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Abstract

Let V,W be normed spaces and VΓ, WΓ be Γ-Banach algebras. In
this note we investigate the projective tensor product, VΓ ⊗ρ WΓ, of
these algebras. In particular, we show that if μ =

∑
i ai ⊗ bi belongs

to VΓ ⊗p WΓ and δN on μ is a norm-attainable α-derivation given by
δN = δ

(1)
N + δ

(2)
N then, ‖ δN ‖≤‖ δ

(1)
N + δ

(2)
N ‖≤ 2 ‖ δN ‖ holds.
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1 Introduction

Several studies on tensor products and derivatives of general Banach algebras
have been carried out over the past decades up-to-date. Special types of Ba-
nach algebras have also been considered for example the Γ-Banach algebras
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and α-derivations have been studied by Dutta [7]. Defining derivations on
normed spaces is not easy since there is no natural way of introducing an al-
gebraic multiplication into them. Bhattacharya [3] defined Γ-Banach algebras
and Backman [2] the various tensor products of Γ-Banach algebras over fields
which are isomorphic to another field with real valued valuation by use of
semilinear maps. See also [1, 5, 6, 8]. Examples of a Γ-Banach algebras which
are not general Banach algebras are:

(i) The set of all m × n rectangular matrices.

(ii) The set of all bounded linear maps from an infinite dimensional linear
space A into a Banach space B.

Some of the natural questions that arise are:

1. Does every pair of α - derivations δ(1) and δ(2) on Γ- Banach algebras
VΓ and WΓ, respectively give rise to a derivation δ on their projective
tensor product? If yes, can one estimate the norm of δ with the help of
α - derivations δ(1) and δ(2)?

2. Can the spectrum and range of δ, be evaluated with respect to α - deriva-
tions δ(1) and δ(2)?

3. Is δ norm-attainable and under what conditions?

The first two questions were addressed in the affirmative by Dutta [7]. In
this paper we address part of the last question. Our work is therefore organized
in the following sections: 1. Introduction; 2. Preliminaries; 3. Projective
tensor norm; 4. Norm-attainable α-derivations.

2 Preliminaries

For simplicity we denote Γ-Banach algebras (V, Γ) and (W, Γ′) (V, W are
normed spaces) by VΓ, WΓ respectively. Let VΓ, and WΓ, be Γ-Banach al-
gebras with the fields K1 and K2 isomorphic to a field K which possesses a
real valued valuation and VΓ ⊗p WΓ their projective tensor product. Then for
μ ∈ VΓ ⊗p WΓ,

δ(μ) =
n∑

i=1

[δai ⊗ bi + ai ⊗ δbi], ∀ ai ∈ VΓ, bi ∈ WΓ.

We give some notations and definitions we shall use in the sequel. We denote
by B(V, W ), δN and (δN )∗ the set of maps from a vector space V to a Banach
space W , norm-attainable derivation and the adjoint of δN respectively.
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Definition 2.1. Let VΓ be a Γ-Banach algebra and α a fixed element of Γ.
Then α-identity, Iα, is an element of V satisfying the conditions Iααa =
aαIα = a, ∀ a ∈ V.

Definition 2.2. A linear operator Δ of VΓ into itself is called an α-derivation
if Δ(aαb) = (Δa)αb + aα(Δb), ∀ a, b ∈ V .
If a ∈ V is such that the α -derivation, Δa, is defined by Δa(b) = aαb − bαa
then Δa is called α-inner derivation.
If VΓ, is an involutive Γ-Banach algebra with an involution ∗, then an α-
derivation Δ∗a= - (Δa)∗, where a∗ is the adjoint of a.
For an operator ◦, defined by a ◦ b = aαb + bαa ∀a, b ∈ V , a linear map Δ on
VΓ, is called α-Jordan derivation if Δ(a ◦ b) = (Δa) ◦ b + a ◦ (Δb), ∀ a, b ∈ V .

Definition 2.3. Let A and B be normed linear spaces over the fields K1 and
K2, respectively which are isomorphic to field K with a real valued valuation.
If μ ∈ A ⊗ B, then the projective norm, p, is defined by :

p(μ) = inf{Σi‖ai‖‖bi‖; ai ∈ A, bi ∈ B},
where the infimum is taken all over finite representations of μ. Further, the
weak norm, w, on μ is defined by:

w(μ) = sup{|Σiη1(φ(ai))η2(ϕ(bi))|; φ ∈ A∗, ϕ ∈ B∗, ‖φ ≤ 1, ‖ϕ ≤ 1}.
Remark 2.4. We note that A∗ and B∗ are respective dual spaces of A and B,
K1, K2, are isomorphic to K under isomorphisms η1 and η2 respectively. See
[4] for details.

Definition 2.5. Let VΓ, be as above and A ∈ VΓ, we say A is norm-attainable
if :

(i) There is a unit vector a ∈ V such that ‖Aa‖ = ‖A‖,
(ii) There is a unit functional φ ∈ V ∗ such that ‖A(φ)‖ = ‖A‖,
(iii) The α-derivation δ is norm-attainable if ∃ μ ∈ VΓ ⊗p WΓ such that

‖δμ‖p = ‖δ‖p, where ‖μ‖p = 1.

(iv) An operator UÃ,B̃(X) =
∑n

i=1 AiXBi, is said to be norm-attainable if
there is a contraction X in the unit ball, (VΓ)1, such that ‖UÃ,B̃(X)‖ =

‖UÃ,B̃‖, where Ã = (A1, ..., An) and B̃ = (B1, ..., Bn) are n-tuples in VΓ.

If B̃ = Ã then we have UÃ,Ã simply denoted by UÃ. For i = 1 we have
an inner derivation UA as defined earlier.

See Okelo, Agure and Ambogo [9] for details on norm-attainable elementary
operators and derivations and the references therein.
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3 Projective tensor norm

Lemma 3.1. Let A, B be as in Definition 2.3. The projective tensor norm,
p, is a norm on A ⊗ B and

(i) p(μ) ≥ w(μ), μ ∈ A ⊗ B, w is a weak tensor norm.

(ii) p(a ⊗ b) = ‖a‖‖b‖, ∀ a ∈ A and b ∈ B.

Proof. See Bonsall [4] for proof.

Remark 3.2. A ⊗ B endowed with multiplication is called the algebra tensor
product and A ⊗ B together with involution the ∗-algebra tensor product.

At this point, we give the following theorem by Dutta [7, Theorem 2.1] which
is instrumental to our main results.

Theorem 3.3. Let δ(1), and δ(2) be bounded α-derivation and α′- derivation
in VΓ and WΓ, respectively then:

1. There exists a bounded α⊗α′-derivation, δ, in the projective tensor prod-
uct, VΓ ⊗p WΓ, defined by: δ(μ) = Σi[δ

(1)
1 ai ⊗ bi + ai ⊗ δ(2)bi], for each

μ =
∑

i ai ⊗ bi ∈ VΓ ⊗ WΓ.

2. If δ(1) and δ(2) are α, and α′- inner derivations respectively, induced by
q ∈ V and t ∈ W , respectively, then δ is an α ⊗ α′-inner derivation
implemented by q ⊗ Iα′ + Iα ⊗ t.

3. If δ(1) and δ(2) are α and α′-Jordan derivations, then δ is an α⊗α′-Jordan
derivation.

4. If VΓ and WΓ are involutive Γ-Banach algebras, and if δ(1) and δ(2) are
α∗ and (α′)∗-derivations, then δ is a α∗ ⊗ (α′)∗-derivation.

Proof. See Dutta [7] for proof.

Lemma 3.4. Let μ = a ⊗ Iα′ ∈ VΓ ⊗p WΓ, then δ(μ) = δ(1)a ⊗ Iα′.

Proof. It is clear that δ2Iα′ = 0, and from representation of δ (see [7]) the
result is obvious.

Theorem 3.5. Let δ(1), ..., δ(n), be bounded (α1, ..., αn)-derivations in V n
Γ , re-

spectively then Θ(n) = α1 ⊗ α2⊗, ...,⊗αn is an α-derivation on the tensor
product V 1

Γ ⊗p ⊗V 2
Γ⊗p, ...,⊗pV

n
Γ (n = 1, 2, ...).

Proof. Follows immediately from Lemma 3.4 and taking n-copies of Γ-Banach
algebras in Theorem 3.3.
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4 Norm-attainable α-derivations

Theorem 4.1. Let VΓ and WΓ be Γ-Banach algebras and δ be an α-inner
derivation. Then δ is norm-attainable if and only if the adjoint, δ∗, of δ is
norm-attainable.

Proof. The proof that δ is self-adjoint is elementary and we leave that to the
reader. Therefore, it is sufficient enough to show that δ, is norm-attainable
implies that δ∗, is norm-attainable. If δ is zero, then it is clear and there
is nothing to prove. Let δ 
= 0. If δ is norm-attainable then there exists
an element μ of VΓ ⊗ WΓ such that ‖δμ‖p = ‖δ‖p, i.e δ∗δμ = ‖δ2‖pμ. Let
γ = δμ

‖δ‖p
. Clearly, γ is a unital element of VΓ. Therefore, it follows that

‖δ∗γ‖p = ‖δ‖p = ‖δ∗‖p. Indeed, since ‖δ∗‖p = ‖δ‖p, we have
‖δ∗γ‖p = ‖δ∗ δ∗γ

‖δ‖‖p = 1
‖δ‖p

‖δ∗δγ‖p = ‖δ∗ δ∗γ
‖δ‖‖p = 1

‖δ‖p
‖δ2γ‖p. The rest is clear.

Lemma 4.2. If δ
(1)
N , δ

(2)
N are norm-attainable α, and α′- derivations respec-

tively, then δN = δ1
N + δ2

N is norm-attainable.

Proof. The proof follows from [9, Cor. 3.5].

Theorem 4.3. Let δN , δ1
N and δ2

N be norm-attainable α, α′ and α′′- deriva-
tions respectively where ‖δN‖ = ‖δ1

N‖ + ‖δ2
N‖, then

‖δN‖ ≤ ‖δ1
N‖ + ‖δ2

N‖ ≤ 2‖δN‖ (1)

Proof. We recall that an α-derivation is norm-attainable if there exists μ ∈
VΓ ⊗P WΓ, with ‖μ‖p = 1, such that ‖δμ‖p = ‖δ‖p. Now, for each μ ∈
VΓ⊗WΓ, with ‖μ‖p = 1, and for each ε > 0, there exists a finite representation
μ = Σiai⊗bi such that ‖μ‖p+ε ≥ ∑

i ‖ai‖‖bi‖. From the definition of operator
norm and from the representation of μ we have,

‖δN‖ = sup
μ
{‖δNμ‖p; ‖μ‖p = 1}

= sup
μ
{‖Σi[δ

1
Nai ⊗ bi + ai ⊗ δ2

Nbi]‖p; ‖μ‖p = 1}

≤ sup
μ
{Σi[‖δ1

Nai ⊗ bi‖p + ‖ai ⊗ δ2
Nbi‖p]; ‖μ‖ = 1}

= sup
μ
{[‖δ1

Nai‖‖bi‖ + ‖ai‖‖δ2
Nbi‖]; ‖μ‖p = 1}

≤ sup
μ
{Σi[‖δ1

N‖‖ai‖‖bi‖ + ‖ai‖‖δ2
N‖‖bi‖]; ‖μ‖ = 1}

≤ (‖δ1
N‖ + ‖δ2

N‖) sup
μ
{1 + ε; ‖μ‖p = 1}

= (‖δ1
N‖ + ‖δ2

N‖)(1 + ε).
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But, ε was arbitrary hence, ‖δN‖ ≤ ‖δ1
N‖ + ‖δ2

N‖.
To prove the inequality in the right hand side of (1), by Hahn-Banach theorem,
there exists a functional f ∈ W ∗, such that f(Iα′) = ‖Iα′‖ = ‖δ1

N‖ + ‖δ2
N‖,

where Iα′ is an α−identity in W . For simplicity, denote ‖δ1
N‖+‖δ2

N‖ by 	. Let
a ∈ V such that ‖a‖ = 1, then we have ‖a

�
⊗ Iα′‖ = ‖a

�
‖‖Iα′‖ = 1. Now,

‖δN‖ = sup
μ
{‖δNμ‖p; ‖μ‖p = 1}

≥ ‖δN(
a

	
⊗ Iα′)‖p

= ‖δ1
N(

a

	
⊗ Iα)‖p

= ‖δ1
N(

a

	
) ⊗ Iα‖p, since δ2

N (Iα′) = 0

= ‖δ1
Na‖.

Thus, ‖δ1
N‖ ≤ ‖δN‖, ∀ a ∈ V , with ‖a‖ = 1. Hence, ‖δ1

N‖ ≤ ‖δN‖. Similarly,
‖δ2

N‖ ≤ ‖δN‖. Therefore, ‖δ1
N‖+‖δ2

N‖ ≤ 2‖δN‖ which completes the proof.

Corollary 4.4. Let δN , δ1
N and δ2

N be as above then δN is norm attainable if :

1. Either δ1
N and δ2

N or both are zero derivations

2. δ1
N and δ2

N are α-inner derivation and α′-inner derivation respectively.

Proof. Part (i) is obvious. Part(ii) follows from the proof in [7, Theorem 2.1
part (ii)].

Remark 4.5. The inequality on the left hand side of (1) is the best estimate
of the norm.

Acknowledgements: We thank Job Bonyo for his useful comments on one
of our discussions on norms of derivations.
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