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Abstract

A subset S of vertices of a graph G is independent if no two vertices
of S are adjacent in G. The total number of the independent sets in
G is the Merrifield-Simmons index. An independent set in a tree is
leaf-free if it does not contain any leaf. In this paper we determine the
smallest number and the largest number of leaf-free independent sets
and leaf-free maximal independent sets among n-vertex trees. In each
case we characterize the extremal graphs.
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1 Introduction

In general we use the standard terminology and notation of graph theory. By
Pn, n ≥ 2 we mean the graph with the vertex set V (Pn) = {x1, ..., xn} and the
edge set E(Pn) = {{xi, xi+1}; i = 1, ..., n − 1}. By the subdivision of an edge
e = {x, y} of G we mean inserting a new vertex of degree 2 into the edge e.
We denote it by sub{x,y}(G). If {x, y} ∈ E(G) then we say that x is a neighbor
of y. The set of all neighbors of x is called the open neighborhood of x and
is denoted by N(x). The set N(x) ∪ {x} we call the closed neighborhood and
we write N [x]. For a subset X ⊆ V (G) we put N(X) and N [X] instead of⋃
x∈X

N(x) and
⋃

x∈X
N [x], respectively. Let X ⊂ V (G) ∪ E(G). The notation

G \X means the graph obtained from G by deleting the set X. The Fibonacci
numbers are defined recursively by F0 = F1 = 1 and Fn = Fn−1 + Fn−2, for
n ≥ 2. A subset S ⊂ V (G) is an independent set of G if no two vertices of S
are adjacent in G. Moreover the empty set and a subset containing exactly one



1366 I. W�loch

vertex also are independent. The number of independent sets in G is denoted
by NI(G). For the graph G with V (G) = ∅ we put NI(G) = 1. Let x be
an arbitrary vertex of V (G). By Fx (respectively F−x) we denote the family
of all independent sets S of G such that x ∈ S (respectively x �∈ S). Then
F = Fx ∪ F−x is the family of all independent sets in G.

The parameter NI(G) first appears in the mathematical literature in a pa-
per of Prodinger and Tichy [8] in 1982 and this paper gave an impetus to
the counting of independent sets in graphs. They called this parameter the
Fibonacci number of a graph in view of the following fact:

Fact 1: NI(Pn) = Fn+1.

Independently, Merrifield and Simmons introduced the number of indepen-
dent sets (which they called σ-index) to the chemical literature in 1989, see
[6]. They showed the correlation between the σ-index and some physicochem-
ical properties such as boiling points. This index is topological and it is used
to give quantitative description for the structure of a molecular graph. Mean-
while the number NI(G) of a graph G is called the Merrifield-Simmons index
in mathematical chemistry and there is already a substantial amount of lit-
erature on chemical applications as well as on graph-theoretical properties of
this index, see for example [2, 10]. The literature includes many papers study-
ing the independent sets of graphs. This concept is very interesting from a
purely graph-theoretical point of view and the chemical literature also include
a number of papers dealing with the theory of independence in graphs, see for
instance [1, 5, 11].

In particular characterization of extremal graphs with some independence
properties has been considered in a number of papers, for instance [3, 4, 7, 9,
12].

Recall that a vertex of degree 1 is called a leaf. For x ∈ V (T ) denote by L(x)
the set of leaves attached to the vertex x. The vertex x ∈ V (T ) with L(x) �= ∅
is called a support vertex. If |L(x)| ≥ 2 then x is called a strong support vertex.
If |L(x)| = 1 then x is called a weak support vertex. A vertex x ∈ V (T ) is
penultimate if x is not a leaf and x is adjacent to at least degT x − 1 leaves.
Note that x is adjacent to degT x leaves if and only if x is the center of a star
K1,n−1. In [9] it has been observed:

Fact 2: Every n-vertex tree T , with n ≥ 3, has a penultimate vertex.

The set of all support vertices we denote by S(T ) and the set of leaves in T
we denote shortly by L. An independent set S ⊂ V (T ) is leaf-free if S∩L = ∅.
An independent set S is maximal if there is no independent set of G containing
the set S as a proper subset. We will write a mi-set of G instead of a maximal
independent set of G. Let NMI(G) denote the total number of mi-sets in the
graph G. For x ∈ V (G) let Fm

x (respectively Fm
−x) denote the family of all

mi-sets S of G such that x ∈ S (respectively x �∈ S). Then Fm = Fm
x ∪ Fm

−x

is the family of all mi-sets in G.
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The problem of determining the maximum value of NMI(G) was solved for
trees by H.Wilf [12]. His proof had an algebraic flavor and was somewhat
complicated. B.E.Sagan gave a simple graph-theoretical demonstration of this
results which in addition completely characterizes all trees achieving the max-
imum value, see [9].
By NI−L(G) (respectively NMI−L(G)) we denote the number of all leaf-free
independent sets in G (respectively leaf-free mi-sets in G).

Proposition 1.1 Let T be an n-vertex tree, n ≥ 3. If S is a leaf-free mi-set
of T then S(T ) ⊆ S.

Proposition 1.2 Let T be an n-vertex tree, n ≥ 3. Then NMI−L(T ) ≥ 1 if
and only if S(T ) is independent.

Let x be an arbitrary vertex of V (T ). By F−L,x (respectively F−L,−x) we denote
the family of all leaf-free independent sets S such that x ∈ S (respectively x /∈
S). Evidently F−L = F−L,x ∪ F−L,−x is the family of all leaf-free independent
sets. By Fm

−L,x (respectively Fm
−L,−x) we denote the family of all leaf-free mi-

sets S such that x ∈ S (respectively x /∈ S). Clearly Fm
−L = Fm

−L,x ∪ Fm
−L,−x is

the family of all leaf-free mi-sets.
Let T̃ be an arbitrary tree. For a tree T with |V (T )| ≥ 3 by T̃ -addition we
mean a local augmentation which is the operation T 
→ ad

T̃ (x,y)
(T ) of adding

to the vertex x ∈ V (T ) a graph T̃ so that a vertex x is identified with a fixed
vertex y ∈ V (T̃ ).

2 The smallest numbers of leaf-free indepen-

dent sets

Theorem 2.1 Let T be an n-vertex tree, n ≥ 3. Then NI−L(T ) ≥ 2 with
equality if and only if T = K1,n−1.

P R O O F: The inequality is obvious and it is clear that NI−L(K1,n−1) = 2.
Assume that T is an n-vertex tree with n ≥ 3 and NI−L(T ) = 2. Suppose
on the contrary that T �= K1,n−1. This means that there is a path of length
at least 3 in T . Let wxyz be a path in T with z ∈ L. Let S be an arbitrary
leaf-free independent set of T . Then it is clear that z �∈ S. Since y �∈ L
hence we have that NI−L(T ) = |F−L,y| + |F−L,−y|. Of course x �∈ L so there
are at least two different leaf-free independent sets, say S1 = {y}, S2 = {x}
such that S1 ∈ F−L,y and S2 ∈ F−L,−y. Moreover the empty set also is an
leaf-free independent set what implies that NI−L(T ) = |F−L,y|+ |F−L,−y| ≥ 3,
a contradiction.

Thus the Theorem is proved. �
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Theorem 2.2 Let T be an n-vertex tree, n ≥ 3 and assume that S(T ) is
independent. Then NMI−L(T ) = 1 if and only if for every two adjacent
vertices in T at least one of them is the neighbor of a support vertex.

P R O O F: If S(T ) is independent, then by Proposition 1.2 there is at least
one leaf-free mi-set in T . Let x, y ∈ V (T ) be arbitrary adjacent vertices and
x ∈ N(S(T )) or y ∈ N(S(T )). We shall prove that NMI−L(T ) = 1. Assume
that S is an arbitrary leaf-free mi-set in T . Then S(T ) ⊆ S. Moreover by the
definition of independent set N(S(T ))∩S = ∅. Denote T̃ = T \N [S(T )]. From
the assumption of T we deduce that T̃ is totaly disconnected. Consequently
S = S(T ) ∪ V (T̃ ) is the unique leaf-free mi-set of T . Conversely assume that
NMI−L(T ) = 1 and let S be the unique leaf-free mi-set in T . Of course
S = S(T )∪ S̃, where S̃ is the unique mi-set of T̃ . Assume at the contrary that
there are adjacent vertices, say x, y ∈ V (T ) and N(S(T )) ∩ {x, y} = ∅. Hence
{x, y} ∈ E(T̃ ). Let F̃m be the family of all mi-sets of T̃ . Let S1 ∈ F̃m and
x ∈ S1. Then it is obvious that y �∈ S1. Hence there is S2 ∈ F̃m such that
y ∈ S2. Consequently |F̃m| ≥ 2, a contradiction. Thus the Theorem is proved.
�

3 The largest numbers of leaf-free indepen-

dent sets

To prove the main result of this section we need the following lemmas.

Lemma 3.1 Let x be a strong support vertex of T and assume that L′(x) is
an arbitrary proper subset of L(x). Then
(a) NI−L(T ) = NI−L(T \ L′(x)) and
(b) NMI−L(T ) = NMI−L(T \ L′(x)).

Lemma 3.2 Let x be a weak support vertex of T with L(x) = {z} and assume
that x is not penultimate. Then
(a) NI−L(T ) ≤ NI−L(T \ {z}) and
(b) NMI−L(T ) ≤ NMI−L(T \ {z}).

Theorem 3.3 Let T be an n-vertex tree with n ≥ 3. Then
(a) NI−L(T ) ≤ Fn−1 with equality for T = Pn and
(b) NMI−L(T ) ≤ NMI−L(Pn).

P R O O F: Firstly we shall prove that NI−L(Pn) = Fn−1. Let V (Pn) =
{x1, ..., xn}, n ≥ 3 and vertices be numbered in natural fashion. Let S ⊂ V (Pn)
be an arbitrary leaf-free independent set. Hence x1, xn �∈ S. Consequently S
is an arbitrary independent set of the graph P \ {x1, xn} isomorphic to Pn−2.
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Using Fact 1 we have that NI−L(Pn) = NI(Pn−2) = Fn−1. Now we prove that
for every n-vertex tree NI−L(T ) ≤ NI−L(Pn) and NMI−L(T ) ≤ NMI−L(Pn).
If T = K1,p, p ≥ 2, then the inequality is obvious. Let T �= K1,p, p ≥ 2 and
T �= Pn. Let X ⊆ S(T ) be the set of strong support vertices and x ∈ X.
Assume that z ∈ L(x) is a fixed vertex. Then by Lemma 3.1 we have that
NI−L(T ) = NI−L(T \ {z}) and NMI−L(T ) = NMI−L(T \ {z}). Let u be a
penultimate vertex of T and v ∈ N(u) \ L(u). The existence of the vertex v
gives T �= K1,n−1.

Claim (1a). NI−L(T ) ≤ NI−L(sub{u,v}(T \ {z}).
Denote T̃ = sub{u,v}(T \ {z}). Since u is the penultimate vertex in T hence
by the definition of the subdivision of edge {u, v} it follows that u is the
penultimate vertex in T ′, too. Let F̃−L and F−L be the families of all L-free
independent sets in T̃ and T , respectively. Now it is obvious that if S ∈ F−L

then S ∈ F̃−L. Moreover there is in T̃ at least one extra leaf-free independent
set S ′ such that u, v ∈ S ′. Hence |F−L| ≤ |F̃−L|, which ends the proof of this
claim.

Claim (1b). NMI−L(T ) ≤ NMI−L(sub{u,v}(T \ {z}).
Denote T̃ = sub{u,v}(T \ {z}) and let Fm

−L and F̃m
−L be the families of all leaf-

free mi-sets in T and T̃ , respectively. Analogously as in Claim (1a) the vertex
u is penultimate in T̃ , too. Let S ∈ Fm

−L be an arbitrary leaf-free mi-set. Then
u ∈ S and v �∈ S. Consequently Fm

−L = Fm
−L,−v. If (N(v) \ {u}) ∩ S �= ∅, then

S ∈ F̃m
−L. If (N(v) \ {u})∩ S = ∅, then S ∪ {v} ∈ F̃m

−L. Hence |Fm
−L| < |Fm

−L|.
From these claims there is an n-vertex tree T ∗ such that NI−L(T ∗) ≥ NI−L(T ),
NMI−L(T ∗) ≥ NMI−L(T ) and for every x ∈ S(T ∗), a vertex x is weak sup-
port. If T ∗ = Pn, then Theorem follows. If T ∗ �= Pn, then there is the set Y ⊂
S(T ∗) of weak support vertices and every y ∈ Y is not penultimate. Assume
that y ∈ Y and L(y) = {w}. Then by Lemma 3.2, NI−L(T ∗) ≤ NI−L(T ∗\{w})
and NMI−L(T ∗) ≤ NMI−L(T ∗ \ {w}). Let u′ be a penultimate vertex in T ∗

and v′ ∈ N(u′) \ L(u′).

Claim (2a). NI−L(T ∗) ≤ NI−L(sub{u′,v′}(T ∗ \ {w})).
Claim (2b). NMI−L(T ∗) ≤ NMI−L(sub{u′,v′}(T ∗ \ {w})).
We prove these claims analogously as Claims (1a) and (1b), respectively.

Consequently we can construct an n-vertex tree T̂ with NI−L(T̂ ) ≥ NI−L(T ∗)
and NMI−L(T̂ ) ≥ NMI−L(T ∗) such that T̂ does not have strong support
vertices and every week support vertex is penultimate. If T̂ = Pn, then the
Theorem follows. If T̂ �= Pn, then there is x′ ∈ V (T̂ ) and Pt, Pm, for t, m ≥ 3
are subtrees of T̂ attached to the vertex x′ such that Pt and Pm has only a
vertex x′ in common and the endpoint of Pt and Pm distinct from x′ are leaves
in T̂ .
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Claim (3a). NI−L(T̂ ) ≤ NI−L(adPt(w′,x′)(T̂ \ (Pt \ {x′})) where w′ is the end
vertex of Pm which is identified with the initial vertex x′ of Pt.

Denote T̄ = adPt(w′,x′)(T̂ \ (Pt \ {x′})). Let F̂−L and F̄−L be the families

of all leaf-free independent sets in T̂ and in T̄ , respectively. Let S ∈ F̂−L.
Of course w′ �∈ S. Denote S1 = S ∩ V (T̂ \ (Pt ∪ Pm)), S2 = S ∩ V (Pm)
and S3 = S ∩ V (Pt). Then S = S1 ∪ S2 ∪ S3. Evidently if x′ ∈ S then
x′ ∈ S2 ∩ S3. Since NI−L(T̂ ) = |F̂−L,x′| + |F̂−L,−x′|, hence two possible cases
should be distinguished:

(1) x′ �∈ S.

In this case S1∪S2∪S3 is an leaf-free independent set of T̄ . Hence |F̂−L,−x′| ≤
|F̄−L,−x′|.
(2) x′ ∈ S.

Let y′ ∈ N(w′)∩V (Pm). If y′ �∈ S then S1 ∪S2 ∪S3 is an leaf-free independent
set in T̄ . Assume that y′ ∈ S. Then S1 ∪ S2 ∪ S3 \ {w′} is an leaf-free
independent set of T̄ .

Consequently |F̂−L,x′| ≤ |F̄−L,x′|.
Finally we obtain that NI−L(T̂ ) = |F̂−L,x′|+ |F̂−L,−x′| ≤ |F̄−L,x′|+ |F̄−L,−x′| =
NIL(T̄ ).

Claim (3b). NMI−L(T̂ ) ≤ NMI−L(adPt(w′,x′)(T̂ \ (Pt \ {x′})) where w′ is the
end vertex of Pm which is identified with the initial vertex x′ of Pt.

Proceed analogously as in Claim (3a) and we consider two cases:

(1) x′ �∈ S.

In this case S1 ∪ S2 ∪ S3 is an leaf-free mi-set of T hence |F̂m
−L,−x| ≤ |Fm

−L,−x|.
(2) x′ ∈ S.

Let y′ ∈ N(w′) ∩ V (Pm) and let y′′ ∈ N(x′) ∩ V (Pt). Of course y′′ �∈ S. Since
S is an leaf-free mi-set, hence y′ ∈ S. Then either S1 ∪ S2 ∪ S3 \ {w′} or
S1 ∪ S2 ∪ S3 \ {w′} ∪ {y′′} is an leaf-free mi-set of T , so |F̂m

−L,x| ≤ |Fm
−L,x|.

Consequently that NMI−L(T̂ ) = |F̂m
−L,x| + |F̂m

−L,−x| ≤ |Fm
−L,x| + |Fm

L,−x| =

NMI−L(T ) which ends the proof of this claim.

Finally claims (3a) and (3b) give that for every n-vertex tree NI−L(T ) ≤
NI−L(Pn) and NMI−L(T ) ≤ NMI−L(Pn), which ends the proof. �

Next we calculate the number NMI−L(Pn) being the largest number of
leaf-free mi-sets among all n-vertex trees.

Theorem 3.4 Let n ≥ 3 be integer. Then for n ≥ 6 we have NMI−L(Pn) =
NMI−L(Pn−2) + NMI−L(Pn−3) with the initial conditions
NMI−L(P3) = NMI−L(P5) = 1, NMI−L(P4) = 0.
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P R O O F: The initial conditions are obvious. Assume that n ≥ 6. Let
V (Pn) = {x1, ..., xn} and vertices be numbered in the natural fashion. Let
S ⊂ V (Pn) be an arbitrary leaf-free mi-set of Pn. Then x1, xn �∈ S. From
maximality of S, x2, xn−1 ∈ S. Consequently either xn−3 ∈ S or xn−4 ∈ S.
This implies that S = S∗∪{xn−1} where S∗ is either an arbitrary leaf-free mi-
set of Pn−2 or S∗ is an arbitrary leaf-free mi-set of Pn−3. Hence NMI−L(Pn) =
NMI−L(Pn−2) + NMI−L(Pn−3) which completes the proof. �

Theorem 3.5 Let T be an n-vertex tree, n ≥ 3. Then for an arbitrary m > n
there is an m-vertex tree T ′ such that NI−L(T ′) = NI−L(T ) and NMI−L(T ′) =
NMI−L(T ) .

P R O O F: Let T be an n-vertex tree with n ≥ 3. Let x ∈ S(T ) be an
arbitrary support vertex of T . We locally augment the tree T by K1,p-addition,
p = m− n ≥ 1 identifying the vertex x with the center y of the star K1,p. It is
clear that |V (adK1,p(x, y)(T ))| = m. Furthermore NMI−L(adK1,p(x, y)(T )) =
NMI−L(T ) and NMI−L(adK1,p(x, y)(T )) = NMI−L(T ), which completes the
proof. �
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