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Abstract 
 

In this paper we made an attempt to study the attribute dependency in a rough 
set.  For a given Information system I = (U,A), where U is distinct set of objects 
and A is the set of attributes such that for each a in A, aμ is a fuzzy set defined 
on U.  i.e., →Ua :μ [0,1].  Then we define a fuzzy compatibility relation on A. 
This relation leads us to get the compatibility classes of the attribute set A. We 
use these compatibility classes to define the degree of dependency of the objects. 
We also made a study of the degree of dependency of the compatibility classes 
for each subset of U through flow graph.  

Keywords: Rough set, Attributes, Fuzzy set, Fuzzy relation, Compatibility class, 
    Flow Graph 
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1 Introduction 
 
 The Rough Set theory was first introduced by Z. Pawlak [4],[5].  It is a new 
mathematical tool to deal with Vague concepts. The algebraic  properties  of  Rough 
Sets  have studied by Comer, Grzymala -Busse, Iwinski, Nieminen, Obtulowicz and 
Pomykala.  Roughsets can be used to represent ambiguity, vagueness and general 
uncertainty.  The extension of rough set concept is fuzzy-rough sets, using fuzzy 
equivalence classes [3].  In the recent past, the rough set theory has emerged in a high 
peak among the group of researchers.  The primary notions of the theory of rough sets 
are the approximation space, lower and upper approximations of a set determined by a 
set of attributes.  Thus any subset defined through its lower and upper approximations 
is called a Rough Set. It is widely used in database analysis.  

 One of the most important aspects of database analysis or data 
acquisition is the discovery of attribute dependencies [5],[7].  This means that, we 
wish to discover which variables are strongly related to which other variables.  Hence, 
attribute dependency plays an important role in predictive modeling.  In this paper we 
propose a method to classify the attributes using compatibility relation. In this paper, 
first we define fuzzy attributes and then we define a compatibility relation on the set of 
fuzzy attributes.  Further it leads us to define the degree of dependency of  
compatibility classes.   

 There are methods to find the Reduct [2], [8] in which the authors have 
analyzed Quick Reduct Algorithms.  These algorithms either starts with the empty set 
and goes on adding an attribute that gives the maximum degree of dependency or 
starts with the set of attributes and goes on deleting least informative attributes.  We 
introduce a method in which we are able to find the subsets of the attribute set using 
compatibility relation, called compatibility classes.  The compatibility class having the 
maximum degree of dependency is considered as a Reduct   In [7], they have proposed 
a fuzzy rough approach to find the closely minimal reduct. But this method is partially 
restricted whereas our method does not have any restriction. Also we have defined a 
flow graph between the power set of U and the compatibility classes. Attribute 
dependency is studied interms of this flow graph. These concepts are illustrated with 
numerical  examples.  

This paper is structured as follows. In section 2, we define the concept of rough 
set theory with fuzzy attributes and recall the definitions related to flow graph.  In 
section 3, we define a compatibility relation on the set of fuzzy attributes and we 
illustrate with an example. We apply the flow graph concepts to study the degree of 
dependency between the subsets of the object set and the compatibility classes, in 
section 4. Finally section 5, deals with conclusions and future works. 
 
 
2 Preliminaries 
 
2.1 Rough Set with Fuzzy Attributes 
Let I = (U, A) be an information system.  Where U is a non-empty set of finite objects,  
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called the Universe and A is a non-empty finite fuzzy set of attributes defined by, 

]1,0[: →Uaμ  a∈A, is a fuzzy set.  With any P⊆A, there is an associated equivalence 
relation called IND(P) defined as 
IND (P) = {(x, y) 2U∈ /  ∀a )}()(, yxP aa μμ =∈  
The partition induced by IND(P) consists of equivalence classes defined by 
                   [x]p={y /U∈ (x, y) )(PIND∈ }. 
For any X U⊆ , define the lower approximation space P_(X) such that 

P_(X) = {x /U∈  [x]p X⊆ }.  
Also define the upper approximation space   

P – (X) = {x /U∈  [x]p I  X  φ≠ }. 
2.1.1   Definition: 
A rough set corresponding to X., where X is an arbitrary subset of U in the 
approximation space P, we mean the ordered pair RS(X) = {P –(X), P_(X) } 
2.1.2   Example: 
  Let U = { 654321 ,,,,, xxxxxx } and A = { 4321 ,,, aaaa } where each a i (i = 1 to 4) is a 
fuzzy set whose membership values are shown in table 1. 
           Table 1 

A 
U 

a1 a2 a3 a4 

x1 0 .1 .3 .2 

X2 1 .6 .7 .3 

X3 0 .1 .3 .2 

X4 1 .6 .7 .3 

X5 .8 .5 .2 .4 

X6 1 .6 .7 .3 
 
Let   X   = {x1 , x3 , x5 , x6} and   P = A. Then the equivalence classes induced by 
IND(P)  are given  below. 
    [x1]p    = {X1 ,X3} 
      [x2]p      = {x2 , x4 , x6} 
     [x5]p      = {x5} 
Hence, P_(x)  = {x1 , x3, x5} and   P – (X) = {x1 , x2  ,  x3 ,   x4  ,  x5 ,  x6}. Note that the 
upper approximation space consists of those objects that are possibly members of the 
target set X. The set U - P–(X) represents the negative region containing the set of 
objects that can be definitely ruled out to be the members of the target set X. The 
boundary region given by the set difference P – (X) – P_(x) consists of those objects 
that can neither be ruled in nor ruled out as the members of the target set X. In the 
previous example the negative region is an empty set and the boundary is  P – (X) – 
P_(x) ={x2, x4 , x6}. 
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2.2 Flow Graph [1], [6] 
A flow graph is a directed, acyclic, finite graph G = (N,B,ϕ), where N is a set of 
nodes, B ⊆ N X N is set of edges, ϕ : B→R+  is a flow function and  R+  is a set of non-
negative reals.  If (x,y) ∈ B, then x is an input of y and y is  an output of x. And ϕ (x,y) 
is a troughflow from x to y. 
 If ϕ : B→[0,1], then the flow graph is called is called normalized flow graph. If 
x ∈ N, then I(x) is the set of all inputs of x and O(x) is the set of all outputs of x. Input 
and output of the graph G are defined as I(G) = {x∈N: I(x) = ∅}, O(G) = {x∈ N : O(x) 
= ∅}. Inputs and outputs of G are external nodes of G. Other nodes are internal nodes 
of G.   With every node x of a flow graph G, we associate its inflow, 

∑
∈

+ =
)(

),()(
xIy

xyx ϕϕ  and outflow ∑
∈

− =
)(

).,()(
xOy

yxx ϕϕ  

Similarly, we can define an inflow and an outflow for the whole flow graph G, which 
are defined as     

∑
∈

−+ =
)(

)()(
GIx

xG ϕϕ  and .)()(
)(

∑
∈

+− =
GOx

xG ϕϕ   

 
 
 

3 Compatibility Relation on the Attribute Set  
  
Given an information system I = (U, A), it is important to study whether there are 
fuzzy attributes in the information system, which are important to the knowledge 
represented in the equivalence class structure than other attributes.  To study whether 
there is a subset of fuzzy attributes which by itself can fully characterize the 
knowledge about the information system. Such a sub-set is called a Reduct. A reduct is 
a sub-set of fuzzy attributes RED A⊆ , such that [x]RED=[x]A. That is the equivalence 
classes induced by reduced fuzzy attribute set RED is the same as the equivalence 
class structure induced by full fuzzy attribute set A [5],[7]. 

Fuzzy attribute set RED is minimal in the sense that, no fuzzy attribute can be 
removed from the set RED without changing the equivalence classes [x]A.  To study in 
this direction,  we proceed as follows. I = (U, A) be an information system.  where A 
is the set of fuzzy attributes. For all a A∈ , let aμ  be the normalized fuzzy set defined 
on U. Define a fuzzy relation R on A by ]1,0[AXA:R →μ  such that 

))](),(max[min(),(
2121 xxaa aaR μμμ =  where the minimum varies over all  x in U. 

R is fuzzy reflexive . For,a A∈ ,          
    ),( aaRμ = ))]x(),x((minmax[ aa

Ux
μμ

∈
  = 1, since aμ  is normalized fuzzy set.  

R is fuzzy symmetric. For  a1, a2 A∈ ,   
   Rμ (a1, a2)= ))]x(),x((minmax[

2a1a
Ux

μμ
∈

= ))]x(),x((minmax[ 1a2a
Ux

μμ
∈

 = ),( 12 aaRμ  

R is not fuzzy transitive. If R is fuzzy transitive, then   
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))],(),,(min(max[),( 2121 aaaaaa RR
Aa

R μμμ
∈

≥                                                                      

R.H.S  =  max [min ( Rμ (a1, a) Rμ (a, a2))] , a A∈               
= max[min( Rμ (a1,,a1) Rμ (a1,a2)), min( Rμ (a1,a2) Rμ (a2,a2)),   

    min( Rμ (a1,a3) Rμ (a3,a2)), ...]                         
= max[ ),( 21 aaRμ , min( ...)),,(),,( 2331 aaaa RR μμ ] 

     ),( 21 aaRμ≥ . 
Hence it is not fuzzy transitive. Therefore R is a fuzzy compatibility relation.  

For each 10 ≤≤α , we can define   the   α - compatibility   classes as C =
},...,,,{ 321 ncccc . For a given compatibility class we define the degree of dependency as 

follows. 
Degree of Dependency 

Let ci = {ci1, ci2,…, cir}be the partitions of A. The degree of dependency is

U

XPos
X i

i

c
c

)(
)( =χ  where )_()( XcXPos ici

= , X is a sub set of U. The expression 

Posci (X) called the positive region of X with respect to ci..   
 

Reduct 
 A subset of A having the maximum degree of dependency is called a reduct.  
 
3.1 Example:  
To analyze the dependency between the marks obtained by the students and the 
various factors, we consider the following information system I=(U,A) where 
U={x1,x2,x3,x4,x5} is the set of students and A={a1,a2,a3,a4,a5,a6} is the set of fuzzy 
attributes  where a1 - heritage, a2 - peer groups, a3 – parents, a4–health, a5 - teacher, a6 
– school. Their corresponding membership values are shown in table-2.  
 
 
           Table 2 

   A 
U 
 

1a  2a  3a  4a  5a  6a  

1x  0 .2 1 .7 1 .6 

2x  1 1 .3 .5 .7 .8 

3x  0 .2 1 .7 1 .6 

4x  1 1 .3 .5 .7 .8 

5x  .3 .2 .4 1 .5 1 
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The fuzzy compatibility relation Rμ  on A is given in the table 3. 
 

Table   3 

Rμ  1a  2a  3a  

 
4a  5a  6a  

1a  1 1 .3 .5 .7 .8 

2a  1 1 .3 .5 .7 .8 

3a  .3 .3 1 .7 1 .6 

4a  .5 .5 .7 1 .7 1 

5a  .7 .7 1 .7 1 .7 

6a  .8 .8 .6 1 .7 1 

 
By choosing α = 0.5, we get two compatibility classes where c1={a1,a2 a4,a5,a6} 2c
={a3 ,a4,a5,a6}.  
Take P = 2c  and X = U. 
U/A = { } { } { }{ }54231 ,,,, xxxxx  
When X = {x1, x3}, P_(X) = {x1, x3} 
When X= {x2, x4}, P_(X) = {x2, x4 } 
When X= {x5},  P_(X) ={x5} 
Therefore the degree of dependency of  U on c2 is 1. Similarly the degree of 
dependency of U on c1 is also 1.  Hence,  the attributes a1,a2, a3 do not play major role 
in student’s marks. Either c1 or c2 is the reduct for the attribute set A. 
 
 
4  Degree of Dependency Through Flow Graph 
 
 In this section, we consider an information system I = (U, A) and Rμ  be the 
compatibility relation as defined in the previous section. For each compatibility class 

ci(A) and each subset X ⊆ U, 
U

XPos
X i

i

c
c

)(
)( =χ  be the degree of dependency. Let C 

be the set of compatibility classes induced by the fuzzy relation Rμ . Now we define a 
flow graph corresponding to this information system as follows. 
Definition 
Let G = (N, B, ϕ) be a flow graph associated with an information system I = (U, A) 
where CUN ∪℘= )( , where )U(℘ is the power set of U and C is the set of 
compatibility classes. XC)U(B ℘=  and ]1,0[XC)U(: →℘ϕ  defined by  
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)X()c,X( ici χ=ϕ . Now we can calculate the inflow, outflow for this flow graph. We 
illustrate these concepts in the following example. 
 
4.1 Example 
Let I = (U,A) be an information system as in  example 3.1.  The compatibility classes 
of the attribute set are c1 = {a1, a2, a4, a5, a6}, c2 = { a3, a4, a5, a6} which has been 
obtained in example 3.1. The flow graph corresponding to this information system is 
depicted in the following figure. 
 

x5

x1,x3

x1,x5

x2,x4

x2,x5

x3,x5

x4,x5

x1,x2,x3

x1,x2,x4

x1,x2,x5

x1,x3,x4

x1,x4,x5

x1,x3,x5

x2,x3,x4

x2,x4,x5

x3,x4,x5

x1,x3,x4,x5

x1,x2,x3,x4

x1,x2,x3,x5

x2,x3,x4,x5

x1,x2,x4,x5

x1,x2,x3,x4,x5

C1

C2

0.4

0.8

0.4

0.8

0.4

0.4

0.4

0.8

0.8

0.4

0.8

0.4

1.2

0.8

1.2

0.4

1.2

1.6

1.2

1.2

1.2

2

0.4

0.2

0.4

0.2

0.4

0.2

  



1886                                                                          R. Mohan, V. Selvan and B. Praba 
 
 
 In this normalized flow graph, the nodes corresponding to each element of 

)U(℘  have only the outputs and the nodes c1, c2 have only the inputs. Hence the graph 
does not have internal nodes. All the nodes are the external nodes. Each node 
corresponding to the elements of )U(℘ has only the outflow −ϕ  and it is obtained as 
follows. If X={x5}, then its outflow  set is  {c1, c2}. Then 

4.0),(),()( 21 =+=− cXcXX ϕϕϕ . Similarly, we obtain the outflow of the nodes 
corresponding to the elements of  )U(℘  and the values are given in the left corner of 
above figure. And we obtain the inflow of the nodes c1, c2  as 6.9)c(,6.9)c( 21 =ϕ=ϕ ++ . 
The inflow of the graph is 2.20)G( =ϕ+ .  
  
5  Conclusions 
 
 In this paper, we made an attempt to cluster the elements of the attribute set A 
using the compatibility relation. This leads us to identify the reduct, a subset of A 
having the maximum of degree of dependency.  These degree of dependencies are 
analyzed in terms of flow graph.     
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