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Abstract

Automorphisms of ordered sets are an important tool to investigate
and classify orders. Our focus in this paper is on automorphisms of to-
tally ordered sets, i.e. chains. We use chain decompositions into convex
components to obtain characterizations for several chain properties re-
lated to the set of automorphisms. In particular, we obtain new results
related to the unsolved problem of characterization of automorphic or-
dered sets (ordered sets who admit a fixed point free automorphism).
We also investigate the problem of restrictions and extensions of au-
tomorphisms between chains and subchains. Several characterizations
of the subchains for which extensions and restrictions are possible are
established. Open questions are raised throughout the paper.
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1 Introduction

Chains appear to be the most common natural order, as any two elements

in a chain are comparable. When people are talking about ranking objects,
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they are typically talking about a chain. Chains are also the most common

type of ordered sets in mathematics. For example, the elementary number

systems N, Z, Q, and R are chains under the usual ordering of numbers. On

the other hand, the set of automorphisms (order preserving permutations) of

a chain plays a central role in the classification on ordered groups, as is well

known by a theorem of W. Charles Holland that every lattice ordered group

is isomorphic to a subgroup of the group of the automorphisms of a chain.

This is an analogue of Cayley’s Theorem that every group is isomorphic to a

subgroup of a permutation group.

Two ordered sets, (P,≤) and (Q,≤) , are said to be order-isomorphic if

there exists a bijection ϕ : P → Q such that ϕ and ϕ−1 preserve the order, in

other words, such that, for every a and b ∈ P , ϕ(a) ≤ ϕ(b) if and only if a ≤ b.

If f : P → P is a map from an ordered set P into itself, then f is called

a self map. A self map f that is an order isomorphism is called an (order)-

automorphism. The set of automorphisms of an ordered set P is usually de-

noted by Aut(P ).

If f(p) = p for an order-preserving self map f : P → P and an element

p ∈ P , then p is called a fixed point of f . The ordered set P is said to have

the fixed point property if each order preserving self map f : P → P has a

fixed point. An order preserving self map f : P → P is called fixed point free

if it has no fixed points.

Other sets that are also related to the fixed point property are the au-

tomorphic ordered sets. An ordered set P is called automorphic if it has a

fixed point free automorphism, i.e. there is an automorphism f of P such that

f(x) �= x for every x ∈ P .

Given an ordered set P , several open questions and conjectures have been

formulated for the set of automorphisms of P . Of particular interest, are the

automorphic sets. The following problem concerning the characterization of

automorphic sets is still open:

Problem 1.1 What are the necessary and sufficient conditions on the struc-

ture of an ordered set in order for it to be automorphic?

The ordered set P is said to be rigid if the identity is the only automorphism

of P . Rigid sets are important in several fields and have therefore interested

many researchers. The first classical construction of a rigid set is due to Dush-

nik and Miller [6], see also Rosenstein, [10, p. 147]. Rigid sets have been also

investigated by Droste and Truss in [4]. Rigid sets have applications in many

fields of mathematics such as analysis, topology, algebra, and model theory,
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[1], [2], [3], [4], [5], [7], and [12]. One of the most important related question

that is still of interest is the following:

Problem 1.2 What are the necessary and sufficient conditions on the struc-

ture of an ordered set in order for it to be rigid?

Other related problems that are of interest are the problems of restriction

and extension of automorphisms. More precisely, we consider the following

problems:

Problem 1.3 Given a subset Q of an ordered set P , when is Q invariant

under each automorphism of P?

Problem 1.4 [11, Problem 4] Given a subset Q of an ordered set P , is

every automorphism of Q extendable to an automorphism of P?

Our aim in this paper is to investigate the above mentioned problems in the

case where the ordered set P is totally ordered, i.e. P is a chain. Many results

are obtained using decompositions of the chain P into convex automorphism

invariant components. Similar decompositions were used in [9] and [11] in the

special case of chains of real numbers with the usual ordering to investigate the

problem of the uniqueness of representations of families of subsets of a given

set by a fuzzy set.

Apart from the introduction, this paper consists of two main sections. In

Section 2 we use the decompositions of a chain C into the disjoint union of

Aut(C)-invariant components and Aut(C)-invariant convex components, Def-

inition 2, obtained in [7] for the characterization of rigid sets and automorphic

sets.

In Section 3, we investigate the problems of extensions and restrictions of

automorphisms between chains and subchains. In connection with this, we

introduce the concept of faithful subsets of an ordered set, Definition 5, and

obtain necessary and sufficient conditions characterizing such subsets. Several

open questions are raised throughout the paper.

2 Rigid and automorphic chains characterized

by decomposition

This section concerns the characterizations of automorphic and rigid chains.

We start by recalling and introducing a few concepts needed for the formulation

of our results.
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Let A be a subset of an ordered set P . If u ≥ a for every a ∈ A, then we

write u ≥ A. Recall that the point s is called the supremum of A if and only

if s ≥ A and for every p ∈ P with p ≥ A we have p ≥ s. The point i is called

the infimum of A if and only if i ≤ A and for every p ∈ P with p ≤ A we have

p ≤ i. The ordered set P is called a lattice if and only if every two elements

of P have a supremum and an infimum in P . P is called a complete lattice if

and only if every subset of P has a supremum and an infimum in P . A chain

that is a complete lattice is called a complete chain.

Given a chain C, and its set of order automorphisms Aut(C), the collection

of points of C that are fixed by every order automorphism of C is denoted by

Fix(Aut(C)) (or Fix(C)) and is given by

Fix(Aut(C)) := Fix(C) := {x ∈ C : f(x) = x for all f ∈ Aut(C)}.
Definition 1 Let C be a nonempty chain.

(i) For every a and b in C, the interval (a, b)C (or (a, b) if there is no

confusion) of the chain C is defined by

(a, b)C =: {x ∈ C : a < x < b}.
The intervals [a, b], [a, b), ... can also be defined in a similar way.

(ii) A nonempty subset A of C is said to be C-convex if for every a, b ∈ A

we have

(a, b)C ⊆ A.

Definition 2 Let A be a nonempty subchain of a chain C.

(i) A is said to be Aut(C)-invariant (or automorphism invariant) if, for

every order automorphism f ∈ Aut(C), we have f(A) ⊆ A (or equivalently

f(A) = A).

(ii) If A is a nonempty minimal Aut(C)-invariant subset of C, i.e. every

nonempty subset B � A is not Aut(C)-invariant, then A is called an Aut(C)-

invariant component (or automorphism invariant component) of C. The family

of all Aut(C)-invariant components of C will be denoted by InvC(C),

InvC(C) := {A ⊆ C : A is an Aut(C)-invariant component} .

(iii) If A is a minimal C-convex subset of C that is Aut(C)-invariant, i.e.

every C-convex subset B � A is not Aut(C)-invariant, then A is called a C-

convex component of C. The family of all C-convex component of C will be

denoted by ConvC(C),

ConvC(C) := {A ⊆ C : A is a C-convex component of C} .
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Note that a point a ∈ C is an Aut(C)-fixed point if and only if {a} is an

Aut(C)-invariant component.

In the remainder of the paper, we identify each Aut(C)-invariant compo-

nent that is a singleton with the corresponding Aut(C)-fixed point. Hence we

identify the collection of all singleton Aut(C)-invariant components with the

set of Aut(C)-fixed points.

Definition 3 Let C be a nonempty chain.

(i) Let A1and A2 be two distinct nonempty subsets of C. If a1 < a2, for

every a1 ∈ A1 and every a2 ∈ A2, then we write A1 < A2.

(ii) A collection (Aj)j∈J of nonempty subsets of C, where J is a nonempty

subset of Z, is said to be increasing if Ai < Aj whenever i < j in J .

A systematic investigation of chains can be found in [8]. The following two

results give the location of the automorphism invariant components relative to

each other and the decompositions of a chain C into automorphism invariant

components and into C-convex components. These results can be easily found

in or deduced from [8]. The reader interested in the proof of these results in

the case of chains of real numbers can also consult Theorem 4, Theorem 5, and

Lemma 2 of [11]. Let C be a nonempty chain, and for each subset A of C, we

denote as usual inf(A)(resp. sup(A)) the infimum (resp. supremum) of A in a

complete chain containing C.

Theorem 1 Let A be a subset of a nonempty chain C. Then the following

hold true.

(i) If A is an Aut(C)-invariant component of C, then either A is a single-

ton, or A is infinite in which case we have:

A ⊆ (inf(A), sup(A))C ,

and

(inf(A), sup(A))C ∩ Fix(C) = A ∩ Fix(C) = ∅.
(ii) If A1and A2 are two automorphism invariant components of C, then

either A1 < A2 , or A2 < A1, or

inf(A1) = inf(A2) and sup(A1) = sup(A2).

(iii) A nonempty subset T of C is a C-convex component of C if and only

if either T is an Aut(C)-fixed point or

T = (inf(A), sup(A))C ,

for some A ∈ InvC(C)\Fix(C).
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Remark 1 For an example satisfying the conditions given by the equations

in Theorem 1-(ii), which shows that two nonempty disjoint Aut(C)-invariant

components of C may be inter-laced and contained in the same convex compo-

nent, the readers may consult Example 3 of [11].

Theorem 2 Let C be a nonempty chain. Then the following hold true.

(i) The chain C is the disjoint union of the collection of its Aut(C)-

invariant components,

C =
⋃

A∈InvC(C)

A.

(ii) The chain C is the disjoint union of the collection of its C-convex

components,

C = ∪A∈InvC(C)\Fix(C)(inf(A), sup(A))C ∪ Fix(C).

At this point the following natural problem arises:

Problem 2.1 Given a chain C, characterize the (convex) automorphism

invariant components of C.

We now introduce the concept of indecomposable chains and subchains:

Definition 4 Let C be a nonempty chain. If C has a unique C-convex com-

ponent, then we say that C is indecomposable.

The importance of indecomposable chains can easily be seen through the

following observation:

Remark 2 The union, C = ∪n
i=1Bi, of any increasing collection B1, B2, ..., Bn,

of n indecomposable subsets of a given chain is a chain having precisely the

sets B1, B2, ..., Bn as C-convex components.

According to the last remark, indecomposable subsets can be used to con-

struct new chains with predetermined convex components, namely the inde-

composable subsets we started with. Therefore it is important to study these

sets. Here are few examples of indecomposable sets.

Example 1 Any increasing sequence indexed by Z is indecomposable.
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Proof. Let C = (rn)n∈�, and let A be a nonempty subset of C. If A �= C, let

rk ∈ A and rl /∈ A. The function defined by f(rn) = rn+l−k is an automorphism

of C for which A is not invariant. Therefore C is the unique automorphism

invariant subset.

Example 2 Let a and b be rational numbers, then each of the chains (a, b)

and (a, b) ∩Q is indecomposable.

Proof. Let A be a nonempty subset of (a, b). If A �= (a, b), let u ∈ A and

v ∈ C\A. The function fuv defined on (a, b) by

fuv(x) =

{
a + (v − a)x/(u− a) if x ∈ [a, u],

v + (b− v)x/(b− u) if x ∈ (u, b]
.

is an automorphism of (a, b) such that fuv(u) = v. Therefore (a, b) is the

unique automorphism invariant subset.

For (a, b) ∩ Q, choose u ∈ A and v ∈ [(a, b) ∩ Q]\A. The fact that u and

v are rationals guarantees that fuv is an automorphism of (a, b) ∩ Q, and the

fact that fuv(u) = v implies that A is not automorphism invariant. Therefore

(a, b) ∩Q is the unique automorphism invariant subset.

Using decompositions into C-convex components, we easily obtain the fol-

lowing characterizations and properties of automorphic chains.

Proposition 3 Let C be a chain. The following statements are equivalent.

(i) C is automorphic.

(ii) Every C-convex component is automorphic.

We also have:

Proposition 4 If C is an automorphic chain, then the following statements

hold true:

(i) Every C-convex component is infinite.

(ii) Every C-convex component has neither a maximum nor a minimum.

We recall that a nonempty ordered set P is said to be rigid if the identity

map on P , idP , is the unique automorphism of P, i.e.

Aut(P ) = {idP}.

Using decompositions into C-convex components, we obtain directly the

following characterization of non-rigid chains:
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Proposition 5 Let C be a chain. Then the following statements are equiva-

lent:

(i) C is non-rigid.

(ii) C has an infinite C-convex component.

(iii) C has a C-convex component that has neither a maximal element nor

a minimal element.

(iv) C has a C-convex component that is not a singleton.

In connection with rigid and automorphic chains, we make the following

observations:

Remark 3 Let C be a given chain. Then:

(i) The chain C is rigid if and only if Fix(C) = C.

(ii) If C is automorphic, then Fix(C) = Φ. However if Fix(C) = Φ, it is

not clear whether C is necessarily automorphic.

As examples of automorphic chains, we have:

Example 3 The chains of Examples 1 and 2 are automorphic and any in-

creasing sequence of such chains is also automorphic, as each component is

automorphic.

We close this section with the following open problem:

Problem 2.2 Let C be a given chain and let A be a C-convex component.

Find necessary and/or sufficient conditions for A to be automorphic?

3 Characterizations of faithful subchains

This section concerns Problems 1.3 and 1.4. Using the decomposition of a

chain C into C-convex components, it follows immediately that the restriction

of any automorphism of C to a subchain T , that is a union of some C-convex

components, is an automorphism of T . It turns out that we have more:

Theorem 6 Let T be a subchain of a chain C. Then the restriction of every

automorphism of C to the subchain T is an automorphism of T if and only if

T is the union of some C-convex components of C.
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Proof. Assume that the restriction to T of every automorphism of C is

an automorphism of T . Let T = ∪Ti be the decomposition of T into the

disjoint union of the T -convex components of T . Then each Ti is invariant

under Aut(C) and hence must be the union of some C-convex components.

The reverse is trivial.

Theorem 6 gives necessary and sufficient conditions in order for Problem

1.3 to have an affirmative answer. It also shows the importance of convex com-

ponents in the restriction of automorphisms. In the next sequence of results

we will see the impact of convex components on the problem of extending au-

tomorphisms, namely Problem 1.4. We start with the following problem which

is equivalent to Problem 1.4:

Problem 3.1 [11, Problem 4] Let T (�= ∅) be a proper suchain of a chain

C, T (�= ∅) � C. Is every element in Aut(T ) the restriction to T of an element

from Aut(C)?

In [11] the authors gave an example that shows that the answer to Problem

3.1 is, in general, negative. It is our aim in this section to give necessary and

sufficient conditions in order for the answer to this problem to be affirmative.

In order to formulate our results we introduce the following definition:

Definition 5 Let T be a subchain of a chain C. We say that T is faithful in

C if each order automorphism of T can be extended to an order automorphism

of C.

We start with the following preliminary results:

Lemma 7 Let T be a subset of a chain C. If an automorphism invariant

component T1 of T intersects two different automorphism invariant components

C1 and C2 of C, then T is not faithful in C.

Proof. If an automorphism invariant component T1 of T intersects two

different automorphism invariant components C1 and C2 of C, then there is

an automorphism f of T and an element x1 of T1 ∩ C1 such that

f(x1) ∈ C2,

otherwise f(T1 ∩ C1) ⊆ T1 ∩ C1 for every automorphism f of T . Clearly f

cannot be extended to an automorphism g of C, as g(x1) ∈ C1 for every

automorphism g of C since C1 is an automorphism invariant component of C.
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Lemma 8 Let T be a subset of a chain C. Assume that {Ti, i ∈ I} is a

collection of different T -convex components of T such that ∪Ti is contained in

a unique C-convex component C1 of C. If each Ti is faithful in C1, then ∪Ti

is also faithful in C1.

Proof. Let g be an automorphism of ∪Ti, let gi be the restriction of g to

Ti, and let gi′ be an extension of gi to C1. Let T i denote the smallest convex

subset of C containing Ti. First notice that

g′i(T i) ⊆ T i,

since for every x in T i there are a and b in Ti such that a ≤ x ≤ b, which

implies that g′i(a) = gi(a) ≤ g′(x) ≤ g′i(y) = g(y) and g′i(x) ∈ T i. Define f on

C1 by

f(x) =

{
g′i(x) if x ∈ T i,

x if x ∈ C1\ ∪ T i.

We claim that f is an automorphism of C1 that extends g to C1. Indeed, let

x < y be two elements of C1. If both x and y are in some T i, then

f(x) = gi′(x) < g′i(y) = f(y).

If not both are in some T i, then either both x and y are outside every T i, in

which case

f(x) = x < y = f(y),

or there is some T i that contains only one of them. If x ∈ T i and y /∈ T i, then

f(x) = gi′(x) < y = f(y).

The case where y ∈ T i and x /∈ T i is similar.

To show that f is onto, it is enough to note that f is a one-to-one cor-

respondence between each T i and itself, and also between T\ ∪ T i and itself.

This completes the proof of the Lemma.

Note that in the previous result all T -convex components of T are contained

in a unique C-convex component of C. Our next result gives a characterization

of the faithful subsets of a given chain in terms of its convex components:

Theorem 9 A subchain T of a chain C is faithful in C if and only if every

T -convex component Ti of T is faithful in a C-convex component Cj of C.
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Proof. Assume that T is faithful in C, and let gi be an automorphism of a

T -convex component Ti. Define a map g on T by

g(x) =

{
gi(x) if x ∈ Ti,

x if x ∈ T\Ti.

Then g is an automorphism of T . By assumption, there exists an automor-

phism f of C that extends g. Let fj be the restriction of f to the component

Cj . It is easy to see that fj extends gi on Ci.

Now assume that each Ti is faithful in some C-convex component of C and

let f be an automorphism of T . Let C = ∪k∈JCk be the decomposition of C

into the disjoint union of C-convex components. For each C-convex component

Cj of C that contains at least a component of T , let (Tij )ij∈I be the collection

of T -convex components of T that are subsets of Cj . Then, by Lemma 8,

∪Tij is faithful in Cj,

as each Tij is faithful in Cj. Let hj be the restriction of f to ∪Tij . Then hi

admits an extension gj to Cj . Now define g on C by

g(x) =

⎧⎨
⎩

gj(x), if x ∈ Cj for some Cj containing

a T -convex component of T ,

x otherwise.

Then g is an automorphism of C that extends the automorphism f of T .

Corollary 10 If T is the union of some C-convex components, then T is

faithful in C.

Note that a C-convex subset T of C does not need to be faithful in C, as

a component of T may intersect with several components of C. However, if C

has a unique convex component, then we have the following result:

Corollary 11 If C has a unique convex component, then every C-convex sub-

set of C is faithful in C.

Recall that InvC(C) is the collection of automorphism invariant compo-

nents of C, and ConvC(C) is the collection of C-convex automorphism invari-

ant components of C. We denote by Inv(C) the collection of automorphism

invariant subsetss of C.

Lemma 12 Let T be a subchain of a chain C and let S ∈ ConvC(C) be fixed.

Then T ∩ S is faithful in S if and only if T ∩ S is faithful in C.
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Proof. =⇒: Let ϕ ∈ Aut(T ∩ S) and assume that T ∩ S is faithful in S.

Then there exists ϕ1 ∈ Aut(S) such that

ϕ1/T ∩ S = ϕ.

It follows, since S ∈ ConvC(C), that there exists ϕ2 ∈ Aut(C) such that

ϕ2/S = ϕ1 and consequently

ϕ2/T ∩ S = ϕ.

Hence T ∩S is faithful in C. For ϕ2 we may, for example, choose ϕ2(t) = ϕ1(t)

for t ∈ S and ϕ2(t) = t for t ∈ C\S.

⇐=: Let ϕ ∈ Aut(T ∩ S) and assume that T ∩ S is faithful in C. Then

there exists ϕ3 ∈ Aut(C) such that

ϕ3/T ∩ S = ϕ.

Let ϕ4 = ϕ3/S. Then ϕ4 ∈ Aut(S) and

ϕ4/T ∩ S = ϕ.

Hence T ∩ S is faithful in S.

Our final result gives a characterization of the faithful subsets of a given

chain in terms of the chain itself:

Theorem 13 Let T be a subchain of a chain C. Then T is faithful in C if

and only if, for every S ∈ ConvC(C), T ∩ S ∈ Inv(T ) and T ∩ S is faithful

in S.

Proof. =⇒: Suppose that T is faithful in C and let S ∈ ConvC(C) be fixed.

To show that T ∩ S ∈ Inv(T ), let ϕ ∈ Aut(T ) be given. Then there exists

ϕ1 ∈ Aut(C) such that

ϕ1/T = ϕ.

Since S ∈ ConvC(C), we have ϕ1(S) = S and consequently

ϕ1(T ∩ S) = ϕ(T ∩ S) ⊂ T ∩ S.

Hence ϕ(T ∩ S) = T ∩ S and T ∩ S ∈ Inv(T ).

It remains to show that T ∩S is faithful in S. Let ψ ∈ Aut(T ∩S) be fixed

and let ψ1 : T → T be defined by

ψ1(t) =

{
ψ(t) if t ∈ S

t if t /∈ S.
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Then ψ1 ∈ Aut(T ) and

ψ1/T ∩ S = ψ.

It follows, since T is faithful in C, that there exists ψ2 ∈ Aut(C) such that

ψ2/T = ψ1 and consequently

ψ2/T ∩ S = ψ.

Hence T ∩ S is faithful in C. By Lemma 12, we obtain that T ∩ S is faithful

in S.

⇐: Suppose that, for every S ∈ ConvC(C), T ∩ S ∈ Inv(T ) and T ∩ S is

faithful in S. Let ϕ ∈ Aut(T ). Then, for every S ∈ ConvC(C),

ϕS := ϕ/T ∩ S ∈ Aut(T ∩ S),

since T ∩ S ∈ Inv(T ). It follows, since T ∩ S is faithful in S, that there exists

ψS ∈ Aut(S) such that

ψS/T ∩ S = ϕS = ϕ/T ∩ S.

Let ψ ∈ Aut(C) be defined by

ψ(t) = ψS(t), S ∈ ConvC(C), t ∈ S.

Then ψ/T = ϕ and hence T is faithful in C. This completes the proof of the

theorem.

The following characterization of faithful subchains follows immediately

from Theorem 13 and Lemma 12:

Corollary 14 Let T be a subchain of a chain C. Then T is faithful in C if

and only if, for every S ∈ ConvC(C), T ∩ S ∈ Inv(T ) and T ∩ S is faithful

in C.
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