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Abstract

Let R be a ring, X be a class of R-modules and n be a positive
integer. A left R-module M is called n-X-projective, if ExtnR(M,N) = 0
for every n-X-injective module N . We proved that (Pn

X, InX) is a complete
cotorsion theory, (Fn

X, (Fn
X)⊥) is a perfect cotorsion theory.
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1. Notations
Throughout this article, R is an associative ring with identity and all mod-

ules are, if not specified otherwise, left unitary R-modules. For an R-module
M , the character module Hom�(M, Q/Z) is denoted M+. Also, pd(M) and
fd(M) denote the projective and flat dimensions of M respectively.

Let M and N be R-modules. Hom(M, N) (resp. Ext(M, N)) means
HomR(M, N) (resp. ExtR(M, N)) and M

⊗
N (resp. TorR(M, N)) denotes

(resp. TorR
n (M, N)) M

⊗
R N for an integer n ≥ 1, similarly. An R-modules

M is said to be n-presented, for a positive integer n, if there is an exact se-
quence of R-modules: Fn → Fn−1 → ... → F0 → M → 0 where each Fi is
finitely generated and free. In particular, 0-presented, 1-presented modules are
finitely generated and finitely presented modules respectively.

Let C be a class of R-modules and M be an R-module. Following [7], we
say that a homomorphism φ: M → C is a C-preenvelope if C ∈ C and the
ablelian group homomorphism HomR(φ, C ′) : Hom(C, C ′) → Hom(M, C ′) is
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surjective for each C ′ ∈ C. A C-preenvelope φ: M → C is said to be C-envelope
if every endomorphism g: C → C such that gφ=φ is an isomorphism.

Given a class L of R-modules, we will denote by L⊥ = {C : Ext1(L, C) =
0 for all L ∈ L} the right orthogonal class of L, ⊥L = {C : Ext1(C, L) =
0 for all L ∈ L} the left orthogonal class of L. Following [4, Definition 7.1.6], a
monomorphism α: M → C with C ∈ C is said to be a special C-preenvelope of
M if coker(α) ∈ C⊥. Dually we have the definitions of a (special) C-precovers
and a C-cover. Special C-preenvelopes (resp. special C-precovers) are obviously
C-preenvelopes (resp. C-precovers). C-envelopes (resp. C-covers) may not exist
in general, but if they exist, they are unique up to isomorphism.

A pair (F , C) of classes of R-modules is called a cotorsion theory in [4] if
F⊥ = C and ⊥C = F . A cotorsion theory (F , C) is said to be perfect (complete)
if every R-module has a C-envelope and an F -cover (a special C-preenvelope
and a special F -precover) (see [5], [9]). A cotortion theory (F , C) is said to be
hereditary in [9] if whenever 0 → L′ → L → L′′ → 0 is exact with L, L′′ ∈ F ,
then L′ is also in F .

2 Introduction

Let X be a class of R-modules, n is a positive integer. R is said to be left n-
X-coherent ring for a positive integer n, if the subclass Xn = {∀M ∈ X | M is
a n-presented R-module } �= ∅, every R-modules in Xn is n+1-presented. The
concepts of n-X-coherent rings in [1] unifies the concepts of various relatively
coherent rings in [2-7, 11].

Let X be a class of R-modules such that, for a integer n ≥ 1, the subclass
Xn �= ∅. An R-module M is called n-X-injective, if ExtnR(N, M) = 0 for every
N ∈ Xn in [1]. Namely, for each relative coherent rings cited above, relative flat
and injective modules were introduced and so used to give characterizations
of their corespondent relative coherent rings. In section three of this paper,
we introduced n-X-projective modules, and then give some equivalent charac-
terizations of these modules when R is said to be left n-X-coherent rings. We
also prove that (Pn

X, InX) is a complete cotorsion theory, which is cogenerated
by n-presented R-modules class An. (Fn

X, (Fn
X)⊥) is a perfect cotorsion theory,

which is generated by the class An. where Pn
X denotes the class of all n-X-

projective modules, InX denotes the class of all n-X-injective right R-modules,
Fn

X denotes the class of all n-X-flat right R-modules, (Fn
X)⊥ denotes the right

orthogonal class of Fn
X. In part four, some applications are given.

3 The main result

Definition 3.1[1] let X be a class of R-modules, n is a positive integer.

• R is said to be left n-X-coherent, for a positive integer n, if the subclass
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Xn = {∀M ∈ X | M is a n-presented R-module } �= ∅ and every R-module in
Xn is (n + 1)-presented.

• Similarly, the right n-X-coherent are defined.
A ring R is called n-X-coherent if it is both left and right n-X-coherent.

Definition 3.2 Let X be a class of R-modules such that, for a integer
n ≥ 1, the subclass Xn �= ∅.

• An R-module M is called n-X-injective[1] if ExtnR(N, M) = 0 for every
N ∈ Xn.

• An right R-module M is called n-X-flat[1] if Torn(M, N) = 0 for every
N ∈ Xn. The n-X-flat left R-modules are defined similarly.

• An R-module M is called n-X-projective if ExtnR(M, N) = 0 for every
N ∈ InX.

Example 3.3. 1. Clearly, for n = 0 and C is the class of cyclic left R-
modules. The 1-C-coherent rings are in fact left coherent rings and also Noethe-
rian rings. The 1-C-projective module is exactly f -projective modules[12].
Enochs proved that a finitely generated R-module is finitely presented if and
only if Ext1(M, N) = 0 for any FP -injective R-module N in [13]. So the
1-C-projective modules are finitely presented R-modules.

2. Consider a class Pd of all modules of projective dimension at most a
positive integer d. The m-Pd-coherent rings were introduced in [2] and they
were called (m, d)-coherent. The n-Pd-injective modules are exactly (n, d)-
injective modules where n is a positive integer, in [2]. And n-Pd-projective
modules are the left orthogonal modules of (n, d)-injective modules.

It is well known, every R-module has a cotorsion envelope and a flat cover
in [13]. Now we have the following theorem.

Theorem 3.4. Let X be a class of R-modules such that for a positive
integer n ≥ 1, the subclass Xn is not empty. Then

(1) (Pn
X, InX) is a complete cotorsion theory.

(2) (Fn
X, (Fn

X)⊥) is a perfect cotorsion theory.

Proof. (1) Let M be any left R-module and N ∈ Xn. Then, there is a
exact sequence of R-modules:

Fn → Fn−1 → ... → F1 → F0 → M
such that each Fi is finitely generated and free ( or projective), denote Kn−1 =
Im(Fn → Fn−1). Note that

ExtnR(N, M) ∼= Ext1R(Kn−1, M)
Let X be the set of representatives of n-presented R-modules. Thus, InX = X⊥,
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Pn
X =⊥ (X⊥), the results follows from [3, Theorem 10] and [4, Definition 7.1.5].

(2) Note by B the class of all R-modules B with Tor1(N, B) = 0 for all
N ∈ Fn

X. Then by dimension shifting one shows that Y ∈ Fn
X if and only

if Tor1(Y, B) = 0 for all B ∈ B. So (2) follows from [5, Lemma 1.11 and
Theorem 2.8].

Remark 3.5. (1) Let X be the class of all finitely generate modules with
projective dimension at most d , (n, m are positive integer). Then, InX = I(n,d)

and Pn
X=⊥(I(n,d)), Fn

X = F(m,d) in [2].

(2) Let X be the class of all R-modules over a commutative domain R with
projective dimension at most 1. Then, F1

X if and only if M is torsion free for
any M ∈ F1

X by [6, Lemma1], so Theorem 3.4 (2) gives the well-known result
that every R-module has a torsionfree cover. On the other hand, M is F1

X

exactly if M is divisible for any M ∈ F1
X by [6, Lemma 3]. Since divisible

envelopes may not exist (see [5, Proposition 4.8]), the statement of Theorem
3.4,(1) is the best possible in the sense that (Pn

X, InX) is not a perfect cotorsion
theory. However, if Pn

X is closed under direct limits, then (Pn
X, InX) is a perfect

cotortion theory by Theorem 3.4, (1) and [4, Theorem 7.2.6].

R is a left n-X-coherent if and only if every right R-module has an Fn
X-

preenvelope in [1, Theory 2.16]. E.E.Enochs proved that R is a left coherent
ring if and if every right R-modules has a flat preenvelope (see [8, Proposition
5.1]).

Wisbauer proved that a right R-modules has a flat preenvelope if and only
if every factor module of an FP -injective left R-modules by a pure submod-
ule is FP -injective ( see [8, Proposition 35.9]). Mao and Ding have similar
characterization of (m, d)-coherent rings (see [2. Theorem 4.4]).

Now we have the similar characterization of n-X-coherent rings as shown
in the following theorem.

Theorem 3.6. Let X be a class of R-modules such that for a positive integer
n ≥ 1, the subclass Xn is not empty. Then, the following are equivalent:

(1) R is a left n-X-coherent ring.

(2) Every right R-module has an Fn
X-preenvelope.

(3) Extn+1(M, N) = 0 for any M ∈ Xn and N ∈ InX.

(4) If 0 → A → B → C → 0 is exact with B ∈ Xn
X, C ∈ Xn

X, then A ∈ Xn
X.

(5) If 0 → N → M → L → 0 is exact with N ∈ InX and M ∈ InX, then
L ∈ InX.

(6) (Pn
X, InX) is a hereditary cotorsion theory.

Proof. (1) ⇔ (2) By [1, Theory 2.16].
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(1) ⇒ (4) Since C is (n + 1)-presented by (1), A is a n-presented module.
For

0 → A → B → C → 0
is a short exact sequence, so C ∈ Xn.

(4) ⇒ (3) Let M ∈ Xn, there is a exact sequence

Fn → Fn−1 → ... → F1 → F0 → M
with Fi are finitely generated and free modules.

Consider short exact sequence

0 → K → F0 → M → 0
with K = ker(F0 → M). Then K ∈ Xn by (4). Thus for any N ∈ InX, we have
the exact sequence

0 = Extn(K, N) → Extn+1(M, N) → Extn+1(F0, N) = 0.

So Extn+1(M, N) = 0.

(3) ⇒ (5) Let P ∈ Xn, there is a exact sequence of left R-modules:

Fn → Fn−1 → ... → F1 → F0 → M
with Fi are finitely generate and free modules. Consider short exact sequence

0 → N → M → M/L → 0.

Applying the functor Hom(P,−) to this short exactness, we get the fol-
lowing exact sequence:

0 = Extn(P, M) → Extn(P, M/N) → Extn+1(P, N) = 0,
that is, (L ∼=)M/N ∈ InX.

(4) ⇔ (6) Follows from Theorem 3.4 and [9, Proposition 1.2].

Part 4 Applications

Some applications are given in this section. We start by considering when
every right R-module has a monic Fn

X-preenvelope.

Proposition 4.1. Let X be a class of R-modules such that for a positive
integer n ≥ 1, the subclass Xn is not empty. Then, the following are equivalent:

(1) Every right R-module have a monic Fn
X-preenvelope.

(2) R is a left n-X-coherent ring and n-X-injective as a left R-module.

(3) R is a left n-X-coherent ring and every injective right R-module is
n-X-flat.

(4) R is a left n-X-coherent ring and every flat left R-module is n-X-
injective.

Proof (2) ⇒ (1) Let M be any right R-module. Then M has an n-X-flat-
preenvelope f : M → F by Theorem 3.6 or [1, Theorem 2.16]. Since (RR)+ is
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a cogenerator in the category of right R-modules, there is an exact sequence
0 → M → ∏

((RR)+). Note that (RR)+ is n-X-flat module by [1, Theorem
2.13]. So

∏
((RR)+) is n-X-flat by [1, Lemma 2.7]. Thus f is monic, and hence

(1) follows.
(1) ⇒ (3) Follows from Theorem 3.6,(4).
(3) ⇒ (4) Let M be a flat left R-module. Then M+ is n-X-flat by (3).

Thus, M is n-X-injective by [1, Lemma 2.8].
(4) ⇒ (2) is clear.

Now we discuss when every right R-module has an epic Fn
X-preenvelope.

Theorem 4.2. Let X be a class of R-modules such that for a positive integer
n ≥ 1, the subclass Xn is not empty. Then, the following are equivalent:

(1) Every right R-module have a epic Fn
X-envelope.

(2) Every left R-module have a monic InX-cover.

(3) R is a left n-X-coherent ring and submodule of n-X-flat right R-modules
are n-X-flat.

(4) R is a left n-X-coherent ring and every left R-module in Pn
X has a monic

InX-cover.
(5) Every quotient of any n-X-injective left R-module is n-X-injective.

Proof. (1) ⇔ (3) Follows from [12, Theorem 2]

(3) ⇒ (5) Let X be any n-X-injective left R-module and N any submodule
of X. Then consider the exact sequence:

0 → N → X → X/N → 0.
Induces the exactness:

0 → (X/N)+ → X+ → N+ → 0.
Since X+ is n-X-flat by (3), so is (X/N)+ by (3), Thus X/N is n-X-injective

by [1, Lemma 2.8].
(5) ⇒ (3) R is a left n-X-coherent ring by Theorem 3.6.
Now let A be any submodules of an n-X-flat right R-module B. Then the

exactness:

0 → A → B → B/A → 0
induces an exact sequence

0 → (B/A)+ → B+ → A+ → 0.
Since B+ is n-X-injective, so is A+ by (5), and hence A is n-X-flat.
(2) ⇔ (5) Holds by [10, Proposition 4] since n-X-injective modules is closed

under direct sums.
(4) ⇔ (5) Let M be any n-X-injective left R-module and N any submodule

of M . We have to prove that M/N is n-X-injective. In fact, N has a special
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InX-preenvelope by theorem 3.4, that is, there exist an exact sequence
0 → N → E → L → 0

with E ∈ InX and L ∈ Pn
X. Since L has a monic InX-cover φ: F → L by (4), there

is a α: E → F such that β = φα. Thus φ is epic, hence it is a isomorphism.
So L is n-X-injective. For any K ∈ Xn we have the exact sequence

0 = Extn(K, L) → Extn+1(K, N) → Extn+1(K, E).
Note that Extn+1(K, E) = 0 by Theorem 5 since R is a left n-X-coherent

ring. So Extn+1(K, N) = 0.
On the other hand, the short exact sequence

0 → N → M → M/N → 0
induces the exactness:

0 = Extn(K, M) → Extn(K, M/N) → Extn+1(K, N) = 0.
There for Extn(K, M/N) = 0 as desired.
(5) ⇒ (4) Follows from Theorem 3.6, (4) and the equivalence of (2) and

(5).

Let X be a class of R-modules such that for a positive integer n, the subclass
Xn is not empty. Note that all rings are n-X-coherent rings for any positive
integer n, so we have the following corollary:

Corollary 4.3 Let R be any ring. Let X be a class of R-modules such
that for a positive integer n ≥ 1, the subclass Xn is not empty.

R is n-X-injective as a left R-module if and only if every (injective) right
R-module is n-X-flat if and only if every (flat) left R-module is n-X-injective.

Proof. Follows from Theorem 4.2 and Proposition 4.1.

Corollary 4.4. Let X be a class of R-modules such that for a positive
integer n ≥ 1, the subclass Xn is not empty. Then, the following are equivalent:

(1) Every left R-module in Xn have projective dimension at most n.
(2) R is a left n-X-coherent ring and every n-presented left R-module has

flat dimension at most n.

Proof. (1) ⇒ (2) is clear.
(2) ⇒ (1) Let M be any n-presented left R-module, then M is (n + 1)-

presented since R-is a left n-X-coherent. So there is a exact sequence

Fn+1 → Fn → ... → F1 → F0 → M
with Fi are finitely generated and free (or projective) modules.

Note that Ker(Fn−1 → Fn−2) is finitely presented. fd(M) (flat dimension)
≤ n by (4). Ker(Fn−1 → Fn−2) is flat. Thus Ker(Fn−1 → Fn−2) is projective,
hence pd(M) ≤ n.
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We have known that for every R-module, M+ is pure injective right R-
module. So we have the following :

Proposition 4.5. Let X be a class of R-modules such that for a positive
integer n ≥ 1, the subclass Xn is not empty. Then, the following are equivalent:

(1) Every left R-module in Xn is projective dimension at most n − 1.

(2) Every left R-module is n-X-injective.

(3) Every right R-module is n-X-flat.

(4) Every left R-module in Pn
X is projective.

(5) Every right R-module in (Fn
X)⊥ is injective.

(6) R is a left n-X-coherent ring and every left R-module in Pn
X is n-X-

injective.

(7) R is a left n-X-coherent ring and every left R-module in (Fn
X)⊥ is n-X-

flat.

Proof. (1) ⇒ (2) Let M be a flat left R-module and N ∈ Xn. Then
pd(N) ≤ n − 1 by (1) and so Extn(N, M) = 0. Thus M is n-X-injective.

(1) ⇒ (2) follows from [1, Lemma 2.8].

(3) ⇒ (1) Let P ∈ Xn. Then there is a exact sequence

Fn+1 → Fn → ... → F1 → F0 → M
with Fi are finitely generate and free (or projective) modules. Since TorR

n (Q, P ) =
0 for any right R-module Q by (3), fd(p) ≤ n − 1. Thus K = Ker(Fn−1 →
Fn−2) is flat. Note that K is finitely presented, so K is projective. Thus
pd(p) ≤ n − 1.

(2) ⇔ (4) and (3) ⇔ (5) follows from Theorem 3.4.

(2) ⇒ (6) and (3) ⇒ (7) is obvious by [1, Theorem 2.13].

(6) ⇒ (2) Let M be a left R-module. By Theorem 3.4 M has a special
Pn

X-prcover, thus, there exist an exact sequence

0 → K → N → M → 0,
where K ∈ InX and N ∈ Pn

X. Since N ∈ InX by (6), M ∈ InX by Theorem 3.6,
(5).

(7) ⇒ (3) Let M be a right R-module. By Theorem 3.4 and Wakamatsu’s
Lemma (see [13, Section 2.1]), there is an exact sequence

0 → M → N → L → 0,
where N ∈ (Fn

X)⊥ and L ∈ InX.

Then

0 → (L)+ → N+ → M+ → 0
is exact. Note that N ∈ (Fn

X)⊥ by (7). So (L)+ ∈ InX and N+ ∈ InX. Thus
M+ ∈ InX by Theorem 3.6, (5), hence M ∈ Fn

X, as required.

We end this paper with the following:
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Let 0 → A → B → C → 0 be an exact sequence of any R-modules with
A, B finitely generated free (or projective). In general, C is not projective.
For example, Let R = Z, the rings of integers. In the exact sequence 0 →
2R → R → R/2R → 0, 2R, R are finitely generated free (or projective), but
R/2R is not projective in [2].
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