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Abstract

This paper investigates the stability and ultimate boundedness of
moments of several well known financial models like CIR and Vasicek.
An easier alternative to explicit computation of moments for their asymp-
totic study is discussed through the use of the Lyapunov function.
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1 Introduction

The bond industry is still the largest part of financial activity as it provides
the foundation for banking where investors and companies in need of finance,
meet each other. A variety of models for the term structure of future interest
rates are used for investment decisions [8]. One of the main challenges is that
a big part of market portfolios consists of derivatives on future interest rates
which in part depend on “spot” rates.

Therefore it is of importance to study the asymptotic behavior of these
models. For example if one knows that a certain model exhibits asymptotic
stability, the stress-test will introduce perturbation only on the short end of
the curve, not affecting its long term behaviour. Thus the study of asymptotic
behavior has become popular recently ([3], [4], [9]). However, in these recent
studies, the focus has been on individual models separately and the behavior
described does not lead to investment decisions.
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Our purpose in this work is to use the work of Miyahara [7] to obtain
general results on asymptotic behavior for several models for “spot” rate. In
particular, we study the recurrence behavior of these rates. This is important
to make investment decisions to buy or sell the bonds depending on the status
of interest rates in the recurrence set which is a finite interval. The main
technique is the Lyapunov function method developed by [7].

2 Preliminaries and Results

In order to study the asymptotic recurrence behavior of a general class of
models, we will start from the following SDE:

dYt = a(Yt)dt + b(Yt)dWt, Y0 = x. (1)

where {Wt, t ≥ 0} is a Wiener process defined on a filtered probability space
(Ω,J , (Jt), P ). It is assumed that (1) has a unique solution and hence it is a
Markov process. The infinitesimal generator of {Yt, t ≥ 0} is given by

L (f) (x) = a(x)
∂f

∂x
(x) +

1

2
b2(x)

∂2f

∂x2
, for every f ∈ C2

b,loc(R).

Here C2
b,loc(R) denotes the set of twice continuously differentiable functions

with locally bounded derivatives. The solution to (1) can be found to exist
and to be unique if there exist finite numbers c1, c2 > 0 such that the following
inequalities hold:{ |a(x)|2 + |b(x)|2 ≤ c1(1 + |x|2), ∀x ∈ R

|a(x) − a(y)| + |b(x) − b(y)| ≤ c2|x − y|, ∀x, y ∈ R

However these conditions are not necessary to obtain the existence and unique-
ness. This is well known for the case of the CIR model (see Example 2.8 below
for the definition of this model).

In this paper we denote Ex(.) and P x(.) as the expectation and probability
respectively given the initial condition Y0 = x. Following Miyahara [7], we
define the following two important concepts:

Definition 2.1 The solution of (1) is exponentially ultimately bounded
in mean-square-p sense (m.s.s.(p)) if there exist finite constants K, c, α > 0,
such that

Ex [|Y (t)|p] ≤ K + c|x|pe−αt for t > 0.

Definition 2.2 The solution of (1) is p ultimately bounded with p > 0,
if

lim sup
t→∞

Ex [|Y (t)|p] ≤ K (finite) (2)
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The p ultimately bounded condition is clearly a weaker condition.
Using the Chebychev inequality, for T > 0, it is easy to observe under (2)

that the set of induced measures, defined by

μT (A) =
1

T

∫ T

0

P x (Y (t) ∈ A) dt, A ∈ B(R)

for any borel set A in R, forms a relatively compact set and hence its limit point
in vague topology is an invariant measure [2]. Thus one can easily investigate
the invariant measure of an ultimately bounded process as shown by Miy[6]

Remark 2.3 The proof of ultimately boundedness is provided by showing
the existence of a Lyapunov function Λ(x) ∈ C2

b,loc(R) satisfying

{ −α1 + c1|x|2 ≤ Λ(x) ≤ α2 + c2|x|2
LΛ(x) ≤ −c3Λ(x) + α3

with finite αi > 0, ci > 0, (i = 1, 2, 3)

This gives the sufficient condition for exponential ultimate boundedness and
for the case with linear coefficients it is even a necessary condition. The Lya-
punov function for the non linear case is shown to satisfy the sufficient condi-
tions through first order approximation of the coefficients. The case with the
linear coefficients is given by

dYt = aYtdt + bYtdWt (3)

for some constants a, b.
Miyahara [7] shows that exponentially ultimate boundedness of {Y (t), t ≥

0} implies recurrence of the solution.

Definition 2.4 1. A real valued process {Y (t), t ≥ 0} is said to be weakly
recurrent if there exists a K > 0 such that for the initial condition
Y (0) = x,

P x (|Y (s)| ≤ K for some s ≥ 0) = 1.

and the set {x; |x| ≤ K} is called the recurrent region.

2. A process {Y (t), t ≥ 0} is said to be weakly positively recurrent if
there exists K such that it is weakly recurrent and the first hitting time

τ = inf {t ≥ 0 : |Y (t)| ≤ K}

has finite mean property Ex [τ ] < ∞.
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We shall use the following result of [7] that provides a way of checking for
recurrence:

Theorem 2.5 ([7], pg141) If process {Y x(t), t ≥ 0} is exponentially ulti-
mately bounded in m.s.s. (p = 2) then it is weakly positively recurrent.

The following remark follows from Theorem 2.5 discussed in detail in
([7], pg141).

Remark 2.6 Let K be the constant determining the p ultimate bounded-
ness of X (t) then from Theorem 5.2 of [7] the recurrent region is given by{

x : |x| < K
1/p

+ 1
}

The following example is taken from Miy([7], pg122) and one can look at
the reference for details of the calculations.

Example 2.7 If the solution Y (t) of the equation

dY (t) = (aY (t) + f (t, Y (t))) dt + b (t, Y (t)) dW (t)

is exponentially ultimately bounded and

lim sup
|x|→∞

f(t, x)

|x| = 0 and lim sup
|x|→∞

b(t, x)

|x| = 0.

Then {Y (t), t ≥ 0} is exponentially ultimately bounded in m.s.s.

As consequence of the above example, we can analyse many well known
examples.

Example 2.8 Let α, β, σ > 0. The CIR model is defined by the following
SDE:

dr(t) = −αr(t)dt + αβdt + σ
√

r(t)dW (t)

for t > 0. The result follows from putting f(t, X) = αβ and b(t, x) = σ
√

x in
example (2.7).

Within the CIR model the expected value and the variance of r (t) are given
by

Ex [r(t)] = xe−αt + β(1 − e−αt)

V x (r (t)) = x
σ2

α
(e−αt − e−2αt) +

βσ2

2α
(1 − e−αt)2
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From this we can easily obtain

Ex |r(t)|2 = x
σ2

2α
(e−αt − e−2αt) +

βσ2

2α
(1 − e−αt)2

+ (xe−αt + β(1 − e−αt))2

≤ 1.5|x|2e−αt + K

where K = [.5(
σ2

α
+ 2β)(3β +

σ2

α
) is the constant determining ultimate bound-

edness of r (t). Therefore using Remark 2.6 the recurrence region is given by{
x : 0 < x <

√
K + 1

}
Example 2.9 In case the drift and volatility term are linear in Y (t) , we

obtain the geometric Brownian motion SDE:

dY (t) = aY (t)dt + σY (t)dW (t).

Take Λ(x) = x2 as the Lyapunov function, then for a + σ2

2
< 0 we get expo-

nential ultimate boundedness of the solution since LΛ(x) = 2x2
(
a + σ2

2

)
< 0

.

Example 2.10 Let β > 0, α > 0. The Vasicek model is set by the following
SDE:

dr(t) = −βr(t)dt + αdt + σdW (t).

Again by Example 2.7, we get exponential ultimate boundedness of the solution.
The moments for the solution to this SDE are easily obtained and given by

Ex [r (t)] = xe−βt +
α

β

(
1 − e−βt

)
V x (r (t)) =

σ2

2β

(
1 − e−2βt

)
From those moments we can read off Ex |r (t)|2 :

Ex |r (t)|2 =
σ2

2β
(1 − e−2βt) + (xe−βt +

α

β
(1 − e−βt))2

≤ 2|x|2e−2βt + [2(
α

β
)2 + (

σ2

2β
)]

Therefore the recurrence region is given by⎧⎨
⎩x : |x| <

√
2

(
α

β

)2

+
σ2

2β
+ 1

⎫⎬
⎭
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3 Exponential stability

Definition 3.1 (Khas[5], pg186) The trivial solution of the system

dY (t) = b(t, Y )dt + σ(t, Y )dW (t) (4)

Y (0) = x a.s., is said to be asymptotically p-stable (p > 0) if

Ex|Y (t)|p → 0, t → ∞
and it is exponentially p-stable if for some positive constants A, a

Ex|Y (t)|p ≤ A |x|p e−at

The following definition is given by Govindan[3].

Definition 3.2 The solution Y (t) of (4) is called exponentially stable
in the quadratic mean or exponentially 2–stable if there exist positive
constants A and a such that

E|Y (t) − Y ∗(t)|2 ≤ AE |x − x∗|2 e−a(t−t0), t ≥ t0

where Y (.) , Y ∗(.) are the solutions of the process with the initial conditions
Y (0) = x (a.s.) and Y ∗(0) = x∗ (a.s.)respectively.

Remark 3.3 (Khas[5], pg186) If one can find a function Λ(x) ∈ C2
b,loc(R)such

that for Ki > 0, i = 1, 2, 3.{
K1 |x|p ≤ Λ(x) ≤ K2 |x|p
LΛ(t, x) ≤ −K3 |x|p ,

it provides the sufficient condition for exponential p-stability for (4) and in
case of linear coefficients (3) it also provides the necessary condition. In case
the coefficients are non-linear one can show that the Lyapunov function may
satisfy these condition through the first order approximation of the coefficients.

Example 3.4 Linear case with constant coefficients (geometric Brownian
motion)

dY (t) = aY (t)dt + bY (t)dW (t) (5)

setting Lyapunov function Λ(x) = x2, we get

LΛ = 2x2[a +
b2

2
]

Thus from Theorem 3.3 we get that the necessary and sufficient condition for
exponential 2-stability is a + b2

2
< 0.
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Example 3.5 Black Scholes Model:

dS(t) = S(t)(μdt + σdW (t))

The discounted stock price model is given by X(t) = S(t)/B(t), where B(t) is
the money account. The dynamics for both quantities are given by{

dB(t) = rB(t)dt
dX(t) = X(t)((μ − r)dt + σdW (t))

As shown for Example 3.4 the necessary and sufficient condition for exponential
2-stability for the Black Scholes model and the discounted stock price model is
given by μ + σ2

2
< 0 and μ − r + σ2

2
< 0 respectively.

Example 3.6 Consider the Vasicek model again:

dr(t) = (a − br(t))dt + σdW (t) (6)

Let r∗(t) be the solution of (6) with r∗(0) = r0 a.s. Consider the following
differential equation,

d(r(t) − r∗(t)) = −b(r(t) − r∗(t))dt

Since b > 0, exponential 2-stability for (6) directly follows.

Example 3.7 Consider the mean reverting stock price model:

dS(t) = a(L − S(t))dt + σS(t)dW (t)

Let S∗(t) be another solution with S∗(0) = S∗
0 a.s,

d(S(t) − S∗(t)) = a(S(t) − S∗(t))dt + σ (S(t) − S∗(t)) dW (t) (7)

It follows from example 3.4 that (2a + σ2) < 0 is the necessary and sufficient
condition for exponential stability for (7)

4 Conclusion

In this work we introduced a simple alternative to [3] for testing the stabil-
ity of various important financial models without explicitly calculating their
moments. While stability of a financial model sounds as a desirable feature,
it isn’t a practically realistic feature since it forces the expected value to con-
verge to a point. It is therefore of more practical significance to investigate the
ultimate boundedness of these models and hence their corresponding recurrent
set. Since by definition a recurrent set is visited infinitely often, one can use
this information to develop valuable investment strategies.
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