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Abstract

In this paper we investigate a general class of solutions to various
partial differential equations known as solitons or stable solitary wave
solutions. Many soliton solutions of nonlinear partial differential equa-
tions can be written as a polynomial in two elementary functions which
satisfy a projective (hence linearizable) Riccati system. From that prop-
erty, we will use a method for building these solutions by determining
only a finite number of coefficients. This method is much shorter and
obtains more solutions than the one which consists of summing a pertur-
bation series built from exponential solutions of the linearized equation.
Solutions for the nonlinear equations such as one-dimensional Burgers
and KdV-Burgers’ equtions are obtained precisely and so the efficiency
of the method can be demonstrated.
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1 Introduction

Nonlinear partial differential equations (NLPDEs) arise in many fields of sci-

ence, particularly in physics, engineering, chemistry and finance, and are fun-

damental for the mathematical formulation of continuum models. Systems of

NLPDEs have attracted much attention in studying evolution equations de-

scribing wave propagation, in investigating the shallow water waves [1], and in

examining the chemical reaction-diffusion model of Brusselator [2].So far many

powerful methods to seek exact solutions to the NLPDEs have been proposed.

Among these are the conjugated filters and oscillation reduction scheme [3],

the element-free characteristic Galerkin method [4],the tanh method [5,6], the

modified extended tanh-function method [7], Hirota’s bilinear method [8], Dar-

boux transformation [9] Backlund transformation [10, 11] , the inverse scat-

tering method [12], the sine-cosine method [13, 14], the homogeneous balance
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method [15, 16]. Burgers’ equation has a large variety of applications in mod-

eling of water in unsaturated soil, dynamic of soil water, statistics of flow

problems, mixing and turbulent diffusion, cosmology and seismology [17-19] .

Using the Hopf-Cole transformation Fletcher [20] gave an analytical solution

for the system of two-dimensional Burgers’ equations. Several numerical meth-

ods of this equation system have been given such as algorithms based on the

cubic spline function technique [21], the fourth-order finite difference scheme

[22], the derivation of the difference scheme [23], the least squares approxima-

tion [24], the explicit-implicit method [25], and the implicit finite-difference

scheme [26]. In this paper soliton solutions of the Burgers-type equations will

be obtained.

The study of the dynamical behavior of physical systems has been, and con-

tinues to be, a major source of mathematical inspiration. The twentieth cen-

tury in particular has initiated a deep inquiry into a variety of non-linear

systems and their unifying themes. In the spectrum of dynamics, two oppo-

sites have attracted considerable attention: chaos and solitons. Chaos theory

has demonstrated that both partial and ordinary differential equations can

exhibit incredibly rich behavior, allowing some deterministic systems to be ex-

ponentially unpredictable for increasing time. On the other extreme, soliton

theory provides several important examples of non-linear systems behaving in

a stable, quasi-linear fashion. The existence of stable “solitary waves”–the

precursors for the term “soliton ”–was first discovered experimentally in 1834

by J.Scott Russell, who chased on horseback a one foot high and 30 feet long

wave generated by a stopping canal boat, traveling at eight to nine miles an

hour for nearly two miles in unaltered form. This solitary wave solution was

re-discovered as a solution to the KdV equation in 1895[27]. Since then, stable

solitary wave solutions have featured prominently in many other NLPDEs and

the methods for generating soliton solutions have led to many deep ideas in

mathematics and physics. The aim of this paper is to soliton solution to solve

three types of nonlinear differential such as the Burgers and KdV-Burgers’

equation.

2 soliton solutions by using projective matrix

Riccati Equation

To illustrate the basic concepts of the projective matrix Riccati system method,

we consider a given PDE in two independent variables given by

F (u, ux, ut, uxx, ...) = 0. (1)
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We first consider its soliton solutions u(x, t) = u(ξ), ξ = x + ct or ξ = x − ct;

then Eq.(1) becomes an ordinary differential equation. Now we explained

briefly the method as we will use a similar procedure to obtain soliton solution

of the Burgers’ equation by employing coupled Riccati equation of projec-

tive type. In this method ,we use two functions σ(bell shaped)and τ(kink-

shaped)which are

σ(θ) =
b

cosh(θ) + μ1
τ(θ) =

sinh(θ)

cosh(θ) + μ1
(2)

where μ,b are costants and θ is the independent variable which we take it to

be a function of ξ = x−ct,or ξ = x+ ct. These functions represent the general

two-parameter solution of the coupled system of projective Riccati equations

[28]

σ́ = −στ τ́ = −τ2 − μ1

b
σ + 1 (3)

which admits the first integral

[
1

σ
− μ1

b
]2 − τ 2

σ2
= b−2 (4)

variable θ is complex, so that the two functions can be trigonometric or hy-

perbolic. Both σ and τ have simple movable poles (i.e.whose location depends

on integration constants) in the θ complex plane,except for μ1 = ±1, in which

case σ has double poles.In order to prevent this change in the pole order of

σ,we choose b =
√

μ2
1 − 1 and consider the system

σ́ = −στ, τ́ = −τ2 − μ0σ + 1 modulo 1 − τ 2 − 2μ0σ + σ2 = 0, (5)

Where;

μ0 =
μ1√

μ2
1 − 1

with the restriction μ2
0 �= 1. (6)

The class of equations to which the method applies is made of the nonlinear

PDE E(u) = 0, polynomial in u and its derivatives.

The first step consist of determining degree p in the solution u in (σ, τ),

which must be a positive integer. Again at this stage, some transformation

u �→ uα may be in order to satisfy this requirement.

In the second step, one define u as the most general polynomial in σ, τ with

a global degree p in (σ, τ) and a degree one in τ by using the first integral (4).

u =
1∑

l=0

p−l∑

j=0

cj,lσ
j(θ)τ l(θ) (cp,0, cp−1,1) �= (0, 0) (7)
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Then one puts the LHS E(u) under the same canonical form by eliminating

any derivative of (σ, τ) and any power of τ higher than one with the definition

of the projective Riccati system(5);

E(u) =

1∑

l=0

Q−l∑

j=0

Ej,lσ
jτ l (8)

The next step consists of solving the set of 2Q+1 determining equations;

∀j, l : Ej,l(μ0, θ́, c, cm,n) = 0, (μ2
0 − 1)θ′ �= 0, (9)

for the 2p + 4 unknowns μ0, θ́, c, cm,n, in a way which avoids finding several

times the same solution under different representations[29]. To illustrate the

procedure, the 1D Burgers’ equation is given in the following.

2.1 Soliton solution in one -dimensional Burgers’ equa-

tion

Let us consider the 1D Burgers’equation which has the form[30]

ut + αuux − νuxx = 0, (10)

where α and ν are arbitrary constants. In order to solve Eq. (10) by the above

procedure, we use the wave transformation u(x, t) = U(ξ) with wave variable

ξ = x − ct, Eq.(10) takes on the form of an ordinary differential equation as

follows:

−cU ′ +
α

2
(U2)′ − νU ′′ = 0. (11)

Integrating Eq.(11) once with respect to ξ and setting the constant of

integration equal to zero, one obtain

−cU +
α

2
(U2) − νU ′ = 0. (12)

Balancing the order of U2 with the order of U ′ in Eq.(12), we find p = 1. So

the solution takes on the form

U(ξ) = d0 + d1τ(θ) + d2σ(θ). (13)

Inserting θ equal to kξ and inserting Eq.(13) into Eq.(12) and making use of

Eq.(5), using the Maple package ,we obtaine a system of algebraic equation

for d0,d1,d2,μ0 and k, of the following form:

−cd2 + αd0d2 = 0,
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−cd0 +
1

2
αd2

0 +
1

2
αd2

2 = 0,

−cd1 + αd0d1 − αd2
2μ0 − νd2kμ0 = 0,

1

2
αd2

1 +
1

2
αd2

2 + νd2k = 0,

αd1d2 + νd1k = 0.

These equations give the following two cases: It’s noticable to say that here

we have considered θ equal to kξ.

Case(1): d0 = c
α
, d1 = νk

α
, d2 = −νk

α
, μ0 = μ0; the soliton solution is given by

u(x, t) =
c

α
+

νkb

α(cosh(k(x − ct)) + μ1)
− νk sinh(k(x − ct))

α(cosh(k(x − ct)) + μ1)
. (14)

Case(2): d0 = c
α
, d1 = −νk

α
, d2 = −νk

α
, μ0 = μ0; the soliton solution is given

by

u(x, t) =
c

α
− νkb

α(cosh(k(x − ct)) + μ1)
− νk sinh(k(x − ct))

α(cosh(k(x − ct)) + μ1)
. (15)

2.2 Soliton solution in KdV- Burgers’ equation

The second important example is the KdV- Burgers’ equation [31], which can

be written as

ut + εuux − υuxx + μuxxx = 0, (16)

where ε , υ and μ are arbitrary constants. In order to solve Eq. (16) by the

above procedure, we use the wave transformation u(x, t) = U(ξ) with wave

variable ξ = x + ct.Eq.(16) takes the form of an ordinary differential equation

as follows:

cU ′ +
ε

2
(U2)′ − υU ′′ + μU ′′′ = 0. (17)

Integrating Eq.(16) once with respect to ξ and setting the constant of

integration to zero, one obtain

cU +
ε

2
(U2) − υU ′ + μU ′′ = 0. (18)

Balancing the order of U2 with the order of U ′′ in Eq.(17), we find p = 2. So

the solution takes on the form:

U(ξ) = d0 + d1σ(θ) + d2σ(θ)2 + d3τ(θ) + d4σ(θ)τ(θ). (19)
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Taking θ equal to kξ and inserting Eq.(19) into Eq.(18) and making use of

Eq.(5), we obtaine a system of algebraic equation for d0,d1,d2,d3,d4,μ0 and k,

of the following form:

6μd4k
2 + εd2d4 = 0,

1

2
εd2

2 +
1

2
εd2

4 + 6μd2k
2 = 0,

−6μd4k
2μ0 + εd2d3 + εd1d4 + 2υd2k + 2μd3k2 = 0,

εd0d4 + εd1d3 + υd1k + cd4 − μd3k
2μ0 + μd4k

2 = 0,

εd0d2+
1

2
εd2

4+cd2+
1

2
εd2

3+
1

2
εd2

1−2εd3d4μ0+υd3k+4μd2k
2−3υd4kμ0−3μd1k

2μ0 = 0,

εd3d4 + εd0d1 + cd1 − εd2
3μ0 − υd3kμ0 + υd4k + μd1k

2 = 0,

εd1d2 − εd2
4μ0 + εd3d4 + 2υd4k + 2μd1k

2 − 10μd2k
2μ0 = 0,

cd0 +
1

2
εd2

3 +
1

2
εd2

0 = 0,

cd3 + εd0d3 = 0.

The soliton solution from the output of the Maple packages are as follows:

Case(1):c = −6μk2, d0 = 6μk2

ε
, d1 = 6μk2(−1+μ0)

ε
, d2 = −6μk2

ε
, d3 = 6μk2

ε
, d4 =

6μk2

ε
, υ = −5μk,

with μ0, ε being arbitrary constants. The soliton solution is given by

u(x, t) =
6μk2

ε
+

6μk2(−1 + μ0)b

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x − 6μk2t)) + μ1)2

+
6μk2sinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)
+

6μk2bsinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)2
. (20)

Case(2):c = 6μk2, d0 = −6μk2

ε
, d1 = 6μk2(−1+μ0)

ε
, d2 = −6μk2

ε
, d3 = 6μk2

ε
, d4 =

6μk2

ε
, υ = −5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) =
−6μk2

ε
+

6μk2(−1 + μ0)b

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x + 6μk2t) + μ1)2
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+
6μk2sinh(k(x + 6μk2t)

ε(cosh(k(x + 6μk2t) + μ1)
+

6μk2bsinh(k(x + 6μk2t)

ε(cosh(k(x + 6μk2t) + μ1)2
. (21)

Case(3):c = −6μk2, d0 = 6μk2

ε
, d1 = 6μk2(1+μ0)

ε
, d2 = −6μk2

ε
, d3 = −6μk2

ε
, d4 =

6μk2

ε
, υ = 5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) =
6μk2

ε
+

6μk2(1 + μ0)b

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x − 6μk2t) + μ1)2

− 6μk2sinh(k(x − 6μk2t)

ε(cosh(k(x − 6μk2t) + μ1)
+

6μk2bsinh(k(x − 6μk2t)

ε(cosh(k(x − 6μk2t) + μ1)2
. (22)

Case(4):c = 6μk2, d0 = −6μk2

ε
, d1 = 6μk2(1+μ0)

ε
, d2 = −6μk2

ε
, d3 = −6μk2

ε
, d4 =

6μk2

ε
, υ = 5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) = −6μk2

ε
+

6μk2(1 + μ0)b

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x + 6μk2t) + μ1)2

− 6μk2sinh(k(x + 6μk2t)

ε(cosh(k(x + 6μk2t) + μ1)
+

6μk2bsinh(k(x + 6μk2t)

ε(cosh(k(x + 6μk2t) + μ1)2
. (23)

Case(5):c = −6μk2, d0 = 6μk2

ε
, d1 = 6μk2(−1+μ0)

ε
, d2 = −6μk2

ε
, d3 = −6μk2

ε
, d4 =

−6μk2

ε
, υ = 5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) =
6μk2

ε
+

6μk2(−1 + μ0)b

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x − 6μk2t)) + μ1)2

− 6μk2sinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2bsinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)2
. (24)
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Case(6):c = 6μk2, d0 = −6μk2

ε
, d1 = 6μk2(−1+μ0)

ε
, d2 = −6μk2

ε
, d3 = −6μk2

ε
, d4 =

−6μk2

ε
, υ = 5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) = −6μk2

ε
+

6μk2(−1 + μ0)b

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x + 6μk2t)) + μ1)2

− 6μk2sinh(k(x + 6μk2t))

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2bsinh(k(x + 6μk2t))

ε(cosh(k(x + 6μk2t)) + μ1)2
. (25)

Case(7):c = −6μk2, d0 = 6μk2

ε
, d1 = 6μk2(1+μ0)

ε
, d2 = −6μk2

ε
, d3 = 6μk2

ε
, d4 =

−6μk2

ε
, υ = −5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) =
6μk2

ε
+

6μk2(1 + μ0)b

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x − 6μk2t)) + μ1)2

+
6μk2sinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)
− 6μk2bsinh(k(x − 6μk2t))

ε(cosh(k(x − 6μk2t)) + μ1)2
. (26)

Case(8):c = 6μk2, d0 = −6μk2

ε
, d1 = 6μk2(1+μ0)

ε
, d2 = −6μk2

ε
, d3 = 6μk2

ε
, d4 =

−6μk2

ε
, υ = −5μk,

with μ0, ε being arbitrary constants.The soliton solution is given by

u(x, t) = −6μk2

ε
+

6μk2(1 + μ0)b

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2b2

ε(cosh(k(x + 6μk2t)) + μ1)2

− 6μk2sinh(k(x + 6μk2t))

ε(cosh(k(x + 6μk2t)) + μ1)
− 6μk2bsinh(k(x + 6μk2t))

ε(cosh(k(x + 6μk2t)) + μ1)2
. (27)
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3 Conclusions

In this paper, the projective Riccati system method has been successfully ap-

plied to find the solution for three nonlinear partial differential equations such

as the 1D Burgers and KdV-Burgers’ equations. The introduction of a projec-

tive Riccati system as subequations of a nonlinear ODE of order greater than

one provides particular solutions by the determination of a finite number of

coefficients. This prevents the drawback of having to sum entire series in expo-

nential solutions of the linearized equation. With the simplifying assumption

of constant coefficients, one finds as solutions polynomials in two elementary

bell-shaped and kink-shaped functions; this covers the large majority of physi-

cally interesting solitary waves. Without this simplifying assumption, one finds

more solutions, and one can even find the general solution of some ODEs.

Physics somtimes provides systems of differential equations which cannot

be converted to polynomial form, or for which one is unable to find polynomial

forms yielding an integer value for the global degree p in (σ, τ). In such a

case, which reflects multivaluedness intrinsic to the equation, our method,

based on single valuedness assumptions, is of no help. One could of course

devise some asymptotic expansion, but this would bring us back to situations

where an infinite set of coefficients must be determined. Such an interesting

system, where no solution is known in closed form although numerical evidence

indicates a physically acceptable solution, is provided by a Langmuir Plasma

[32]. It is a promising method to solve other nonlinear equations.
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