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Abstract

In this paper, the area vector of a closed space curve and the Steineer
vector of a motion are extensively studied by the methods of differen-
tial geometry. A new ruled surface whose ruling is the area vector of a
closed space curve formed during a closed spatial motion is expressed.
By investigating the characterizations of this ruled surface, some rela-
tions are derived. Moreover, some results and theorems between the
projection area of the closed space curve and the integral invariants of
the closed trajectory surface are obtained and some examples are given.
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1 Introduction

In a spatial motion, the trajectory of the oriented lines and points embedded

in a moving rigid body are generally ruled surfaces and curves, respectively.

Thus the spatial geometry of ruled surfaces and curves is important in the

study of rational design problems in spatial mechanisms. As an example,

A.T.Yang et al., [12] applied some characteristic invariants of ruled surfaces to

mechanism theory. Also, using the geometry of curves and developable ruled

surfaces, some spatial design problems were investigated by H.Pottmann et al.,

[9] and J.A.Schaaf et al., [11]. An x-closed trajectory ruled surface generated
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by an x-oriented fixed line in a moving system is characterized by two integral

invariants, namely, the pitch �X and the pitch of angle λX . Recently, the

differential geometry of closed ruled surfaces based on the invariants has been

studied by several authors [3, 4, 7].

The area vector of closed curves has been very important in kinematic.

Because, by means of area vector the projection area of planar region bounded

by the projection of the closed space curves in the direction of a unit vector

has been found, [2, 8].

Also, the spherical area bounded by a closed spherical curve has been given

by Blaschke [1] and some relations related to the projection area bounded by

the projection of a closed spherical curves has been obtained by [5, 10].

In this study, a closed ruled surface whose ruling(generator) is area vector

and whose directrix (base) curve is a closed space curve is defined. By inves-

tigating characterizations of this closed ruled surface, some new relations are

obtained.

2 Preliminaries

Let a moving orthonormal trihedron {�e1, �e2, �e3} make a closed spatial motion

along a closed curve c(x) = �x(t), in R
3. During a closed spatial motion, a

fixed oriented line in R
3 generates a closed trajectory surface. The parametric

equation of closed trajectory surface formed with e1-axis of moving system can

be expressed as follows

Ψ(t, u) = �x(t) + u�e1(t), Ψ(t, u) = Ψ(t + 2π, u) (1)

for all t, u ∈ R. A moving orthonormal trihedron

{�e1(t) , �e2(t) =
�̇e1(t)

‖ �̇e1(t) ‖
, �e3 = �e1(t) ∧ �e2(t)}

can be joined to striction point x(t) of generating curve c(x) = �x(t), where �e1,

�e2 and �e3 vectors are generator, central normal and central tangent vectors,

respectively. The structural equations of closed spatial motion described above

are

d�ei =
3∑

j=1

wj
i�ei , wj

i = −wi
j , 1 ≤ i, j ≤ 3 (2)

and

d�r

ds
= cos σ�e1 + sinσ�e3
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where �r = �r(s) is the striction line of e1-closed trajectory surface and the dif-

ferential forms w2
1 , w3

2 and σ are the natural curvature, the natural torsion and

the striction of e1-closed trajectory surface, respectively. Here, the striction is

restricted as −π
2

< σ < π
2

for the orientation on e1-closed trajectory surface,

and s is the length of the striction line. The equation (2) can be written in

the following form

d�ei = �w ∧ �ei , (i = 1, 2, 3) (3)

where �w = w3
2�e1 + w2

1�e3 is the Darboux vector of the motion. If �w �= �0, then

the Pole vector and the Steiner vector are given by:

�p =
�w

‖ �w ‖ , �s =

∮
�w (4)

respectively, where ‖ �w ‖ is the instantaneous angular velocity of the motion

and integration is taken along the closed curve c(x) on fixed space, in R′.
The pitch (Öffnungsctracke) of e1-closed trajectory surface is defined by:

�e1 :=

∮
du = −

∮
〈d�x,�e1〉 (5)

The orthogonal trajectory of e1-closed trajectory surface starting from point p
O

on the e1-generator intersects the same generator at point p1 which is generally

different from p
O
. Thus, �e1 = |−−→p

O
p1 |. Let us consider a unit vector

�m = cos θ�e2 + sin θ�e3

on the (�e2, �e3)-plane, such that an m- oriented line generates a developable

ruled surface (torse) along the orthogonal trajectory of e1-closed trajectory

surface during the closed motion. Then the total change of θ is called the

angle of pitch (Öffnungswinkel) of e1-closed trajectory surface and given by

one of the following forms

λe1 :=

∮
dθ = −

∮
〈d�e2, �e3〉 = −〈�e1, �s〉, (6)

where �s is the Steiner vector of the motion.

The pitch and the angle of pitch are well-known integral invariants of a

closed trajectory surface [3, 4, 7]. There is one-to-one correspondence between

spherical curves and space curves. Hence, the structural equation (2) is also

valid for the spherical curves.
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Let c(x) be the spherical indicatrix of an arbitrary fixed point x of moving

space. Then, the spherical area bounded by the closed spherical curve c(x) is

given by

fx = 2π(1 − ν) − 〈�x,�s〉, (7)

where the vector �x is a position vector of the point x and ν is the rotation

number about the point x of the Pole curve c(p), [1].

The area vector of a closed space curve c(x) in R′ is defined by

�vx :=

∮
�x ∧ d�x, (8)

where the integration is taken along the closed curve c(x). The projection area

of a closed space curve c(x) in the direction of a unit vector �n which is normal

to the projection plane is given as follows:

fxn =
1

2
〈�vx, �n〉, (9)

in [8, 10].

3 Some theorems and results related with the

area vector and the projection area

Let ‖ �x ‖= 1 and consider c(x)-closed unit spherical indicatrix of x-closed

trajectory surface generated by an x-oriented fixed line in the moving system

or in a moving rigid body. Then according to the reference system, by using the

differential velocity of an x-fixed line in the moving system, namely d�x = �w∧�x,

in equation (8) and by taking equation (4) into consideration, the area vector

of closed curve c(x) is given by

�vx = �s − 〈�x,�s〉�s, (10)

where �s is the Steiner vector of the motion. Thus, we can give the following

result:

Result 3.1 Let θ1 be the angle between the area vector �vx and the Steiner

vector �s, and θ2 be an angle between the position vector �x and the Steineer

vector �s. Then,

θ1 = (4k ± 1)
π

2
± θ2 or θ1 = (4k ± 1)

π

2
∓ θ2 , k ∈ Z.
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On the other hand, let p be the pole point and the vector �p be the position

vector of the pole point p. Then, from equation (8)

�vx =

∮
�p ∧ d�p = 0.

Thus, we can give the following results:

Result 3.2 . Let p be the pole point and x �= p. Then, the area vector �vx of

the closed curve c(x) is perpendicular to the Steiner vector �s if and only if the

position vector �x and the Steiner vector �s are in same direction.

Result 3.3 The area vector �vx coincides (or parallel) with the Steiner vector

�s iff the position vector �x is perpendicular to the Steiner vector �s.

The position vector of the fixed point x in the moving space, in R, in terms

of the orthonormal vectors �e1 , �e2 and �e3 can be written as:

�x(t) = x1�e1 + x2�e2 + x3�e3, (11)

where x1 , x2 and x3 are constant coordinates of x. Let e1 , e2 and e3 be the

end points of the vectors �e1 , �e2 and �e3, respectively. Also, let c(e1) , c(e2) and

c(e3) be the closed spherical indicatrix of the orthonormal vectors �e1 , �e2 and

�e3, respectively. Thus, we can give the following result:

Result 3.4 The area vector of the closed curve c(x) drawn in a fixed space, in

R′, by a fixed point x in moving space, in R, during the closed spatial motion

is

�vx =
3∑

i=1

x2
i�vei

+ 2
3∑

i,k=1

i<k

xixk�vei,k
, (12)

where �vei
=

∮
�ei(t) ∧ �̇ei(t)dt, �Vei,k

= 1
2

∮
(�ei(t) ∧ �̇ek(t) + �ek(t) ∧ �̇ei(t))dt.

Since the motion is closed, we have
∮

�̇ei(t)dt = 0. Thus we have

Result 3.5 The Steiner vector �s of the motion in terms of the area vectors

�ve1
, �ve2

and �ve3
is

�s =
1

2
(�ve1

+ �ve2
+ �ve3

). (13)

The relation between the orthogonal projection area and the parallel projection

area can be given by the following result:
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Result 3.6 Let fxn be the projection area of the planar region formed by taking

orthogonal projection of closed space curve c(x) onto plane in the direction of

the unit vector �n, and fxp be the projection area of the planar region formed

by parallel projecting of closed space curve c(x) onto the same planar region in

the direction of the unit vector �p. Then

fxn = cosφfxp,

where φ is the angle between two image planes, [5].

From result (3.6) and equation (12) we can give the following theorem.

Theorem 3.7 The oriented projection area, fxp, of the planar region formed

by parallel projection of the curve c(x) drawn by a fixed point x is

fxp =
3∑

i=1

x2
i fe

p
i

+ 2
3∑

i,k=1

i<k

xixkf
e
p
i,k

.

Example 3.8 Let us consider the point x = x(t) = (r cos t, r sin t, 0). Then

the area vector of closed space curve c(x) is

�vx =

∫ 2π

0

�x(t) ∧ �̇x(t)dt = (0, 0, 2πr2).

From equation (9), it becomes 2fxn = 〈�vx, �n〉 = 2πr2. Thus the oriented

projection area is obtained as fxn = πr2.

From equation (9) and equation (13) we have the following theorem:

Theorem 3.9 Let c(e1), c(e2) and c(e3) be closed space curves formed during

a closed spatial motion. Then, the oriented projection area of the closed space

curve c(ei), (i = 1, 2, 3), in the direction of the unit vector �p is

〈�p,�s〉 =
3∑

i=1

fep
i
,

where �s is the Steiner vector of motion.

On the other hand, using equation (9), since �vx = �s − 〈�x,�s〉�x and 〈�vx, �x〉 = 0

we can give the following theorem:

Theorem 3.10 Let c(x) be a closed space curve. The oriented projection of

the closed space curve c(x) is constrict to the initial point of position vector �x.
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From equations (11), (12), theorem (3.7) and the Blachke area formula can be

given the following theorem:

Theorem 3.11 Let c(x) be the spherical indicatrix of a fixed point x, and

c(e1), c(e2) and c(e3) be the spherical indicatrix of fixed points e1, e2 and e3

during the closed spatial motion, respectively. Then, the spherical area bounded

by the closed spherical curve c(x) in terms of the spherical areas fe1, fe2 and

fe3 of the spherical regions c(e1), c(e2) and c(e3) is obtained

fx = 2π(1 − ν)
[
1 −

3∑
i=1

xi

]
+

3∑
i=1

xifei
,

where ν is rotation number of the motion.

4 A new approach to the invariants of the

ruled surfaces with ruling area vector

A spacial type of surfaces are ruled surfaces which can be generated by the

movement of a line in space. Let the moving line be determined by its point

x(t) and by the area vector vx of its direction, t ∈ R , where t is the parameter

of time. Then the equation of the ruled surface Φ(t, u) is

Φ(t, u) = �x(t) + u�vx(t) , t, u ∈ R. (14)

The parametric t-curve of this surface is a straight line of the surface which is

ruling. The parametric u-curve for u = 0 is the c(x) which is called generating

curve of the surface. The ruled surface Φ is said the closed if Φ(t + 2π, u) =

Φ(t, u). The unit normal vector �ξ of the ruled surface Φ(t, u) is

�ξ =
�Φt ∧ �Φu

‖ �Φt ∧ �Φu ‖ , (15)

where �Φt = dΦ
dt

, �Φu = dΦ
du

.

Differentiating equation (14) with respect to t and u become

�Φt(t, u) = �̇x(t) + u�̇vx(t) , �Φu(t, u) = �vx. (16)

On the other hand, become

〈�Φt, �Φu〉 = 〈�̇x + u�̇vx , �vx〉 = 〈�̇x, �vx〉.
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Also, considering equation (10)

〈�vx, �x〉 = 〈�s − �x〈�x,�s〉, �x〉 = 0 (17)

Differentiating equation (17) and using equation (8) we obtain

〈�̇x, �vx〉 = −〈�x, �̇vx〉 = −〈�x, �x ∧ d�x〉 = 0. (18)

Thus,

〈�Φt, �Φu〉 = 0.

The orthonormal frame in a point x(t) of a closed ruled surface which is gen-

erating curve c(x) = �x(t) is expressed as

{�Φt, �Φu, �ξ},

where �ξ is unit normal vector in the point x(t) of the closed ruled surface

Φ(t, u). Now, let us investigate normal vectors at distinct points u1 �= u2 of

the same ruling of a ruled surface Φ(t, u) = �x(t) + u�vx. Since

�Φt(t, u1) = �̇x(t) + u1�̇vx(t), �Φu1(t, u1) = �vx(t),

�Φt(t, u2) = �̇x(t) + u2�̇vx(t), �Φu2(t, u2) = �vx(t),

and

Φt(t, u1) ∧ Φu1(t, u1) = (�̇x(t) + u1�̇vx(t)) ∧ �vx = �ξ1,

Φt(t, u2) ∧ Φu2(t, u2) = (�̇x(t) + u2�̇vx(t)) ∧ �vx = �ξ2,

for their cross-product we have

�ξ1 ∧ �ξ2 = (u1 − u2)
∣∣∣�̇x, �vx, �̇vx

∣∣∣�vx.

If
∣∣∣�̇x, �vx, �̇vx

∣∣∣ = 0, then the normal vectors are colinear at all points of the

same ruling and at the nonsingular points of the surface its tangent planes

are identical. We then say that the tangent plane contacts the surface along

a ruling. Such a ruling is called a ”torsal ruling”. If
∣∣∣�̇x, �vx, �̇vx

∣∣∣ �= 0, then the

tangent planes of a ruled surface are distinct at all pints of the same ruling. It

can be shown that they constitute a pencil of planes. A ruled surface whose
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all rulings are torsal is called a ”developable surface”. The remaining ruled

surfaces are called ”skew surfaces”, [6].

A ruled surface is developable if and only if at all its points
∣∣∣�̇x, �vx, �̇vx

∣∣∣ = 0. If

�̇x = 0 or �̇vx = 0, then the ruled surface is the conical surface or the cylindrical

surface, respectively. Since 〈�̇x, �vx〉 = 0 , it follows that the generating curve

c(x) = �x(t) of the closed ruled surface Φ(t, u) will be its line of striction.

The length of the shortest transversal between two rulings of the ruled surface

Φ(t, u) called a distribution parameter (drall) of the ruled surface Φ(t, u) and

it is calculated by

d =
|�̇x, �vx, �̇vx|
‖ �̇vx ‖2

. (19)

The ruled surface Φ(t, u) is developable if and only if d = 0. By (19) all

rulings of developable surfaces for which ‖ �̇vx ‖2 �= 0, i.e. with the exception

of cylindrical surfaces, have distribution parameter d = 0. For rulings of skew

surfaces, with the exception of their torsal rulings, the distribution parameter

is d �= 0.

For the ruled surface Φ(t, u) whose ruling is area vector �vxwe can give the

following theorem:

Theorem 4.1 Let x(t) = c(x) be a unit closed curve and �vx be the area vector

of the closed curve c(x). Then the ruled surface generated along the generating

closed curve c(x) by the ruling area vector �vx, during the closed spatial motion,

is developable.

On the other hand, using the equations (6), (8) and (10) become

〈�vx, �s〉 = 〈�s − �x〈�x,�s〉, �s〉 or λ2
x− ‖ �vx ‖ λvx =‖ �s ‖2, (20)

where λvx
is the angle of pitch of the vx-closed trajectory surface generated by

the unit area vector �vx of the x-closed spherical indicatrix of x-closed trajectory

surface. It follows from equations (6) and (10) that:

‖ �vx ‖ =
√
〈�s, �x〈�x,�s〉, �s − �x〈�x,�s〉〉 =

√
‖ �s ‖2 −λ2

x. (21)

From equations (20) and (21) we can give the following theorem.

Theorem 4.2 Let �vx be the unit ruling area vector of the ruled surface Φ(t, u),

and λvx be the angle of pitch of its. Then

λ2
vx

+ λ2
x = ‖�s‖2, (22)

where λx is the angle of pitch of the closed trajectory surface generated by

position vector of fixed point x and �s is the Steiner vector of the motion.
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From this theorem, we have the following result:

Result 4.3 If �vx and �s are the perpendicular, then

λ2
x =‖ �s ‖2 .

From equations (6) and (10) we can give the following result:

Result 4.4 Let �vx be the ruling area vector of the closed ruled surface Φ(t, u)

and �s be the Steiner vector of the motion. Then

‖ �vx ‖2= 〈�vx, �s〉.

From result (4.4) and equation (9) the following result can be given:

Result 4.5 Let the Steiner vector �s be a unit vector. Then the oriented projec-

tion area of the closed generating curve c(x) = �x(t) of the closed ruled surface

Φ(t, u) in the direction the Steiner vector �s is

fxs =
1

2
(‖ �s ‖2 −λ2

x).

Also, from equations (5) and (18) we can give the following theorem:

Theorem 4.6 The pitch length of the closed ruled surface Φ(t, u) is

�vx
= −

∮
〈�̇x,

�vx

‖�vx‖〉‖�vx‖ = 0.

From equations (6), (10) and the Blaschke area formula we have the theorem.

Theorem 4.7 Let fvx and fx be the spherical area of the region bounded by

the spherical indicatrix of the unit ruling area vector �vx and the unit position

vector �x of fixed point x, respectively. Then

fvx − fx = λ3
vx
− λx.

Example 4.8 Let us consider a closed curve c(x) = x(t) = (cost, sint, 0).

The area vector of this curve is �vx = (0, 0, t). Thus, the ruled surface can be

written as:

Φ1(t, u) = �x(t) + u �vx(t) = (cost, sint, ut) u, t ∈ R.

The Frenet-Serret derivation equations in a point of the closed curve c(x) =

x(t) are �̇e1(t) = �e2(t) , �̇e2(t) = −�e1(t) , �̇e3(t) = �0. Using the equations (2),

(6) and considering above relations we get �s = (0, 0, t).
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In addition, from the equation (6) the angle of pitch of the trajectory surface

generated by the position vector of the point x during the closed motion obtained

as λx = 0. Hence, the pitch and the angle of pitch of the closed trajectory

surface generated by the unit area vector �vx are obtained as

�vx = 0 , λvx = t,

respectively. The spherical area of the region bounded by the spherical indicatrix

of the unit ruling area vector �vx is

fvx =
t2

2
(t − 1)

Also, the distribution parameter of the ruled surface is d = 0 , i.e the ruled

surface is developable.

5 Conclusions

1-The starting point of this paper is the definitions of the area vector of a given

closed space curve, and the projection area of this curve in the direction of a

unit vector given in [8]

2-Using the area vector of a closed space curve, the different ruled surfaces

can be derived.
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