r ≤ b (1)

where

A =
b2Vmax − a2Vmin

b2 − a2
(2)

and

B =
Vmax − Vmin

b2 − a2
(3)

Here Vmax and Vmin, are, respectively, the particle contents at the inner and
outer radii. Now, using the law of mixtures, one may express the density
variation in the composite as

ρ(r) = ρm + (ρd − ρm)
V (r)

100
(4)
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where ρm and ρd are the densities of the matrix alloy and of the dispersed
silicon carbide particles, respectively. Now putting the value of V (r) from
equation (1) into equation (4), one obtains

ρ(r) = ρm + (ρd − ρm)
A−Br2

100
. (5)

If the average particle content in the FGM disc is Vavg , and t is the thickness
of the disc, then

∫ b

a

2πrtV (r)dr = Vavgt(b
2 − a2)π. (6)

Putting the expression of V (r) from equation (1) into equation (6), one may
obtain the relation

Vavg = A− B(b2 − a2)

2
. (7)

The steady-state creep response of the Al − SiCp composite of varying com-
position has been described in terms of Sherby’s law [10] of the form:

˙̄ε = [M(σ̄ − σ0)]
8 (8)

where,

M =
1

E
[
ADLλ

3

|�br|
]1/8 (9)

and the symbols have their usual meanings as given in nomenclature.

In a particle-reinforced composite, the material parameters M and σ0 de-
pend on the particle size (p) and the percentage of dispersed particles (V )
apart from the temperature (T ). The value of M and σ0 have been obtained
from the creep results reported for Al−SiCp composite under uniaxial loading
[1] and these values have been fitted by the following regression equations:

ln(M) = 0.2112ln(p) + 4.89ln(T ) − 0.591ln(V ) − 34.91 (10)

σ0 = −0.02050(p) + 0.0378(T ) + 1.033(V ) − 4.9695. (11)

The variation of creep parameters in the rotating FGM disc along the radial
distance has been determined in this study from the preceding equations for
p = 1.7μm and T = 623K
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3 Mathematical Modeling of Creep Behavior

Consider an aluminium silicon-carbide particulate composite disc of constant
thickness h having inner radius a and outer radius b, rotating with angular
velocity ω. From symmetry considerations, principal stresses are in the radial,
tangential and axial directions. For the purpose of modeling the following
assumptions are made:

(a) Steady state condition of stress is assumed.

(b) Elastic deformations are small for the disc and can be neglected as com-
pared to the creep deformations.

(c) Biaxial state of stress exists at any point of the disc.

(d) The composite shows a steady state creep behavior, which may be de-
scribed by Sherby’s constitutive model as given by equation (8).

The different material combinations in the composite are conceptually re-
placed by an equivalent monolithic material that has the yielding and creep
behavior similar to that displayed by the composite. Taking reference frame
along the directions r, θ and z, the generalized constitutive equations for creep
in an isotropic rotating disc takes the form:

ε̇r =
˙̄ε

2σ̄
[2σr − (σθ + σz)] (12)

ε̇θ =
˙̄ε

2σ̄
[2σθ − (σz + σr)] (13)

ε̇z =
˙̄ε

2σ̄
[2σz − (σr + σθ)] (14)

where the effective stress, σ̄, is given by,

σ̄ =
1√
2
[(σθ − σr)

2 + (σr − σz)
2 + (σz − σθ)

2]1/2 (15)

and ε̇r, ε̇θ, ε̇z and σr, σθ, σz are the strain rates and stresses respectively in
the directions indicated by the subscripts and ˙̄ε is the effective strain rate. For
biaxial state of stress (σr, σθ),

σ̄ =
1√
2
[σ2

θ + σ2
r + (σr − σθ)

2]1/2 (16)
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and the constitutive equations are,

ε̇r =
du̇r

dr
=

[M(r)(σ̄ − σ0)]
8(2x− 1)

2(x2 − x+ 1)1/2
(17)

ε̇θ =
du̇r

dr
=

[M(r)(σ̄ − σ0)]
8(2 − x)

2(x2 − x+ 1)1/2
(18)

ε̇z = −(ε̇r + ε̇θ) (19)

where x = σr/σθ is the ratio of radial and tangential stress at any radius r.
Equations (17) and (18) can be solved to obtain σθ(r) as given

σθ(r) =
(u̇a)

1/8

M(r)
ψ1(r) + ψ2(r) (20)

where

(u̇a)
1/8 =

∫ b

a
M(r)σθdr −

∫ a

b
M(r)ψ2(r)dr]∫ b

a
ψ1(r)dr

, (21)

ψ1(r) =
ψ(r)

(x2 − x+ 1)1/2
, (22)

ψ2(r) =
σ0(r)

(x2 − x+ 1)1/2
, (23)

ψ(r) = [
2(x2 − x+ 1)1/2

r(2 − x)
exp

∫ r

a

φ(r)

r
dr ]1/8, (24)

and

φ(r) =
(2x− 1)

(2 − x)
. (25)

The equation of motion for a rotating disc of constant thickness h may be
obtained by considering the equilibrium of an element in the composite disc
confined between radial distances r and r+dr and an interval of angle between
θ and θ + dθ. The equilibrium of forces in the radial direction of the element
implies that

d

dr
[rσr(r)] − σθ(r) + ρ(r)ω2r2 = 0 (26)
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where ρ is the density of the composite. Knowing the tangential stress distri-
bution σθ(r), values of σr(r) can be as obtained from above relation as follows:

σr(r) =
1

r

∫ r

a

σθ(r)dr − ω2

r
[{ρm +

(ρd − ρm)

100
A}(r3 − a3)

3
− B(ρd − ρm)

100

(r5 − a5)

5
].

(27)

As the tangential stress, σθ , and the radial stress, σr, are determined by
equations (20) and (27) at any point within the composite disc. Then the
strain rates ε̇r, ε̇θ and ε̇r are calculated from equations (17), (18)(and (19)
respectively.

4 Numerical Computations

The stress distribution is evaluated from the above analysis by iterative nu-
merical scheme of computations. The iteration is continued till the process
converges yielding the values of stresses at different points of the radius grid.
For rapid convergence 75% of the value of σθ(r) obtained in the current it-
eration has been mixed with 25% of the value of σθ(r) obtained in the last
iteration for the use in the next iteration, i.e.

σθnext = 0.25 σθprevious
+ 0.75 σθcurrent . (28)

5 Main Results

Figure 1 shows similar variation of radial stress along the radial distance for
three different types of rotating discs. It is observed in all these discs that
the radial stresses increases as one move from inner radius to center radial
distance, reaches maximum nearly at the center and then decreases on going
towards outer radius of the disc. The radial stresses are lesser for the non
FGM disc in comparison to FGM disc with linear or parabolic distribution of
particle content along the radial distance.

Figure 2 shows the variation of tangential stress along the radial distance of
the rotating discs. It is observed from the figure that as one moves from inner
to outer radial distance the tangential stress increases in all these discs, reaches
maximum nearly at one-fifth of the radius and then decreases. The tangential
stress changes drastically for discs with non linear or linear distribution of
particle content as one moves from inner to outer radius of the disc where as it
shows small variation for the disc with uniform distribution of particle content.
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Figure 3 shows the variation of radial strain rate along the radial distance
for these rotating discs. It can be seen from the figure that compressive radial
strain rate is largest for the disc with uniform distribution of particle content
and least for non linear FGM disc. Also radial strain rate becomes tensile at the
middle radial distances for the discs with functionally graded distribution of
particle contents whereas it remains compressive throughout the entire radius
of non FGM disc.

Figure 4 shows the variation of tangential strain rate along the radius of the
rotating discs. The figure shows that the tangential strain rate is maximum for
the uniformly distributed disc particularly at the inner radius and minimum
for the disc with parabolic distribution of particle content. It is also observed
that for FGM disc the tangential strain rate remains almost same throughout
the disc, whereas it changes drastically for non FGM disc.

6 Conclusion

Based on the results and discussion presented in this paper it can be concluded
that the creep behavior in the disc can be controlled by the suitable distribution
of particle contents as the strain rates are minimum when particle content is
distributed parabolically along the radial distance of the disc.
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Figure 1: Radial stress vs radial dis-
tance.

Figure 2: Tangential stress vs radial
distance.

Figure 3: Radial strain rate vs radial
distance.

Figure 4: Tangential strain rate vs ra-
dial distance.
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Nomenclature

a, b Inner and outer radii of the disc respectively
A Constant sensitive to microstructure

|�br| Magnitude of burgers vector
DL Lattice Diffusivity
E Young’s modulus of elasticity
˙̄ε Effective strain rate under biaxial stress
ε̇r, ε̇θ, ε̇z Radial, tangential and axial strain rates
ε̇rmax, ε̇θmax Radial and tangential strain rates at inner radius
h Thickness of the disc
r Radial distance
λ Subgrain size
p Size of SiCp particle
ρ(r) Density of the matrix alloy
ρm Density of the dispersed particles
ρd Density of the composite at radial distance r
σ̄ Effective stress under biaxial state of stress
σr, σθ, σz Stresses along radial tangential and axial directions
σθavg Average tangential stress over cross section of disc
M Material parameter of disc
σ0 Threshold stress
T Temperature
ur Radial displacement
V (r) Particle content at radial distance r
Vavg Average particle content in disc
Vmax, Vmin Particle content at the inner and outer radii of the disc respectively
ω Angular velocity of the disc
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