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Abstract

Affine control systems on Carnot groups are considered and their
controllability property is studied. Using by dilatation action, control-
lability of the associated bilinear control systems is extended to affine
control systems on Carnot groups.
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1 Introduction

The aim of this paper is to study controllability property of affine control

systems on Carnot groups by relating to the controllability of their associated

bilinear control systems.

In [1], the authors Ayala and San Martin study the controllability problem

through the subalgebra of the Lie algebra of affine group of G generated by

the vector fields of a linear control system where the drift vector field X is

an infinitesimal automorphism, i.e., (Xt)t∈IR is a one-parameter subgroup of
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Aut(G); lift the system itself to a right-invariant control system on Lie group

Af(G) and give controllability results for compact connected and noncompact

semi-simple Lie groups cases.

Jurdjevic and Sallet studied the controllability of affine systems on Eu-

clidean spaces, [3]. They consider the associated bilinear system on IRn is

controllable for the controllability of the affine system on IRn . In [4], Kara

and San Martin extended this approach to the controllability of affine control

systems on generalized Heisenberg Lie groups. In this work, our aim is to gen-

eralize this approach to the study of affine control systems on Carnot groups.

2 Affine Control Systems on Lie Groups

If G is a connected Lie group with its Lie algebra L(G), then the affine group

Af(G) of G is the semi-direct product of Aut(G) with G itself, [4], i.e.,

Af(G) = Aut(G) ×s G. The group operation of Af(G) is defined by

(φ, g1) · (ψ, g2) = (φ ◦ ψ, g1φ(g2)).

And, if 1 denotes the identity element of Aut(G) and e denotes the neutral

element of G, then the group identity of Af(G) is (1, e) and (φ−1, φ−1(g−1))

is the inverse of (φ, g) ∈ Af(G). Then, g → (1, g) and φ → (φ, e) embed G

into Af(G) and Aut(G) into Af(G), respectively. Therefore, G and Aut(G) are

subgroups of Af(G). Then, there is a natural transitive action

Af(G) ×G→ G

defined by

(φ, g1) · g2 → g1φ(g2),

where (φ, g1) ∈ Af(G) and g2 ∈ G.

The groups G and Aut(G) are closed subgroups of Af(G). Denote by

Aut(L(G)) the automorphism group of L(G) which is a Lie group and its Lie

algebra is Der(L(G)), the Lie algebra of derivations of L(G). If G is simply

connected, then Aut(L(G)) and Aut(G) are isomorphic. In fact, there is an

isomorphism Φ between Aut(L(G)) and Aut(G) which assigns to each autho-

morphism φ of G its differential dφ |1 at the identity. And, any authomorphism
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of L(G) extends to an authomorphism of G, therefore Φ is indeed an isomor-

phism between Aut(L(G)) and Aut(G). Thus, in this case, the Lie algebra of

Aut(G) is Der(L(G)).

The Lie algebra af(G) of Af(G) is the semi-direct product Der(L(G)) ×s

L(G). Its Lie bracket is given by

[(D1, X1), (D2, X2)] = ([D1, D2], D1X2 −D2X1 + [X1, X2])

An affine control system Σ = (G,D) on a Lie group G ⊂ Af(G) is determined

by the specification of the following data :

ẋ = (D +X)(x) +
d∑

j=1

uj(t)(D
j + Y j)(x)

parametrized by U , family of piecewise constant real valued funtions, where

x ∈ G; D,D1, . . . , Dd ∈ Der(L(G)) and X, Y 1, . . . , Y d ∈ L(G). And, the

dynamic is given by

D = {D +X +
d∑

j=1

uj(D
j + Y j) | u ∈ IRd}.

If an affine control system is considered on an Abelian Lie group, then it

becomes a linear control system since any bracket between the elements of an

Abelian Lie algebra is null. Therefore, in this case, the affine system turns to

the form of the linear control system.

If it is considered X = 0 and Y 1 = Y 2 = . . . = Y d = 0 for affine control

system on a Lie group, then it becomes a bilinear control system. In the

general case, affine control systems define much richer class of control systems

than the bilinear class, and their controllability properties on Carnot groups

are essentially governed by their bilinear parts D,D1, . . . , Dd.

3 Carnot Groups

Let L(G) be a Lie algebra. If L(G) has the direct sum decomposition

r∑

j=1

Vj,

∀j ∈ [1, r), [V1, Vj ] = Vj+1
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and

[V1, Vr] = 0,

where V1 is a distinguished vector space, then L(G) is called a Carnot algebra.

Here, V1 produces the all algebra by using all possible Lie brackets.

The nilpotent connected simply connected Lie group of Carnot algebra is

called Carnot group, [2]. IRn is an abelian Carnot group example and Heisen-

berg group H(n) = IR2n × IR is the first non-trivian Carnot group example,

[2].

Theorem 1 : Let G be a non-compact connected Lie group and L(G) be

its Lie algebra.Then, compact subsets of G are not GΣ-invariant, if the control

system on G is an invariant system.

Proof : For ∀x ∈ G, ∀X ∈ L(G) and ∀t ∈ IR, the differentiable curve

γX(,̇x) : (a, b) ⊂ IR → G is defined γX(t, x) = Xt(x). Assume that K ⊂ G is

a compact and GΣ-invariant subset. Each vector field X ∈ L(G) is complete.

Consider any open covering A = {Ui|i ∈ /Z+}. Therefore, ∀i γX(t, Ui) is an

open covering of K, since Xt(x), ∀x ∈ K. K is compact, therefore it can

be covered by a finite subfamily of Aγ = {γX(t, Ui)|i ∈ /Z+}. Then, inverse

images of the elements of Aγ covers IR, which is a contradiction.

Lemma 1 : Let Σ = (G,D) be an affine control system on a connected

Lie group G. If each positive orbit of the system is open, then the system is

controllable.

Proof : If each positive orbit , SΣ(x) of the system is open, then S∗
Σ(x) is

also open, where S∗
Σ = {X1

t1
◦X2

t2
◦ . . .Xr

tr | − t > 0}. Thus, G = SΣ(x).

Lemma 2 : Dilation Action :

X =
r∑

i=1

Xi → δεX =
r∑

i=1

εiXi,

where Xi ∈ Vi and δε : L(G) → L(G) is defined by for any ε > 0. Then, δε is

an automorphism.

Proof. The mapping δε is one-to-one and onto its image.

[δεX, δεY ] = [δε(
r∑

i=1

Xi), δε(
r∑

j=1

Xj)] = [
r∑

i=1

εiXi,
r∑

j=1

εjXj)]

r∑

i=1

r∑

j=1

εi+jXi+j = δε[
r∑

i=1

Xi,
r∑

j=1

Xj] = δε[X, Y ]
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Theorem 2 : An affine control system Σ = (G,D) on a Carnot group G

is controllable if Σ does not have equilibrium point and the associated bilinear

control system Σb = (G,Db) where

Db = {D +
d∑

j=1

ujD
j | D,Dj ∈ Der(L(G)); u ∈ IRd},

is controllable on G.

Proof. For the control systems, to not have any equalibrium point is a

necessary condition for controllability, since the set of reachable points from

a fixed point consists of a single point. Let us define an automorphism ξε :

af(G) → af(G) such that ξε : Id× δε : D+X = ξε(D+X) = D+ δε(X). Since

∀X ∈ L(G) δε(X) =δε(
∑r

j=1Xj) =
∑r

j=1 ε
jXj , δε(X) → 0 as ε→ 0

Therefore, ξε(Σ) → Σb as ε→ 0.

Consider y ∈ G and the closed unit ball B(y) , where

B(y) = {x : d(x, y) ≤ 1}

and denote by S(y) the boundary of this unit closed ball.

Complete controllability is preserved under small perturbations, [6]. There-

fore, S(y) ⊂ Ab(x). For ε sufficiently small, S(y) ⊂ ξε(A(x)). For ε sufficiently

small, the closed ball B(y) is contained by ξε(A(x)). Since

ξ−1
ε (B(y)) ⊂ ξ−1

ε ξε(A(x)) = A(x),

therefore the positive orbit SΣ(x) has nonempty interior. Thus, Σ is control-

lable on Carnot group G.
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