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Abstract

In this paper, we apply the homotopy perturbation method (HPM)
for solving the Cauchy problems of the first-order partial differential
equation. We obtain the exact solutions to the homogeneous or inhomo-
geneous linear and nonlinear equations. Numerical results are presented
to confirm the efficiency of the HPM.
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1 Introduction

We consider the Cauchy problem of the first-order partial differential equation
(PDE) [12, 15]

ut(x, t) + a(x, t)ux(x, t) = 0 x ∈ R, t > 0 (1)

u(x, 0) = φ(x) x ∈ R.

It is well-known that the above equation plays an important role in theoret-
ical physics. In particular, Eq.(1) is named as the transport equation when
a(x, t) = a is a constant and φ(x) = 0, which describes the spread of AIDS
and the moving of wind. When a(x, t) = u(x, t), the equation reduces to the
inviscid Burgers’ equation arising in one-dimensional stream of particles or
fluid having zero viscosity. It makes sense to obtain the exact solutions to the
Cauchy problem (1) for investigating the nonlinear phenomena.
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In the past decades, there are lots of analytical methods for solving the
nonlinear equations [1, 3, 4, 5, 6, 7, 8, 10, 14]. Among these methods, the ho-
motopy perturbation method proposed by J. H. He [3, 4], has been proved by
many authors to be powerful mathematical tools for various kinds of nonlinear
problems. The goal of this paper is to apply the HPM for obtaining the exact
solutions to the Cauchy problems (1). Due to the obvious advantage of the
HPM that gives the approximate or exact solutions without unrealistic non-
linear assumptions, linearization, discretization or the complicated Adomian
polynomials, it provides efficient approach to solve the Cauchy problems. Nu-
merical results are presented to asses its efficiency.

The rest of this paper is organized as follows. In section 2, we introduce the
main ideas of the homotopy perturbation method. We consider the Cauchy
problems of the PDE (1) by applying the HPM in section 3. Finally, we give
the conclusions.

2 Analysis of the homotopy perturbation method

To clarify the basic ideas of the homotopy perturbation method [3, 4, 9], we
consider the following nonlinear differential equation

A(u) − f(r) = 0, r ∈ Ω (2)

with boundary conditions

B(u,
du

dn
) = 0, r ∈ Γ, (3)

where A is a general differential operator, B is a boundary operator, u is a
known analytic function, and Γ is the boundary of the domain.

The operator A can be divided into two parts L and N , where L is linear,
while N is nonlinear. Therefore (2) can be rewritten as follows

L(u) + N(u) − f(r) = 0.

By the homotopy technique proposed by Liao [11], we can construct a
homotopy v(r, p) : Ω × [0, 1] → R which satisfies

H(v, p) = (1 − p)[L(v) − L(u0)] + p[A(v) − f(r)] = 0, (4)

or

H(v, p) = L(v) − L(u0) + pL(u0) + p[N(v) − f(r)] = 0,
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where r ∈ Γ and p ∈ [0, 1] is an embedding parameter, u0 is an initial approxi-
mation of (2), which satisfies the boundary conditions. By (4), it easily follows
that

H(v, 0) = L(v) − L(u0) = 0,

H(v, 1) = A(v) − f(r) = 0,

and the changing process of p from zero to unity is just that of H(v, p) from
L(v)−L(u0) to A(v)−f(r). In topology, this is called deformation, L(v)−L(u0)
and A(v) − f(r) are called homotopic.

The embedding parameter p is introduced much more naturally, unaffected
by artificial factors. Furthermore, it can be considered as a small parameter
for 0 < p ≤ 1. So it is very natural to assume that the solution of (4) can be
expressed as

v = v0 + pv1 + p2v2 + · · · . (5)

Therefore, the approximate solution of (2) can be readily obtained as follows:

u = lim
p→1

v = v0 + v1 + v2 + · · · .

3 Numerical experiments

In this section, we will discuss four Cauchy problems of the first-order PDE (1)
to illustrate the efficiency of the HPM. The exact solutions to these problems
will be given without the linearization, discretization or the calculation of
Adomian’s polynomials.

Example 1. Consider the nonlinear Cauchy problem [13]

ut(x, t) + xux(x, t) = 0 x ∈ R, t > 0 (6)

u(x, 0) = x2 x ∈ R.

By the HPM, we can construct the homotopy v(r, p) : Ω× [0, 1] → R which
satisfies

vt(x, t) − v0t(x, t) + pv0t(x, t) + p(xvx(x, t)) = 0, (7)

with the initial approximation v0(x, t) = u(x, 0) = x2.
Suppose that the solution to (6) has the form

v(x, t) = v0(x, t) + pv1(x, t) + p2v2(x, t) + · · · . (8)

Substituting (8) to (7), and equating the terms of the same power of p, it
follows that

p1 : v1t(x, t) + v0t(x, t) + xv0x(x, t) = 0, v1(x, 0) = 0

pi : vit(x, t) + xv(i−1)x(x, t) = 0, vi(x, 0) = 0, i = 2, · · · , n.
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By integrating on the above equations, we have the solutions as follows

v1(x, t) = −2tx2, v2(x, t) = 2t2x2

v3(x, t) = −4

3
t3x2, · · · , vn(x, t) = (−1)n (2t)n

n!
.

According to (8) and the assumption p = 1, we have that

u(x, t) = lim
n→∞

n∑

i=0

vi(x, t) = x2e−2t

which is just the exact solution to (6). We remark that the HPM gives the
same solution as that obtained by the variational iteration method in [15], but
the solution procedure is more efficient.

Example 2. Consider the the inviscid Burgers’ equation [2, 13]

ut(x, t) + u(x, t)ux(x, t) = 0 x ∈ R, t > 0 (9)

u(x, 0) = x x ∈ R.

Similar to Example 1, the homotopy v(r, p) : Ω × [0, 1] → R satisfies

vt(x, t) − v0t(x, t) + pv0t(x, t) + p(v(x, t)vx(x, t)) = 0, (10)

where v0(x, t) = u(x, 0) = x2 is set as the initial approximation.
Based upon (10) and the assumed solution (5) to (9), we have that

p1 : v1t(x, t) + v0t(x, t) + v0(x, t)v0x(x, t) = 0, v1(x, 0) = 0

pi : vit(x, t) +
i−1∑

j=0

vj(x, t)u(i−1−j)x(x, t) = 0, vi(x, 0) = 0, i = 2, · · · , n.

The following results are obvious,

v1(x, t) = −tx, v2(x, t) = t2x, v3(x, t) = −t3x, · · · , un(x, t) = (−1)ntnx.

By u(x, t) = limp→1 v(x, t) and v(x, t) = limn→∞
∑n

i=0 vi(x, t), we have the
exact solution to (9) which reads as u(x, t) = x

1−t
.

Example 3. Consider the transport equation [2, 12, 13]

ut(x, t) + aux(x, t) = 0 x ∈ R, t > 0 (11)

u(x, 0) = x2 x ∈ R.

For this example,

vt(x, t) − v0t(x, t) + pv0t(x, t) + p(avx(x, t)) = 0,
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holds for the homotopy v(r, p) : Ω×[0, 1] → R, where the initial approximation
v0(x, t) is set as u(x, 0) = x2. Furthermore, we have the following equations
with respect to the p-terms:

p1 : v1t(x, t) + v0t(x, t) + av0x(x, t) = 0, v1(x, 0) = 0,

pi : vit(x, t) + av(i−1)x(x, t) = 0, vi(x, 0) = 0, i = 2, · · · , n.

It is obvious that

v1(x, t) = −2atx, v2(x, t) = a2t2, vi(x, t) = 0, i = 3, · · · , n.

Therefore, we give the exact solution

u(x, t) = x2 − 2atx + a2t2.

Example 4. Consider the the inhomogeneous Cauchy problem [13]

ut(x, t) + ux(x, t) = x x ∈ R, t > 0 (12)

u(x, 0) = ex x ∈ R. (13)

Based upon the HPM, we can construct the homotopy, and have the fol-
lowing equations with respect to the p-terms:

p1 : v1t(x, t) + v0t(x, t) + v0x(x, t) − x = 0, vi(x, 0) = 0

pi : vit(x, t) + v(i−1)x(x, t) = 0, vi(x, 0) = 0, i = 2, · · · , n.

It is obvious that

v1(x, t) = tx − tex, v2(x, t) =
1

2
t2(ex − 1),

vi(x, t) = (−1)i t
i

i!
ex, i = 3, · · · , n.

One can obtain the exact solution to (12) as u(x, t) = t(x − t
2
) + ex−t.

4 Conclusions

This paper dealt with the Cauchy problems of the homogeneous or inhomo-
geneous PDE equation by using the homotopy perturbation method (HPM).
Numerical experiments associated with four examples were considered to ver-
ify the efficiency of the HPM. We believe that the HPM will be helpful for
solving the Cauchy problems of other nonlinear equations.
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